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Abstract

This is the first in a series of three papers working towards constructing fi-
brations of compact Spin(7) manifolds by Cayley submanifolds. In this paper we
describe the deformation theory of conically singular and asymptotically conical
Cayley submanifolds.
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1 Introduction

Riemannian 8-manifolds with holonomy group Spin(7) first arose as objects of study
after Berger proved the classification theorem for holonomy groups of simply-connected,
irreducible and non-symmetric Riemannian manifolds [Ber55, Thm. 3]. In Berger’s
theorem, these manifolds appeared as an exceptional case associated to the octonions.
However, he did not prove their existence. This question remained open until Bryant
provided local examples in [Bry87] and complete but noncompact examples were later
supplied by Bryant and Salamon in [BS89]. The last major contribution to the existence
problem came when Joyce constructed closed Spin(7)-manifolds in [Joy96] by using glu-
ing techniques. One reason for the interest in finding examples of Spin(7)-manifolds is
that they are necessarily Ricci-flat, which was first noted by Bonan in [Bon66]. Since
closed Ricci-flat manifolds are rare, the construction of compact Spin(7)-manifolds is of
great interest. Another reason is that a Spin(7)-manifold is an example of a calibrated
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geometry as introduced by Harvey and Lawson in [HL82]. That is, it comes equipped
with a closed p-form which satisfies a calibration inequality. The prototypical example
is a Kähler manifold M together with its Kähler 2-form ω. The so called ω-calibrated
submanifolds in M are the complex curves. Similarly, every Spin(7)-manifold admits a
distinguished closed 4-form called the Cayley form Φ, and the Φ-calibrated submanifolds
are four-dimensional submanifolds called Cayley submanifolds, which in particular are
minimal submanifolds. Finally, Spin(7)-manifolds are interesting from the point of view
of String theory, as they admit a constant spinor, meaning that they admit a supersym-
metry. Similarly, Cayley cycles admit a supersymmetry as well, due to their calibration
property.

Thus, the manifolds we will study in this paper are analogues of complex subman-
ifolds in Spin(7)-manifolds. We will however not restrict ourselves to the torsion-free
setting (i.e. we may have dΦ ̸= 0), but work with the more general class of almost
Spin(7)-manifolds and their Cayley submanifolds, which we will define precisely in the
next section. The deformation theory of compact Cayleys was studied by McLean in the
foundational paper [McL98]. Recently, some progress has been made in the deformation
theory of noncompact Cayley submanifolds. Ohst took on the case of asymptotically
cylindrical Cayleys in [Ohs16], that is Cayley submanifolds which have ends modeled on
Riemannian cylinders at infinity. Moore described the case of conically singular Cayleys
in a torsion-free Spin(7)-manifold in [Moo19]. Here, conically singular means that the
Cayleys are compact topological manifolds, smooth away from finitely many singular
points. Locally, around every singular point, they are modeled on Riemannian cones. In
this paper we extend the work of Moore to be applicable to families of not necessarily
torsion-free Spin(7)-manifolds. In addition to this we describe the deformation theory
of asympotically conical manifolds in R8, where the Spin(7)-structure is allowed to be
asympotically conical as well. Before we look at noncompact Cayleys we revisit the
compact theory and extend it to submanifolds that are not Cayley themselves. This will
allow for a more concise treatment of the family moduli spaces in the noncompact case.

The motivation for studying the deformation theory of conical Cayley submanifolds
comes from the desire to construct fibrations of compact Spin(7)-manifolds by Cayleys,
in analogy to the programme by Kovalev in the G2-case [Kov05]. The key idea is to
construct a fibration on a Spin(7)-manifold with small torsion from simpler pieces, and
then perturb the Spin(7)-structure to a torsion free one. The fibration will be perturbed
with it and hopefully remain fibering after the perturbation. A topological argument
shows that more generally a fibration of a compact manifold of holonomy Spin(7) by
nonsingular Cayleys must necessarily include singular fibres. However there is hope that
in some cases the singular fibres may admit only conical singularities. In such a case one
can then understand the fibration near the singularities via a desingularisation procedure
that we discuss in the second paper in this series. In the final paper we investigate the
question of stability of fibrations and construct examples.

Notation

We will denote by C an unspecified constant, which may refer to different constants
within the same derivation. To indicate the dependence of this constant on other vari-
ables x, y, . . . , we will write it as C(x, y, . . . ). Similarly, if an inequality holds up to
an unspecified constant, we will write A ≲ B instead of A ⩽ CB. We denote by
T p
qM = (TM)⊗

p ⊗ (T ∗M)⊗
q

the bundle of (p, q)-tensors.
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2 Preliminaries

We first recall basic results from the theory of Spin(7)-manifolds and their Cayley sub-
manifolds, as well as the Fredholm properties of elliptic operators on manifolds with
ends.

2.1 Geometry of Spin(7)-manifolds

The group Spin(7) is the double cover of SO(7), and thus a 21-dimensional connected,
simply-connected and compact Lie group. Its real spinor representation δ7 : Spin(7) →
GL(8,R) gives an embedding into SO(8), after choosing an invariant metric. Alterna-
tively, this subgroup of SO(8) can be seen as the stabiliser of the standard Cayley
form in R8. If R8 has coordinates (x1, . . . , x8) then this form is given by:

Φ0 = dx1234 − dx1256 − dx1278 − dx1357 + dx1368 − dx1458 − dx1467

−dx2358 − dx2367 + dx2457 − dx2468 − dx3456 − dx3478 + dx5678, (2.1)

where dxijkl = dxi ∧ dxj ∧ dxk ∧ dxl.
More generally, we say that a 4-form Φ on an 8-dimensional vector space V is a

Cayley form if V admits an isomorphism with R8 taking Φ to Φ0. We call the pair
(V,Φ) a Spin(7)-vector space. Any such form then determines a Spin(7)-subgroup
SpinΦ(7) ⊂ GL(V ). Let (V,Φ) be a Spin(7)-vector space. Then Φ induces a Rieman-

nian metric gΦ on V obtained as the pullback of the standard metric g0 =
∑8

i=1 dx
2
i

via the isomorphism V ≃ R8. Note that the isomorphism is not unique, but since
Spin(7) ⊂ SO(8) the pullback metric will be independent of the choice of identification
with R8. Pulling back the standard orientation on R8 orientation induces a well-defined
orientation on V in the same manner. Thus a Cayley form induces a metric and an
orientation. In fact, the unoriented vector space V admits two classes of Cayley forms,
determined by the orientation they induce. This is reflected in the fact that SO(8)
admits exactly two conjugacy classes of Spin(7)-subgroups, which are conjugated in-
side O(8) [Var01, Thm. 1.3]. Consequently, when we consider a vector space which
already admits an orientation, we will only consider Cayley forms which induce the
given orientation. If V does not have an orientation, we allow the Cayley form to induce
the orientation. In particular the Cayley form Φ then induces a Hodge star operator
⋆ : ΛkV ∗ → Λ8−kV ∗ and musical isomorphisms ♭ : V → V ∗ and ♯ : V ∗ → V . The
Cayley form is self-dual with respect to the Hodge star it induces. Next, the action of
SpinΦ(7) on V induces representations on the tensor and exterior bundles, which de-
compose into irreducible representations of SpinΦ(7). We are mostly interested in the
action on 2-forms, which decomposes as follows:

Proposition 2.1 ( [Bry87, p. 546]). There is an orthogonal splitting:

Λ2V ∗ = Λ2
7V

∗ ⊕ Λ2
21V

∗, (2.2)

where Λ2
i is an i-dimensional irreducible representation. Explicitly they are given by:

Λ2
7V

∗ = {ω ∈ Λ2V : ⋆(Φ ∧ ω) = 3ω}
= {u♭ ∧ v♭ − ι(u)ι(v)Φ : u, v ∈ V }, (2.3)

Λ2
21V

∗ = {ω ∈ Λ2V : ⋆(Φ ∧ ω) = −ω}. (2.4)
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Using the Cayley form we now define various product structures on a Spin(7)-vector
space (V,Φ). First we define the cross product as the bilinear map V × V → Λ2

7V
∗:

u× v = π7(u
♭ ∧ v♭) := 1

4

(
u♭ ∧ v♭ − ι(u)ι(v)Φ

)
, (2.5)

Here π7(ω) =
1
4 (ω − ⋆(ω ∧ Φ)) for ω ∈ Λ2V ∗ is the orthogonal projection onto the

Λ2
7-summand. The triple product is a trilinear map V × V × V → V defined by:

u× v × w = (ι(u)ι(v)ι(w)Φ)
♯
, (2.6)

Finally, the quadruple product is a Λ2
7V

∗-valued four-form:

τ(u, v, w, x) = u× (v × w × x)− gϕ(u, v)(w × x)

−gϕ(u,w)(u× x) + gϕ(u, x)(v × w). (2.7)

On (R8,Φ0), this form has the following coordinate expression:

τ =
1

4

∑
1⩽i<j⩽8

(ej ∧ (ι(ei)Φ)− ei ∧ (ι(ej)Φ))⊗ (ei × ej)

=(dx1358 + dx1367 − dx1457 + dx1468

− dx2357 + dx2368 − dx2458 − dx2467)⊗ (e1 × e2)

+ (−dx1258 − dx1267 + dx1456 + dx1478

+ dx2356 + dx2378 − dx3458 − dx3467)⊗ (e1 × e3)

+ (dx1257 − dx1268 − dx1356 − dx1378

+ dx2456 + dx2478 + dx3457 − dx3468)⊗ (e1 × e4)

+ (dx1238 − dx1247 + dx1346 − dx1678

− dx2345 + dx2578 − dx3568 + dx4567)⊗ (e1 × e5)

+ (dx1237 + dx1248 − dx1345 + dx1578

− dx2346 + dx2678 − dx3568 − dx4568)⊗ (e1 × e6)

+ (−dx1236 + dx1245 + dx1348 − dx1568

− dx2347 + dx2567 + dx3678 − dx1568)⊗ (e1 × e7)

+ (−dx1235 − dx1246 − dx1347 + dx1568

− dx2348 + dx2568 + dx3578 + dx4678)⊗ (e1 × e8). (2.8)

We now introduce Spin(7)-manifolds by applying these linear algebraic constructions
to the tangent bundle of smooth 8-manifolds. To be precise, we take a Spin(7)-manifold
to be a smooth 8-dimensional manifold M together with a choice of Spin(7)-structure,
i.e. a choice of Spin(7)-subbundle FrSpin(7) of the frame bundle Fr(M). This data is
equivalent to the choice of a smooth differential 4-form Φ on M which is a Cayley form
at every point. In other words, Φ is a smooth section of a bundle A (M) whose fiber over
the point x is the set of all Cayley forms of TxM . With a choice of Spin(7)-structure
TxM is a Spin(7)-vector space at every point x ∈M , which gives M the structure of an
oriented Riemannian manifold. If we already assume an orientation on M , we require
the Spin(7)-structure to be compatible pointwise. The pair (M,Φ) will also be called a
Spin(7)-structure.

Example 2.2. There are examples of Spin(7) manifolds which come from dimensional
reductions.
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� G2 geometry: We can write the Cayley form in (2.1) as Φ0 = dx1 ∧ϕ0+ ⋆7ϕ0 for
a three form ϕ0 ∈ Λ3R7, and where ⋆7 is the Hodge star on {0} × R7. Define the
group G2 to be the stabiliser of the form ϕ0 under the action of SO(7), which is
a 14-dimensional subgroup of Spin(7). A G2-manifold is a smooth seven-manifold
M together with a three-form ϕ that is point-wise isomorphic to ϕ0. If we are
given a G2-manifold, then it induces a Spin(7)-structure on R ×M with Cayley
form Φ = dt ∧ ϕ+ ⋆Mϕ.

� Calabi-Yau geometry: Let (Mn, g, ω, J) be a Kähler manifold of complex di-
mension n. If in addition the bundle of (n, 0)-forms admits a nowhere vanishing
holomorphic section Ω we call it an almost Calabi-Yau manifold. Such a man-
ifold is modelled at each point on (Cn, g0, ω0, J0,Ω0), where g0 and J0 are the
standard Riemannian metric and complex structure respectively and:

ω0 =

n∑
i=1

dzi ∧ dz̄i,

Ω0 = dz1 ∧ · · · ∧ dzn.

In the complex four-dimensional case, i.e. on C4. we have Φ0 = ReΩ0 +
1
2ω0 ∧

ω0. Thus in particular any almost Calabi-Yau fourfold (CY4) is also a Spin(7)
manifold.

Let (M,Φ) be a Spin(7)-manifold with Spin(7)-bundle FrSpin(7). Then the tensor and
exterior bundles of M are associated to FrSpin(7) via representations induced from the
embedding Spin(7) ⊂ SO(8). Thus the fibres of these bundles can be seen as represen-
tations of Spin(7), and as such decompose into bundles of irreducible representations.
For two-forms, Proposition 2.1 implies that there is an orthogonal splitting:

Λ2T ∗M = Λ2
21 ⊕ Λ2

7, (2.9)

where the fibres of Λ2
21 and Λ2

7 are given by (2.4) and (2.3) respectively. On a Spin(7)-
manifold (M,Φ) we can define the cross, triple and quadruple product of tangent vectors
using the differential form Φ, and these extend to bundle homomorphisms.

2.2 Geometry of Cayley submanifolds

Let (V,Φ) be a Spin(7)-vector space. A fundamental property of the Cayley form Φ
is that when restricted to any four-plane ξ = span{e1, e2, e3, e4} with {e1, e2, e3, e4}
a positively oriented, gΦ-orthonormal basis, the Cayley inequality holds [HL82, Th.
1.24, Ch. IV]):

Φ(e1, e2, e3, e4) ⩽ 1. (2.10)

This means that Φ|ξ = α ·dvolξ with α ⩽ 1, where dvolξ is the four-dimensional volume
form induced by gΦ on ξ. The oriented four-planes for which α attains its maximal
value 1 are the Cayley planes. They are said to be calibrated by Φ. Note that
if ξ is Cayley, its orthogonal complement will be Cayley as well. If u, v, w ∈ V are
three independent vectors, then there is a unique Cayley plane which contains them,
namely ξ = span{u, v, w, u× v×w}. Moreover, a four-plane is Cayley exactly when the
quadruple product τ vanishes on it.

Given a Cayley plane ξ in a Spin(7)-vector space (V,Φ), the cross product on V
decomposes with regards to the splitting V = ξ⊕ξ⊥, which we will now explain. Define:

Eξ = {ω ∈ Λ2
7V

∗ : ω|ξ = 0}, (2.11)

5



which is a rank four subspace of Λ2
7V

∗ (with an orthonormal basis given by π7(dx1∧dxi)
for i ∈ {5, 6, 7, 8}). Also note that any ω ∈ Λ2

−ξ can be extended by 0 to a two-form on
V , and their projections under π7 form the rank three subspace of Λ2

7V
∗ that we will

also denote by Λ2
−ξ. It has an orthonormal basis given by π7(dx1∧dxi) for i ∈ {2, 3, 4}.

Denote the orthogonal projection map to Eξ by πE : Λ2
7 −→ Eξ. From the above we

see that there is an orthogonal splitting: Λ2
7V

∗ = Eξ ⊕ Λ2
−ξ. The cross product then

restricts as follows:

ξ × ξ −→ Λ2
−ξ,

ξ⊥ × ξ⊥ −→ Λ2
−ξ,

ξ × ξ⊥ −→ Eξ. (2.12)

Let now (M,Φ) be an almost Spin(7)-manifold. We call a four-dimensional submanifold
N ⊂M all of whose tangent planes are Cayley planes a Cayley submanifold. In this
situation, the cross product splits into:

TN × TN −→ Λ2
−TN,

ν(N)× ν(N) −→ Λ2
−TN,

TN × ν(N) −→ E. (2.13)

Note that we can carry out the same construction whenever we are given a rank 4
subbundle of TM |N whose fibres are Cayley planes, irrespective of whether N is Cayley.

Example 2.3. The Spin(7)-manifolds coming from reductions of the structure group
to G2 and SU(4) (see Example 2.2) admit their own classes of calibrated submanifolds,
which give examples of Cayley submanifolds.

� G2 geometry: The three-form ϕ0 and the four-form ⋆7ϕ satisfy a calibration in-
equality which is analogous to the Cayley inequality (2.4). The calibrated hyper-
planes are called associative 3-planes and coassociative 4-planes respectively.
If we have an associative submanifold A3 in (N7, ϕ), then R×A will be Cayley in
the Spin(7)-manifold R×N with the Cayley form Φ = dt ∧ ϕ+ ⋆7ϕ. Similarly, if
C4 is coassociative in (N7, ϕ), then {t} × C will be Cayley in R×N .

� Calabi-Yau geometry: The almost Calabi-Yau fourfold (M4, g, ω, J,Ω) admits
two kinds of calibrated four-dimensional manifolds. First we have the complex
surfaces, which are calibrated by 1

2ω ∧ ω. Second we have the special La-
grangian manifolds, calibrated by ReΩ. As the Cayley form on M is Φ =
1
2ω ∧ ω + ReΩ, which is the sum of both the previous calibrations, both com-
plex surfaces and special Lagrangian submanifolds will be Cayley in the induced
Spin(7) manifold.

The Dirac bundle associated to a Cayley

We will see later that the linearised deformation operator associated to a spin Cayley
is a twisted Dirac operator. On a non-spin Cayley the situation is more complicated,
as neither the spinor bundles nor the bundle by which they are twisted are well-defined
on their own, however one can still make sense of their product, in the form of a Dirac
bundle (for a precise definition, see [LM16, Ch. II.5]). The Cayley deformation operator
will then linearise to the Dirac operator associated to this Dirac bundle, which we will
define for any Cayley submanifold N (be it spin or not) in a Spin(7)-manifold (M,Φ).
We have previously introduced the Spin(7)-frame bundle associated to Φ, which can be
described as:

(FrSpin(7))x = {e : TxM
≃−→ R8 : e∗(Φ0) = Φx}. (2.14)

6



Using the splitting TM |N = TN ⊕ ν(N), where in the Cayley case both summands
are bundles of Cayley planes, we can define the adapted Spin(7)-frame bundle
FrSpin(7),N ⊂ FrSpin(7) |N as:

(FrSpin(7),N )x = {e : TxM
≃−→ R8 : e∗(Φ0) = Φx, e(TxN) = R4 × 0,

e(ν(N)) = 0× R4}. (2.15)

The structure group of this bundle is isomorphic to the stabiliser of a given Cayley
plane (since it automatically preserves the orthogonal complement). It is given by

H = (Sp(1)× Sp(1)× Sp(1))/(±(1, 1, 1)),

as shown in [HL82, Thm. IV.1.8]. Here H ⊂ Spin(7) ⊂ SO(8) via the following action
on R8 ≃ H⊕H. For [p, q, r] ∈ H and (u, v) ∈ H⊕H we have:

[p1, p2, q] · (u, v) = (p1uq̄, p2vq̄). (2.16)

Using the embedding H ⊂ SO(8), a number of bundles over N can be represented
as associated bundles to FrSpin(7),N . Here u, v ∈ H and w ∈ imH.

� TN is associated via ρTN ([p1, p2, q]) ·u = (p1uq̄), since the projection [p1, p2, q] 7→
[p1, q] maps H surjectively onto SO(R4 × 0).

� ν(N) is associated via ρν(N)([p1, p2, q]) ·u = (p2uq̄), as H also surjects onto SO(0×
R4)

� If N is spin, then the adapted Spin(7)-frame bundle admits a double cover by

a G = Sp (1)
3
-bundle, which we will denote by F̃rSpin(7),N . This can be seen as

follows: as N is spin, we can lift a co-cycle for the tangent bundle to Spin(4) ≃
Sp(1)2. Similarly, sinceM admits a spin structure induced by the Spin(7) structure
(as Spin(7) is a simply connected subgroup of SO(8)), the normal bundle ν(N)
will also be canonically spin [LM16, Prop. II.1.15], thus a describing co-cycle can
be lifted to Spin(4) as well. Using these two lifts one can then write down a lift
to G for a co-cycle of FrSpin(7),N . The tangent and normal bundle will then be
associated to this double cover via the lift of the representations ρTN and ρν(N)

respectively. Furthermore, the spinor bundles of N are associated bundles to this
double cover as follows:

/S± = F̃rSpin(7),N ×δ± H,

where δ+ ⊕ δ− acts on H⊕H via (p1, p2, q)(u, v) = (up̄1, vq̄). Similarly the spinor
bundles of ν(N) are associated via the representation (p1, p2, q)(u, v) = (up̄2, vq̄).

� The irreducible representation Λ2
7 of Spin(7) restricted to H can be described as

follows. Let R7 ≃ imH ⊕ H via the obvious isomorphism. Then we have the
following (see [McL98]):

ρ7([p1, p2, q])(w, u) = (q̄wq, p2up̄1).

It turns out that in this splitting, the bundle associated via [p1, p2, q]w = q̄wq is
exactly the bundle Λ2

−N of anti-self-dual two-forms, and the bundle associated via
[p1, p2, q]w = p2up̄1 is E .

From this discussion, we see that the suggestively named bundle /S := E ⊕ ν(N)
arises from the representation:

ρ : [p1, p2, q] · (u, v) = (p2up̄1, p2vq̄). (2.17)
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The notation is explained as follows. If N is spin, then consider the quaternionic
line bundle L associated to F̃rSpin(7),N via the representation ρL : (p1, p2, q)u = p2u.
We then see from the representations, that as quaternionic bundles, E ≃ /S+ ⊗H L and
similarly ν(N) ≃ /S− ⊗H L, which allows to represent the bundle E ⊕ ν(N) as a twisted
spinor bundle, if N is spin.

To complete the construction of the Dirac bundle, we need to define a Clifford multi-
plication and a compatible metric and connection. This is done in the following propo-
sition:

Proposition 2.4 (Dirac bundle). There is a Clifford multiplication map c : TN × /S →
/S, a metric h and a connection ∇ on /S such that (/S, c, h,∇) is a Dirac bundle. In an
adapted Spin(7)-frame {ei}i=1,...,8 the negative Dirac operator acts on v ∈ C∞(ν(N))
as:

/Dv =

4∑
i=1

ei ×∇⊥
eiv ∈ C∞(E), (2.18)

where ∇⊥ is induced from the Levi-Civita connection on M .

Proof. Consider the Clifford multiplication on the Clifford algebra Cl(H) ≃ H⊕H (here
H is equipped with the standard metric), whose action by vectors in H can be given as:

c : H× (H⊕H) −→ H⊕H (2.19)

(h, (v1, v2)) 7−→ (v2h̄,−v1h).

This action commutes with the representation determining /S, and TN , in the sense
that:

c ◦ (ρTN , ρE ⊕ ρν(N)) = (ρE ⊕ ρν(N)) ◦ c.

Thus we can extend c to a map c : TN × /S → /S as required. For an adapted Spin(7)-
frame {ei}i=1,...,8, we identify (1, 0), (i, 0), (j, 0) and (k, 0) with the basis elements e1×ei
for (5 ⩽ i ⩽ 8) of E and we identify (0, 1), (0, i), (0, j) and (0, k) with the basis elements
ei(5 ⩽ i ⩽ 8) of ν(N). Using this identification we see that the Clifford multiplication
c : TN × ν(N) → E is exactly given by the cross-product. Since the ei are orthonormal
with respect to the metric gΦ, as are e1 × ei for (5 ⩽ i ⩽ 8) with respect to the
metric gE induced from gΦ on the bundle of forms, we see that c(v) is an isometry of
(/S, h = gΦ ⊕ gE), whenever v is a unit vector. Finally, we choose as our connection ∇
to be the given on ν(N) as the connection ∇⊥. On E we choose the unique connection
such that c(e1)v is a parallel section (along a curve), whenever v is a parallel section
along a curve in ν(N). From these definitions it follows readily that (/S, c, h,∇) is a
Dirac bundle. The Dirac operator restricted to ν(N) is then of the required form.

Example 2.5. When C is a Cayley cone in R8, with link L = C ∩ S7, then the Dirac
operator /D can be rewritten as an evolution equation of vector fields u ∈ νS7(L). For
this, we introduce the nearly parallel G2-structures on round spheres. Let ∂r be the
outward radial unit vector field on R8 \ 0. Then at the point (r, p) ∈ R+ × S7 ≃ R8 \ 0
we have:

Φr,p = dr ∧ (ϕr)p + (⋆rS7ϕr)p.

Here ϕr is the associative form corresponding to the nearly parallel G2-structure on the
round sphere of radius r. Let {e1, e2, e3} be an orthonormal frame around a point p ∈ L
with dual coframe {e1, e2, e3}. Then we can rewrite the Dirac operator (2.18) as follows
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for v ∈ C∞(ν(C)):

/Dv = ∂r ×∇⊥
∂r
v +

3∑
i=1

ei ×∇⊥
eiv|rL

= dr ∧ (∇⊥
∂r
v)♭ − ι(∇⊥

∂r
v)ϕr +

3∑
i=1

ei ∧ (∇⊥
eiv|rL)

♭ − ι(ei)ι(∇⊥
eiv) ⋆rS7 ϕr

= Ap(∇⊥
∂r
v) +Br(v|rL).

Here Ap : νr,p(C) −→ Er,p is a linear map that is independent of the radius, and

Br : C∞(νrS7(rL)) −→ C∞(E|rL) (2.20)

are a family of first order partial differential operators on the links rL. We can fur-
thermore identify E|rL ≃ νrS7(rL) via the map ω 7−→ (ι(∂r)ω)

♯, and identify sections
C∞(νS7(L)) ≃ C∞(νrS7(rL)) via rescaling, at which point the operator has the follow-
ing shape:

/D : C∞(R+, C
∞(νS7(L))) −→ C∞(R+, C

∞(νS7(L)))

v 7−→ d

dr
v +DLv(r). (2.21)

Here:

DL : C∞(νS7(L)) −→ C∞(νS7(L))

u 7−→ B1(u) =

3∑
i=1

ei ×∇⊥
eiu, (2.22)

where × is the vector product associated with the associative manifold L ⊂ (S7, ϕ1). It
is determined by the identity g(u× v, w) = ϕ1(u, v, w).

Example 2.6. We noted in Example 2.3 that complex surfaces N in a CY4 manifold
M are examples of Cayley submanifolds. In this case the linearised Cayley deformation
operator is a twisted Dirac operator on a Kähler surface, and thus necessarily of the
form ∂̄+ ∂̄∗ with twisted coefficients [Mor96]. It has been computed in [Moo17] and can
be identified with:

∂̄ + ∂̄∗ : C∞(ν1,0(N)⊕ Λ0,2N ⊗ ν1,0(N)) −→ C∞(Λ0,1N ⊗ ν1,0(N)). (2.23)

For any complex surface, the kernel and cokernel of this operator are the complexifica-
tions of the kernel and cokernel respectively of /D. Thus the real expected dimension of
the Cayley moduli space is equal to the complex index of ∂̄+ ∂̄∗. This can be compared
to the linearised deformation operator of complex surfaces which is just ∂̄ ⊕ ∂̄∗. Hence
being Cayley is a more general condition than being complex.

We also noted in Example 2.3 that special Lagrangians in CY4 manifolds are exam-
ples of Cayley submanifolds. McLean ( [McL98]) showed that the infinitesimal defor-
mations of a special Lagrangian N ⊂M are given by the kernel of the operator

−d ⋆⊕d : Ω1(N) −→ Ωn(N)⊕ Ω2(N), (2.24)

which are the closed and co-closed forms. The Cayley deformation operator of a special
Lagrangian is formed by a subset of these equations, reflecting the fact that the Cayley
condition is a priori less restrictive than the special Lagrangian condition.
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Proposition 2.7. Let N be a special Lagrangian submanifold in the almost Calabi-
Yau manifold (M, g, ω, J,Ω). Then the infinitesimal Cayley deformation operator can
be identified with:

−d ⋆⊕d− : Ω1(N) −→ Ω4(N)⊕ Ω2,−(N). (2.25)

Here Ω2,−(N) is the bundle of self-dual two forms on (M, g), and d− = π− ◦ d, where
π−(η) = 1

2 (η − ⋆Nη) is the projection onto the anti-self-dual forms.

Proof. First, we show that there are canonical isomorphisms m : TN∗ ≃ ν(N) and
n : E ≃ Λ4 ⊕ Λ2

−. We can take m(σ) = Jσ♯ to be the composition of the musical
isomorphism ♯ : TN∗ −→ TN and J . Note that J maps the tangent bundle of any
Lagrangian to its normal bundle as g(v, Jw) = ω(v, w) = 0 for any pair of vectors
v, w ∈ TpN by the Lagrangian condition. As for the morphism n, we can pull back forms
on TpM via the map id⊕J : TN −→ TN ⊕ ν(N), which when restricted to E gives
an injection into the anti-self-dual forms on TN . The kernel of this map is spanned by
v♭∧ (Jv)♭, and the projection onto these forms gives the Λ4 summand. More concretely,
recall that Ep is spanned by e1 × Jei, where {ei}1⩽i⩽4 is an orthonormal basis of TpN .
The morphism n then sends ei×Jei to the Λ4 summand, and identifies ei× ej for i ̸= j
with the anti-self-dual form αij = dxij−dxkl, where the dxi are dual to ei and (i, j, k, l)
is a positive permutation of (1, 2, 3, 4). Let now fi = Jei ∈ ν(N) complete the ei to a
frame of TpM , and suppose that dyi are the corresponding dual 1-forms. A computation
shows that the vector product of v =

∑
i=1 aiei ∈ TpN and w =

∑
i=1 bifi ∈ ν(N) is

given by:

v × w =

4∑
i=1

aibidxi ∧ dyi

+
∑

σ(i,j,k,l)=1

aibj
4

(dxi ∧ dyj − dxj ∧ dyi − dxk ∧ dyl + dxl ∧ dyk)︸ ︷︷ ︸
βij

.

Here σ(i, j, k, l) = 1 means that (i, j, k, l) is a positive permutation of (1, 2, 3, 4). Note
that k, l are uniquely determined by i and j. We now look at n ◦ /D ◦m , where /D is the
Dirac operator from equation (2.18). For a one form η =

∑
i=1 aiei ∈ Ω1(N), where we

extended the basis {e1, e2, e3, e4, f1, f2, f3, f4} to a local parallel frame, we have:

/D(m(η)) =

4∑
i,j=1

ei ×∇⊥
ei(ajfj)

=

4∑
i,j=1

ei ×
∂aj
∂xi

fi

=

4∑
i=1

∂ai
∂xi

dxi ∧ dyi +
1
2

∑
i̸=j

∂ai
∂xj

βij .

As n maps dxi ∧ dyi to dvol ∈ Λ4, and βij to αij , we see that

n ◦ /D(m(η)) =

4∑
i=1

∂ai
∂xi

dvol+
∑
i<j

(
∂ai
∂xj

− ∂aj
∂xi

)
αij

= d ⋆ η + 1
2

∑
i<j

(dη)ijαij = d ⋆ η + π−dη.
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2.3 Analysis on manifolds with ends

Below we investigate the deformation theory of Cayley submanifolds which admit conical
ends. In this section we lay the groundwork for the analysis on Riemannian manifolds
of this kind. The Fredholm properties of elliptic operators on compact manifolds can be
extended to these special classes of noncompact manifolds by adapting the results by
Lockhart and McOwen [LMO85].

2.3.1 Manifolds with ends

Definition 2.8. A Riemannian n-manifold (M, g) is asymptotically conical with
rate η < 1 (ACη) if there is a compact set K ⊂ M , a compact (n − 1)-dimensional
Riemannian manifold (L, h) and a diffeomorphism Ψ : (r0,∞)× L → M \K (for some
r0 > 0), such that for i ∈ N:

|∇i(Ψ∗(g)− gcon)| = O(rλ−1−i) as r → ∞, (2.26)

where gcon = dr2 + r2h is the conical metric on (r0,∞)× L, and ∇, | · | are taken with
respect to the conical metric.

Definition 2.9. Suppose that (R8,Φ) is an ACη manifold for some η < 1 with asymp-
totic cone R8. Let Am ⊂ R8 be a smooth submanifold which has link Lm−1 ⊂ LM .
Then A is an ACλ submanifold of M (η < λ < 1), asymptotic to the cone C = R+×L
if there is a compact subset K ⊂ A and a diffeomorphism Θ : (r0,∞)×L→ A \K such
that if ι(r, p) = r · p is the embedding of the cone C ↪→ R8, then for every i ∈ N :

ι(r, p)−Ψ−1
M ◦Θ(r, p) ∈ ν(r,p)(C) (2.27)

|∇i(Ψ−1
M ◦Θ(r, p)− ι(r, p))| ∈ O(rλ−i), as r → ∞. (2.28)

Here the norm is computed with respect to the conical metric on (r0,∞) × L coming
from the embedding ι, and the ∇i are the higher covariant derivatives coming from the
conical metric on C coupled to the flat connection on C × R8 given by the Levi-Civita
connection on R8.

Definition 2.10. Let (M,Φ) be an almost Spin(7)-manifold and consider a point p ∈M .
We say that a parametrisation χ : Bη(0) → U of an open neighbourhood U of p is a
Spin(7)-parametrisation around p if χ(0) = p and Dχ|∗0Φp = Φ0, where Φ0 is the
standard Cayley form on R8. We say that two Spin(7)-parametrisations around p are
equivalent if their derivatives agree at p.

Definition 2.11. Let Nn ⊂ (M, g) be a closed subset, and suppose that there are
z1, . . . , zl ∈ N such that N̂ = S \ {z1, . . . , zl} is a smooth, embedded submanifold of M .
For any 1 ⩽ j ⩽ l let χj be a Spin(7)-coordinate system around zj and let Lj ⊂ S7

be a connected (n− 1)-dimensional Riemannian submanifold of the round sphere in R8.
Then N is an CSµ̄ submanifold of (M, g) (µ̄ = (µ1, . . . , µl), 1 < µj < 2), asymptotic
to the cones Cj = R+ · Lj ⊂ R8 (1 ⩽ j ⩽ l) if the following holds. There is a compact
subset K ⊂ N such that N = K ⊔

⊔s
j=1 Uj with zj ∈ Uj open, and diffeomorphisms

Ψj = χj ◦ Θj : (0,R0) × Lj → Uj \ {zj} for 1 ⩽ j ⩽ l such that if ιj(p, r) = r · p is the
embedding of the cone Cj , then we have for every i ∈ N:

ιj(r, p)−Θj(r, p) ∈ ν(r,p)(Cj)

|∇i(Θj(r, p)− ιj(r, p))| ∈ O(rµj−i), as r → 0. (2.29)

Here the norm is computed with respect to the conical metric on (0, R0) × Lj coming
from the embedding ιj , and the ∇i are the higher covariant derivatives coming from the
conical metric on Cj together with the flat connection on Cj × R8 given by the usual
derivative on R8.
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Remark 2.12. If we require that an embedded CSµ̄ submanifold is CSµ̄ with regards to
any choice of Spin(7)-parametrisations in the equivalence classes of χj , we must restrict
to µj < 2. This is because the equivalence class of χj only determines it up to first order
at the origin. The condition µj > 1 ensures that the asymptotic cone is unique.

We next define a generalisation of the radial coordinate on cones.

Definition 2.13. Let (M,Φ) be Spin(7)-manifold, and consider an embedded CSµ̄
submanifold N ⊂ M . A smooth function ρ : M → [0, R0] (with R0 > 0) is a radius
function for N if near a singular point z ∈ N is is given by the distance to z. Similarly,
if A ⊂ R8 is an asymptotically conical submanifold, we say that the radial coordinate r
on R8 is a radius function for A.

Tubular neighbourhoods

We introduce tubular neighbourhoods of the noncompact CSµ̄ and ACλ manifolds, which
shrink or grow like the asymptotic cones. This is a straightforward extension of the cited
proposition.

Proposition 2.14 ( [Moo19, Prop. 3.4]). Let C be either an ACλ submanifold of (R8,Φ)
or a CSµ̄ submanifold of (M,Φ). Suppose that ρ : C −→ R is a radius function. Let
ϵ > 0. Define the open subset νϵ(C) ⊂ ν(C) as:

νϵ(C) = {(p, v) ∈ ν(C) : |v| ⩽ ϵρ(p)}. (2.30)

Then for sufficiently small ϵ > 0 there is an open neighbourhood N ⊂ U such that:

exp : νϵ(C) −→ U

is a diffeomorphism.

We note that in both cases the tubular neighbourhood scales like the radius function
ρ as one approaches the singular points in a CS manifold, or infinity in the AC case.

2.3.2 Banach spaces

We now introduce the weighted Banach spaces that appear in the deformation theory
of manifolds with ends.

Sobolev spaces

Let (M, g) be an asymptotically conical or conically singular n-manifold with radius
function ρ, with (E, h) a metric real vector bundle over M , which admits a connection
∇E . Then the Lp

k,δ weighted Sobolev norm is defined to be:

∥s∥p,k,δ =

(
k∑

i=0

∫
M

|(∇E)isρ−δ+i|phρ
−ndµ

) 1
p

, (2.31)

and the weighted Sobolev space Lp
k,δ(E) is defined to be the completion of the

compactly supported sections under this norm. The sections in these spaces should be
thought of as Lp

k,loc sections that have decay in o(rδ). Naturally one can extend this
definition to include different weights on multiple singularities. For a vector of weights
δ̄ ∈ Rl these spaces will be denoted Lp

k,δ̄
(E). In the above definition δ must be replaced

by a smooth function w : M −→ R which interpolates between the different weights.
One can verify that the choice of w does not impact the Banach space structure. If E

12



is a bundle of tensors, these spaces correspond to the spaces W p
k,−δ,−n

p
(AC case) and

W p
k,δ,−n

p
(CS case) of [Loc87, Ch.4], so we are able to translate their results into our

setting. First of all, we have a Sobolev embedding theorem for the weighted spaces,
which is an adaptation of Theorem 4.8 in [Loc87].

Theorem 2.15. Let (M, g) be an CS/AC manifold. Denote by Lp
k,δ(E) the correspond-

ing weighted Sobolev space. Suppose that the following hold:

i) k − k̄ ⩾ n
(

1
p − 1

p̄

)
and either:

ii) 1 < p ⩽ p̄ <∞ and δ̄ ⩾ δ (AC) or δ̄ ⩽ δ (CS)

ii’) 1 < p̄ < p <∞ and δ̄ > δ (AC) or δ̄ < δ (CS)

Then there is a continuous embedding:

Lp
k,δ(E) −→ Lp̄

k̄,δ̄
(E). (2.32)

Hölder spaces

Let (M, g) be a Riemannian manifold, and consider the induced geodesic distance func-
tion d :M ×M → R on M .

Definition 2.16 (Spaces of differentiable sections). Let E be e a metric vector bundle
with a connection ∇. For a section s ∈ Ck(E) we define the Ck-norm as:

∥s∥Ck =

k∑
i=0

sup
p∈M

|∇is|(p). (2.33)

If (M, g) is a conical manifold with a given radius function ρ, we also consider the
Ck-norm with weight δ ∈ R instead:

∥s∥Ck
δ
=

k∑
i=0

sup
p∈M

|ρi−δ∇is|(p). (2.34)

Denote the set of Ck
loc-sections with finite Ck

δ -norm by Ck
δ (E) and set:

C∞
δ (E) =

∞⋂
i=0

Ci
δ(E). (2.35)

Then Ck
δ (E) are Banach spaces and C∞

δ (E) is a Fréchet space. If multiple conical ends
are present, the spaces Ck

δ̄
(E) and C∞

δ̄
(E) are defined in the obvious way.

For any point p ∈M there is an open neighbourhood p ∈ Up ⊂M such that for any
q ∈ Up, there is a unique shortest geodesic of length d(p, q) joining p and q. In particular
there is an open neighbourhood V ⊂ M ×M of the diagonal such that for (p, q) ∈ V
we have q ∈ Up. Let now E be a metric vector bundle together with a connection.
For (p, q) ∈ V we identify the fibres Ep and Eq via parallel transport along the unique
shortest geodesic connecting p and q.

Definition 2.17 (Hölder spaces). For a section s ∈ Ck(E) and a constant 0 < α ⩽ 1
we define the C0,α-semi-norm as:

[s]α = sup
(x,y)∈V

|s(x)− s(y)|
d(x, y)α

. (2.36)
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The Ck,α
δ -Hölder norm is then defined as:

∥s∥Ck,α
δ

= ∥s∥Ck
δ
+ [ρk−δ+α · ∇ks]α. (2.37)

The Hölder space Ck,α
δ (E) is the subset of Ck

δ (E) with finite Ck,α
δ -Hölder norm. In

the case of multiple weights, the we denote by Ck,α

δ̄
the corresponding Hölder space.

We also have a Sobolev embedding theorem into weighted Hölder spaces.

Theorem 2.18 (cf. [Joy04, Thm. 2.9]). Let (M, g) be an CS/AC manifold. Let p > 1,
k, l ⩾ 0, 0 < α < 1 and δ ∈ R. If k − n

p ⩾ l + α then there is a continuous embedding:

Lp
k,δ(E) −→ Cl,α

δ (E). (2.38)

2.3.3 Elliptic operators and Fredholm results

Every elliptic operator on a compact manifold is Fredholm. However this useful fact
does not generally hold in the noncompact setting. Consider the noncompact manifold
R with the elliptic operator d

dt acting on functions.

Proposition 2.19. The elliptic operator d
dt : L

2
1(R) → L2(R) is not Fredholm.

Proof. We show that the image of d
dt is not closed in L2(R+). Consider the functions

fn ∈ L2
1(R+) which are defined as follows:

fn(t) =


n
t , t ⩽ −n
−1, −n ⩽ t ⩽ −1
t, −1 ⩽ t ⩽ 1
1, 1 ⩽ t ⩽ n
n
t , n ⩽ t

Then clearly fn ∈ L2
1(R), since ∥fn∥L2 = O(n) < ∞ and ∥ d

dtfn∥L2 = O(1) < ∞. As
a consequence this family does not admit a limit in L2

1(R+). However the family of
derivatives does converge in L2 to the characteristic function χ[−1,1], which is not in

the image of d
dt . Thus the image of d

dt is not closed, which precludes it from being
Fredholm.

More generally the same non-Fredholmness appears for operators on R×N which are
of the form d

dt + A(t), where A(t) is a self-adjoint elliptic operator on the cross-section
N which converges in a suitable sense to limiting operators A± with non-trivial kernel.
In the example on R we had A(t) = A± = 0 over the point. The proof above can be
generalised to this case, if we consider fnψ instead, where ψ is a non-zero element of
the kernel of one of A±. In fact, if A± have trivial kernel, the operator d

dt + A will be
Fredholm. A proof of this fact can be found in Robbin and Salamon’s paper on the
spectral flow [RS95]. Thus to ensure Fredholmness we need to shift the zero eigenvalues
of A± to a non-zero value. This can be achieved by perturbing A(t) to A(t)− δ idN . It
turns out that this is equivalent to varying the Banach spaces by introducing the weight
e−δt into the norms, as we did in the previous section. Indeed, note that the norm
∥s∥Lp

k,δ
= ∥se−δρt∥Lp

k
is equivalent to the previously introduced weighted norm ∥ · ∥Lp

k,δ
.

The advantage of this definition is that there is an isometry Lp
k,δ → Lp

k given by sending

s 7→ seδρt . Thus an operator d
dt + A(t) : Lp

k,δ → Lp
k−1,δ will be Fredholm exactly when

eδρt( d
dt +A(t))e−δρt : Lp

k → Lp
k−1 is. However:

eδρt

(
d

dt
+A(t)

)
e−δρt =

d

dt
+A(t)− δ id .
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In other words, perturbing the operator can be achieved by varying the weight in the
definition of the Sobolev norm. This will recover the Fredholm results from the compact
case. Note however that the index of an operator might depend on the weight chosen
as seen in Proposition 2.23. Let now (M, g) be a cylindrical manifold, i.e. it admits
ends which are isometric to Riemannian cylinders. Let E and F be two metric vector
bundles over M . A linear r-th order partial differential operator:

D∞ : Ck+r
loc (E) −→ Ck

loc(F )

is then cylindrical if for every section f ∈ Ck+r
loc (E) which is supported in an end

N = (0,∞) × L we have (D∞s)(t + ·) = D∞(s(t + ·)). Here s(t + ·) denotes the
translation action of R+ on the end. Now suppose that D : Ck+r

loc (E) → Ck
loc(F ) is

another operator and write these operators as:

D(s) =

r∑
i=0

Di∇is, (2.39)

D∞(s) =

r∑
i=0

Di
∞∇is, (2.40)

for bounded coefficients Di
(∞) ∈ C∞(TM⊗i ⊗ F ⊗ E∗). Then D is asymptotically

cylindrical if for any j ∈ N:

|∇j(Di
∞ −Di)| −→ 0 as t→ ∞. (2.41)

Note that by translation invariance, the coefficients of D∞ are independent of t. Using
this one can prove the following.

Proposition 2.20. If D is an asymptotically cylindrical operator, then for any δ ∈ R,
it extends to a well-defined map:

D : Lp
k+d,δ(E, g) −→ Lp

k,δ(F, g). (2.42)

Conical operators

Suppose now that (M, g) is ACλ or CSµ̄, and assume that we have a radius function ρ
and a conical metric gc that g is asymptotic to as ρ → ∞ and ρ → 0 respectively. We
can now define conical operators between bundles of exterior forms:

Definition 2.21. An linear r-th order operator D : Ck+r
loc (Λm) → Ck

loc(Λ
m′

) is conical
with rate ν ∈ R if

Dν = ρ−m′+νDρm

is an asymptotically cylindrical operator. Here the cylindrical metric is ρ−2gc.

We now present the fundamental result concerning these operators, which is that
they are Fredholm for almost all choices of weight δ ∈ R. More concretely, we have the
following:

Theorem 2.22. Let D : Ck+r
loc (Λm) → Ck

loc(Λ
m′

) be a conical operator on an (M, g)
with rate ν. Then for any δ ∈ R, P extends to a well-defined map:

D : Lp
k+r,δ(Λ

m, g) −→ Lp
k,δ−ν(Λ

m′
). (2.43)

Furthermore if D is elliptic, then this map is Fredholm for δ in the complement of a
discrete subset D ⊂ R. This subset is determined by an eigenvalue problem on the
asymptotic link.
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Proof. The operator D is bounded whenever Dν is. Now Dν is bounded by Proposition
2.20. It is also Fredholm whenever Dν is. This in turn is the case for all but a countable
set of weights, which are determined by the cylindrical operator D asymptotes to, as
in [LMO85, Thm. 6.1].

Let D be a conical operator of rate ν, and let D∞ be the cylindrical operator that Dν

asymptotes to, as in (2.41). Then the set of exceptional weights D can be determined
as follows. With respect to the parametrisation by (t, p) ∈ (0,∞)× L of the cylindrical
end, D∞ takes the following form:

D∞ =
∑

i+j⩽r

ai,j∞∂it∇
j
L. (2.44)

At the start of this section, we have seen that the Fredholm property fails for the first
order operator ∂t + A(t) if the limit A+ = limt→∞A(t) has a zero eigenvalue. This
was because the kernel gained a solution whose growth was of order O(1), and thus
not integrable, but could nonetheless be approximated within Lp

k. More generally the
operator ∂t + A(t) − δ id will not be Fredholm if A+ − δ id admits a kernel, i.e. A+

admits a δ-eigenvector. Thus ∂t + A(t) will not be Fredholm as a map Lp
k,δ −→ Lp

k−1,δ

for those values δ where a solution to the eigenvalue problem A+v = δv exists. The
generalisation of this to a higher-order operator in the form (2.44) is that we consider
the eigenvalue problem for:

D̂∞(λ) =
∑

i+j⩽r

ai,j∞ (iλ)i∇j
L. (2.45)

Denote by C ⊂ C the set of all the complex values for λ for which (2.45) admits a non-zero
eigenvector. As Lockhart and McOwen describe in more detail in their paper [LMO85],
this is a discrete subset of C. The subset D ⊂ R of exceptional weights, which again is
discrete, is then given by:

D = {imλ : λ ∈ C}.

In this way the exceptional weights can be related to an eigenvalue problem on the link.
Similar to the model case d

dt +A(t), the existence of solutions to the eigenvalue problem
implies that solutions of a certain exponential decay rate δ exist. These then get added
to the kernel once the rate δ is passed, which makes the index jump discontinuously.
Thus the Fredholm property cannot hold at these weights. Note that the dependence on
the link means that operators on different CS or AC manifolds will have the same set of
exceptional weights if their links agree as Riemannian manifolds, and the two operators
approach the same limiting operator over that link, in the sense that the associated
cylindrical operators limit to the same operator. Consider now for δ ∈ D the dimension
d(δ) < ∞ of the set of solutions to D∞u = 0, which have the form e−δtp, where p is
a polynomial in t whose coefficients are sections of E|L and do not depend on t . This
is exactly the jump in index as a weight is passed. To be more precise, let δ1 < δ2 be
given such that δ1, δ2 ̸∈ D . Then we define:

N(δ1, δ2) =
∑

δ∈(δ1,δ2)∩D

d(δ).

The relation between the indices of differential operators on differently weighted Sobolev
spaces in then given as follows:
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Theorem 2.23 (cf. [LMO85, Thm. 1.2]). Let D be an elliptic conical operator of order
r ⩾ 0 and rate ν ∈ R. Let 1 < p < ∞ and k ⩾ 0. Denote by iδ(P ) for δ ∈ R the index
of the following operator:

D : Lp
k+r,δ(E) −→ Lp

k,δ−ν(E).

We then have that: iδ2(P )− iδ2(P ) = N(δ1, δ2).

Proposition 2.24 (cf. [Joy04, Lem. 2.8]). Assume that 1 < p, q < ∞ are such that
1
p + 1

q = 1. Then if n ∈ N is the dimension of the underlying manifold and δ ∈ Rl is a

vector of weights, there is a perfect pairing Lp
δ ×L

q
−n−δ −→ R, and thus (Lp

δ)
∗ = Lq

−n−δ.

Example 2.25. The simplest example of Cayley cone is a Cayley plane Π = R4×0 ⊂ R8

which a round S3 as link. The limiting operator in this case is DL from Equation
(2.21). Even more than that, we can think of a Cayley plane as being induced by a
special Lagrangian plane for a carefully chosen embedding CY4 structure on R8. By
Proposition 2.7 we can write:

D = −d ⋆⊕d− =
d

dr
+ r−1DS3 . (2.46)

Combining the work done in [Lot09], where coassociative cones were analysed, and
slightly extending the work done in [Kaw14], where the non-coassociative Cayley defor-
mations of cones where studied (but not other critical rates), we can give all the critical
rates D in the range (−4, 2). They are −3,−1, 0, 1, and the eigenspaces have dimensions:

d(−3) = 1 + 0, d(−1) = 1 + 0, d(0) = 3 + 1, d(1) = 8 + 4. (2.47)

Here the first summand corresponds to the coassociative contribution, and the second
is the truly Cayley contribution.

Example 2.26. Consider the complex cone Cq = {x2+y2+z2 = 0, w = 0} ⊂ C4 which
has link L ≃ SU(2)/Z2. In particular, this is also a Cayley cone. The critical rates in
(−2, 2) are −1, 0, 1,−1 +

√
5, and the eigenspaces have dimensions:

d(−1) = 2 + 0, d(0) = 7 + 1, d(1) = 16 + 6, d(−1 +
√
5) = 3 + 3. (2.48)

Here the first summand corresponds to the coassociative contribution, and the second
is the truly Cayley contribution.

3 Almost Cayley submanifolds

Denote the Grassmannian of oriented 4-planes in an 8-dimensional vector space V by
Gr+(4, V ). If (V,Φ) is a Spin(7)-vector space we can additionally consider the Grass-
mannian of Cayley planes in (V,Φ), which we denote by Cay(V,Φ). The group
Spin(7)Φ acts on Gr+(4, V ), and acts transitively on Cay(V,Φ). As the stabiliser
group of any Cayley is isomorphic to H = (SU(2)3)/Z2, we have dimCay(V,Φ) =
dimSpin(7) − dimH = 21 − 9 = 12. As dimGr+(4, V ) = 16, we see that Cay(V,Φ)
is a codimension 4 submanifold of the Grassmannian of oriented four-planes. In other
words the Cayley condition can be given in terms of four independent equations. This
is the reason why the bundle E, which will appear later as the co-domain of the defor-
mation operator of a Cayley, is a rank 4 bundle. We can think of the fibers of E as
corresponding to the normal bundle of a given Cayley in Cay(V,Φ) ⊂ Gr+(4, V ). Since
Spin(7)Φ is compact and the action is smooth, there is a metric gSpin(7) on Gr+(4, V ),
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such that Spin(7) acts by isometries. Such a metric can be realised by embedding
Gr+(4, V ) ↪→ Λ4V via span{e1, e2, e3, e4} 7→ e1 ∧ e2 ∧ e3 ∧ e4. The Spin(7)-invariant
metric is then the restriction of the euclidean metric on Λ4V . The resulting distance
map is uniformly equivalent to the following Spin(7)-invariant distance defined in terms
of the orthogonal projections onto planes:

dGr(E,E
′) = ∥πE − π′

E∥op.

Here πE , πE′ are the orthogonal projections onto E and E′ respectively. Let us take a
closer look at a tubular neighbourhood of the Cayley planes inside Gr+(4, V ).

Proposition 3.1. Let ϵ1 ∈ [0, 1), ϵ2 ∈ [0, 2), ϵ3 ∈ [0,∞) be given and consider the sets:

E1 = {ξ ∈ Gr+(4, V ) : Φ|ξ > (1− ϵ1) dvolξ},
E2 = {ξ ∈ Gr+(4, V ) : ∥τ(f1, f2, f3, f4)∥Λ2

7
< ϵ2,

{fi}i=1,...,4 is an orthonormal basis of ξ},

and E3 ={ξ ∈ Gr+(4, V ) : ξ = span

{
e1, e2, e3,

e4 +
√
αv√

1 + α

}
,

e4 = e1 × e2 × e3, ei ∈ V orthonormal , v ⊥ ei, ∥v∥ = 1, 0 ⩽ α < ϵ3}. (3.1)

Note that ∥τ(f1, f2, f3, f4)∥Λ2
7
is independent of the choice of basis of ξ. Then for a

choice of one of the ϵi we can determine the other two such that the three sets agree.

Proof. These three families of sets are Spin(7)-invariant. The sets E1 and E2 are invari-
ant by the definition of Φ and τ respectively. The invariance of E3 follows from the fact
that there are elements of H ⊂ Spin(7) which keep ξ fixed while acting transitively on
the unit sphere in ξ⊥.

Now note that the orbit of a single ξ ∈ E3 is a sphere of a given radius in the open
ball E3. Thus choosing elements for every radius, we can exhaust all of E3. Furthermore
spheres in E1 and E2 (i.e. replacing the inequality with equality in the definition) must
be unions of this set for different values of α. What is left to show is that the value of α
determines the radii of the spheres in Ei (i = 1, 2) uniquely. For E1 for instance it can

be computed using equation (2.1) that 1− r1 = 1√
1+α

. For r2 we see that r2 = 2
√
α√

1+α
,

using the coordinate representation (2.8) of τ .

For α ∈ (0, 1), consider consider the set of almost Cayley planes:

Cayα(V,Φ) = {ξ ∈ Gr+(4, V ) : Φ|ξ > α dvolξ}. (3.2)

By the Spin(7)-invariance of Cayα(V,Φ) this set also admits a canonical action of
Spin(7). In fact, Cayα(V,Φ) is a tubular neighbourhood of Cay(V,Φ) under geodesic
normal coordinates for gSpin(7) and α sufficiently close to 1. Let 0 < α0 < 1 be such
that for all α > α0 the set Cayα(V,Φ) has this tubular neighbourhood property. Let
now (M,Φ) be an almost Spin(7)-manifold. We can then consider the associated fibre
bundles:

� Gr+(4, TM) = PSpin(7) ×Spin(7) Gr(4,R8)

� Cay(M) = PSpin(7) ×Spin(7) Cay(R8,Φ0)

� Cayα(M) = PSpin(7) ×Spin(7) Cayα(R
8,Φ0)
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We see that a submanifold N4 ⊂M is Cayley exactly when TN , seen as a section of
Gr+(4, TM) over N , takes values in Cay(M). Analogously we say that a submanifold of
M is α-Cayley if the the section TN takes values in Cayα(M)|N . Now for every p ∈M ,
we have that as Spin(7)-vector spaces (TpM,Φp) ≃ (R8,Φ0), thus Cayα(TpM,Φp) will
be a tubular neighbourhood of Cay(TpM,Φp) whenever α > α0. In particular, for an
α-Cayley N with α > α0 we get a canonical section cayN of Cay(M)|N defined as the
closest Cayley plane cayN (p) to the given almost Cayley TpN , as measured by the metric
dSpin(7). This Cayley plane is unique because of the tubular neighbourhood property.
However, we cannot in general guarantee that this closest Cayley plane will have an in-
tersection of dimension 3 with our almost Cayley tangent plane. Putting this additional
restriction on the canonical Cayley section is equivalent to finding a continuous section
of a Gr+(3, 4)-bundle over N (as a Cayley which has three-dimensional intersection with
TpN is entirely determined by this three-plane, the fourth basis vector can be obtained
via the triple product). However this bundle is in general non-trivial, and thus might
not admit a global section. Thus we cannot in general expect to write cayN in the form
of elements of E3 in Proposition 3.1. We will therefore settle for a slightly more general
form, which however still relates an adapted frame of N with a Spin(7)-frame adapted
to cayN in a satisfactory way.

Proposition 3.2 (Local coordinates around an α-Cayley). Let N be an α′-Cayley sub-
manifold of M , where α′ > α0, and let cayN be the canonical Cayley section associated
to N . Let p ∈ N . Write Φ|N = α dvolN , for a smooth function α : N → (α0, 1].
Then there is a constant 1 > α1 > α0 such that for every α′ > α1 we can then find a
Spin(7)-frame {ei}i=1,...,8 adapted to cayN around p such that:

TpN = span {βiei + vi}i=1,...,4 ,

νp(N) = span {βiei + vi}i=5,...,6 , (3.3)

where the basis vector fields βiei+vi are orthonormal. Here vi for i = 1, . . . , 8 are vector
fields such that:  v1, v2, v3, v4 ⊥ cayN ,

v5, v6, v7, v8 ∥ cayN ,
∥vi∥ ⩽ Cα1

(1− α),

and βi are functions such that 1− βi ⩾ Cα1
(1− α).

Proof. For every p ∈ N , the planes cayN (p) and TpN are close enough together so that
∥πcayN (p) − πTpN∥op ≲ 1 − α, where πV is the orthogonal projection onto V ⊂ TpM .
Thus, if we take a Spin(7)-frame {ei}i=1,...,8 which is adapted to cayN , then the tangent

vectors f̃i = πTpN (ei) for i = 1, · · · , 4 will be such that ∥ei− f̃i∥ ≲ 1−α. After applying

the Gram-Schmidt orthogonalisation procedure to f̃i to obtain orthogonal vectors fi,
we still have that vi = βiei − fi ∈ cay⊥N and ∥vi∥ ≲ 1 − α, for some functions βi
coming from the Gram-Schmidt algorithm. Note that the hidden constant in our ≲-
notation only depends on α1. Similarly the coefficients βi tend to 1 as α tends to 1.
An analogous argument applies to the normal vectors, using the fact that we also have
∥πcay⊥

N (p) − πνp(N)∥op ≲ 1− α.

3.1 The deformation operator

Consider a Spin(7)-manifold M . Let α0 ∈ (−1, 1) be sufficiently close to 1 such that
Cayα0

(TpM,Φp) is a tubular neighbourhood of Cay(TpM,Φp) for every p ∈ M . Let
N be an α1-Cayley (where α1 > α0) with a tubular neighbourhood N ⊂ U ⊂ M . In
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other words, we require that the exponential map exp : V ⊂ ν(N) −→ U defines a
diffeomorphism onto its image, where V is some open subset of the normal bundle of
N . For v ∈ C∞(N,V ), i.e. v is a normal vector field to N with values in V , we define
expv : N ↪→ M to be the embedding given by expv(p) = exp(v(p)). This is a small
perturbation of N inside U , and in fact any Ck-small perturbation of N (where k > 0)
can be obtained as the image of expv of a unique Ck-small normal vector field v. We
denote this image by Nv. Our goal is to construct a Cayley submanifold of the form Nv,
whenever N is close to being Cayley. As we have seen, N admits a canonical section
cayN : N → Cay(M)|N . This section can also be seen as a four-dimensional subbundle
of TM |N , where each fibre is a Cayley plane. This allows us to globalise the definition
of the subspace Eξ ⊂ Λ2

7V
∗ of (2.11) and define the four-dimensional vector bundle:

Ecay = {ω ∈ Λ2
7 : ω|cayN

= 0}. (3.4)

Let now η ∈ Ωk(Nv, F |Nv
) be a differential form with values in a bundle of tensors

F → M over the submanifold Nv. The form τ is an example of such a form. Usually
when one talks about the pull-back exp∗v η, the result is a form in Ωk(N, exp∗v F |Nv ).
However when we write exp∗v η in the following, we mean a form in Ωk(N,F |N ), which
we define as follows. Extend the normal vector field v on N to a vector field on U , where
v(expv(p)) is defined to be the parallel transport of v(p) along the geodesic which starts
at p and has initial velocity v(p). By the definition of U as a tubular neighbourhood
for geodesic normal coordinates, this gives rise to a smooth extension of v to all of U .
This gives rise to a flow ϕt : U →M which has the property that ϕ1(p) = expv(p). We
now define the pullback of a decomposable form η = ω ⊗ s to be given by the following
formula:

exp∗v η = ϕ∗1ω ⊗Dϕ∗1s = exp∗v ω ⊗Dϕ∗1s. (3.5)

Here ϕ∗1 and exp∗v are the usual pullback of differential forms, and Dϕ∗1 : Fexpv(p)
→ Fp

is the pullback induced from the linear isomorphism Dϕ1 : Fp → Fexpv(p)
induced by ϕ1

on any tensor bundle. To summarise, we extended the vector field v in order to have
a pullback operation that also pulls back the bundle in which the differential form is
valued. We now define the deformation operator associated to N as follows:

F : C∞(N,V ) −→ C∞(Ecay)
v 7−→ πE(⋆N exp∗v(τ |Nv )).

(3.6)

Here exp∗v τ is our non-standard definition of a pull back we introduced just now. This
addition is necessary, otherwise the resulting sections would be valued in different bun-
dles for varying v. Furthermore πE denotes the orthogonal projection Λ2

7|N → Ecay,
which uses the chosen Cayley section cayN over N . Note that in the definition of F ,
we include a projection onto Ecay. This is so that the operator maps between bundles
of the same rank, otherwise it could not be elliptic. However one might ask whether
projecting onto a subspace loses information. Heuristically, the condition F (v) = 0 is
given by ignoring 3 of the 7 equations obtained from the condition ⋆N exp∗v(τ |Nv

) = 0,
one for each of the basis vectors of Λ2

7|Nv . The fact that this still gives enough equa-
tions to determine the Cayleyness of a plane can be expected for a generic choice of a
projection to a four-dimensional subbundle of Λ2

7|N , since the Grassmannian of Cayley
planes is of co-dimension 4 in the Grassmannian of oriented four-planes, i.e. the Cayley
condition on a four-plane can be described with four independent equations. Notice
however that the projection is onto a fibre of Ecay over p ∈ N , whereas the equations
we chose are situated at expv(p) ∈ Nv, so this is only approximately true, as we will see
in the next proposition. We will crucially rely on the fact that we choose v to be small
in the C1-norm to overcome this discrepancy and prove that we can ignore 3 equations
while still retain the Cayley-detecting property of τ .
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Proposition 3.3 (Detects Cayleys). Let (M,Φ) be a Spin(7) manifolds with uniformly
bounded Riemmann curvature tensor |R| < C. Let 0 < α0 < 1 such that Cayα0

(TpM,Φp)
is a tubular neighbourhood of Cay(TpM,Φp). Then there is α0 < α1 < 1 and a con-
stant EC1

= EC1
(Φ, α0, α1) < 1 such that the following holds for any α1-Cayley N . If

v ∈ C∞(N,V ) is such that for all p ∈ N :

|v(p)| < EC1

min{|R(q)| : q ∈ B(p, |v(p)|)}
, |∇v(p)| < EC1 ,

then Nv is Cayley exactly when F (v) = 0.

Proof. The submanifold Nv is Cayley exactly when τ |Nv
= 0, which is equivalent to

⋆N exp∗v(τ |Nv ) = 0. Thus we need to prove that ⋆N exp∗v(τ |Nv ) = 0 if and only if
πE(⋆N exp∗v(τ |Nv )) = 0. Let p ∈ N be given. Let α0 < α̃ < α1 be given. The set of
α̃-Cayley planes in a given Spin(7)-vector space is an open ϵ-neighbourhood of the set
of α1-Cayley planes, for some ϵ > 0 dependent on α̃ . The same holds true globally in
Gr+(4, TM), since everything is pointwise isometric to the standard model (R8,Φ0). In
particular, since Texpv(p)

Nv is determined from TpN by knowing only v(p) and ∇v(p),
this implies that if |v(p)| is small compared to the curvature at any point within a
distance |v(p)| and |∇v(p)| is sufficiently small at every point p ∈ N , say smaller than
some ẼC1

, then Nv is still α̃-Cayley. Thus we still have a canonical Cayley section cayNv

over Nv. We then apply Proposition 3.2 to choose a Spin(7)-frame {ei}i=1,...,8 adapted
to cayNv

such that an orthonormal basis of Texpv(p)
Nv is given by fi = βiei + vi, where

βi : U → [0, 1] are smooth functions. Under (D expv(p))
−1 these in turn get mapped

to a local frame {f ′i}i=1,...,4 of TN , which are not necessarily orthogonal. We now have
that:

det(f ′i) ⋆N exp∗v(τ |Nv )(p) = exp∗v(τ |Nv )p(f
′
1, f

′
2, f

′
3, f

′
4)

= Dϕ∗1τexpv(p)
(f1, f2, f3, f4),

where det(f ′i) is the volume of the 4-parallelepiped spanned by the f ′i . We similarly get:

det(f ′i)πE ⋆N exp∗v(τ |Nv
)(p) = πEDϕ

∗
1τexpv(p)

(f1, f2, f3, f4)

= Dϕ∗1πẼτexpv(p)
(f1, f2, f3, f4).

Here πE is the orthogonal projection onto (Ecay)p and πẼ = (Dϕ∗1)
−1πEDϕ

∗
1 is a not

necessarily orthogonal projection onto a subspace Ẽ ⊂ Λ2
7|expv(p)

. As Dϕ∗1 is an isomor-
phism, it suffices to show that:

πẼτexpv(p)
(f1, f2, f3, f4) = 0 ⇒ τexpv(p)

(f1, f2, f3, f4) = 0.

Let q = expv(p) for simplicity. Consider τq : Gr+(4, TqM) → (Λ2
7)qM as a smooth

map. As τq vanishes on a 12-dimensional submanifold in the 16-dimensional manifold
Gr+(4, TqM), its derivative at a Cayley can have rank at most 4, in other words imDτq ⊂
(Λ2

7)qM is four-dimensional at most. Now we use the coordinate expression for τq in
(2.8) with regards to the frame {ei}i=1,...,8, as well as the special form fi = βiei + vi
with vi ⊥ cayNv

to see that imDτq = E. This is because in the E⊥-component of τq
(which is spanned by e1× e2, e1× e3 and e1× e4) varies quadratically in both ei and vi.
This implies that if f1, f2, f3 and f4 span a sufficiently small perturbation of cayNv

(q),
as is the case in our setting by the α̃-Cayleyness of Nv, then πEτ(f1, f2, f3, f4) = 0 can
only occur if τ(f1, f2, f3, f4) = 0, as E and E⊥ are transversal subspaces. In fact, if
E′ is any four-dimensional subspace and πE′ is any projection onto E′, not necessarily
orthogonal, such that kerE′ ∩E = {0}, then the implication:

πE′τexpv(p)
(f1, f2, f3, f4) = 0 ⇒ τexpv(p)

(f1, f2, f3, f4) = 0 (3.7)
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holds, given that the fi span a sufficiently small perturbation of cayNv
. In other words

for a given E′, if α̃ is sufficiently close to 1, the implication above will be true. More-
over, having fixed a neighbourhood of cayNv

for the fi to vary in, satisfying the above
implication is clearly an open condition on πE′ .

Let now an α̃-Cayley plane ξp ⊂ TpM be given, with associated canonical Cayley
plane cayp. If we restrict the fi to vary so that the planes they span are in a sufficiently

small neighbourhood of cayp ∈ Gr+(4, TpM), then the implication (3.7) holds for an
open subset of maps πE′ which contains πE . Note that this open subset of maps πE′

depends on the neighbourhood of cayp that we fixed. Moreover, this is true at every
point p ∈ M . Denote this open subset of projections which contains πE by Π, and
let the fibre over the point p be Πp. It thus remains to show that πẼ ∈ Πq. For this
notice that from a fixed v(p) and ∇v(p), we can determine Dϕt : TpM → TqM . This
is because first order deviations of geodesics at a later time depend solely on the first
order deviation of geodesics at an earlier time. Thus we get a family of maps πt

Ẽ
which

act on the fibre of Λ2
7 over the point ϕt(p). We have π0

Ẽ
= πE , thus π

0
Ẽ

∈ Πp. Next,

by what we have said above it is clear that πt
Ẽ

being contained in Πexptv(p)
is an open

condition in t. Thus for a fixed v(p) and ∇v(p) there is a t0 = t0(v(p),∇v(p)) such that
for all 0 ⩽ t < t0 we have πt

Ẽ
∈ Πexptv(p)

. Now note that for λ > 0:

t0(λv(p), λ∇v(p)) = λ−1t0(v(p),∇v(p)).

This implies that for |v(p)|·|R|+|∇v(p)| sufficiently small we have πẼ ∈ Πq. Now because

the Riemann curvature tensor is bounded onM , we can find a constant EC1
< ẼC1

such
that whenever |v(p)| · |R|+ |∇v(p)| < EC1 , then the implication (3.7) holds at q.

Next, we are interested in studying the linearisation of this linear operator and to
show that it is elliptic at the zero section.

Proposition 3.4 (Linearisation). Let N be an ᾱ-Cayley with ᾱ > α1 with deformation
operator F , such that Φ|N = α dvolN . Let p ∈ N and suppose that near p we have a
Spin(7)-frame {ei}i=1,...,8 and a frame {fj}j=1,...,8 which respects the splitting TM =
TN ⊕ ν(N) as in Proposition 3.2. The linearisation of F at 0 is then given by:

D : C∞(ν(N)) −→ C∞(Ecay),

v 7−→ πE(β
∑4

i=1 fi ×∇⊥
fi
v

+
∑4

i=1

∑8
j=1 βijfj ×∇⊥

fi
v

+∇vτ(f1, f2, f3, f4)),

(3.8)

where ∇⊥ is the Levi-Civita connection on the normal bundle ν(N), and ∇⊤
fi
v is the

projection of ∇fiv to TN . Here β, βij are smooth functions such that 1−β ⩾ Cα1(1−α)
and |βij | ⩽ Cα1(1− α). The constant Cα1 only depends on the the choice of α1. When
N is a Cayley, then the second line is the Dirac operator associated to a Cayley from
Proposition 2.4. Furthermore the third line vanishes in this case. Finally the fourth line
vanishes if (M,Φ) is torsion-free.

Proof. We have for v ∈ C∞(ν(N)):

DF [v] =
d

dt

∣∣∣∣
t=0

F (tv)

= πE ⋆N
d

dt

∣∣∣∣
t=0

exp∗tv(τNv ).

Note that ϕt = exptv is the flow of a vector field on a neighbourhood of N which
extends v, as we discussed before the definition of the deformation operator in equation
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(3.6). Thus we get from the definition of the Lie derivative, the expression (3.5) for
our non-standard definition of pull-back, and the definition of the Levi-Civita covariant
derivative on forms:

DF [v] = πE ⋆N Lvτ = πELv(τ(f1, f2, f3, f4)) (3.9)

= πE (τ(∇f1v, f2, f3, f4) + τ(f1,∇f2v, f3, f4)

+τ(f1, f2,∇f3v, f4) + τ(f1, f2, f3,∇f4v) +∇vτ(f1, f2, f3, f4)) .

Here the last line uses the fact that ∇ is torsion-free. Now consider the term
τ(∇f1v, f2, f3, f4). Since we have the orthogonal splitting TM |N = TN ⊕ ν(N), the
connection ∇ on TM |N splits into ∇⊤+∇⊥, where ∇⊤ = πTN ◦∇ and ∇⊥ = πν(N) ◦∇.
Thus in particular:

τ(∇f1v, f2, f3, f4) = τ(∇⊥
f1v, f2, f3, f4) + τ(∇⊤

f1v, f2, f3, f4)

= ∇⊥
f1 × (f2 × f3 × f4) + τ(∇⊤

f1v, f2, f3, f4)

= ∇⊥
f1 × (f2 × f3 × f4)

= ∇⊥
f1 × (β2e2 × β3e3 × (β4e4 + v4))

= ∇⊥
f1 × (β2β3β4e1 +

8∑
j=1

β̃1jfj)

= ∇⊥
f1 × (βf1 +

8∑
j=1

β1jfj).

For the third line we used the fact that ∇wv(p) ⊥ TpN , since v ∈ C∞(ν(N)). For
the rest we use the definition of τ as well as the coordinate representation of Φ0. Here
β = β1β2β3β4. The computations for the remaining three terms are similar and lead to
the claimed formula.

If N is Cayley, then the second line corresponds exactly to the Dirac operator asso-
ciated to a Cayley from Propositions 2.4, since in this case α ≡ 1, which implies β ≡ 1,
and the cross product of fi and ∇fiv already lies in Ecay = E, so no further projection is
required. In the same situation we see that the third line vanishes, as all the βij vanish.
Finally, τ is covariantly constant if Φ is torsion-free, and this the last line vanishes in
this case. To see this note that we can choose a local Spin(7)-frame which is covariantly
constant, from which it is clear that the cross and triple product send parallel sections
to parallel sections. Since τ is defined in terms of these two products, the same must
hold true for τ . From this it is immediate that τ is covariantly constant.

Proposition 3.5 (Ellipticity). There is a universal constant α2 > α1, such that if N
is an α2-Cayley submanifold, then its associated deformation operator is elliptic at the
zero-section.

Proof. LetD be the linearisation of the deformation operator at 0. From the the previous
proposition we see that the symbol at p ∈ N is given in an adapted frame as follows,
where ξ ∈ T ∗

pN and ξi = ξ(fi):

σξ(D) = πE

β 4∑
i=1

fi × ξiv +

4∑
i=1

8∑
j=1

βijfj × ξiv


= πE

βξ♯ + 4∑
i=1

8∑
j=1

βijfj × ξi

× v

 . (3.10)
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Now if the fi span a Cayley plane, then this is exactly the symbol of the Dirac op-
erator associated to a Cayley from Proposition 2.19, and thus invertible. As we perturb
the plane continuously, we see that both the product πE(□×□) and the expression in-
side the bracket vary continuously. Thus invertibility of the composed expression is an
open condition on the set of four-planes, which holds at Cayley planes. Since α-Cayley
planes for α ∈ [α1, 1) form a neighbourhood basis of the Cayley planes in Gr+(4,R8) we
see that there is a universal α2 > α1 such that whenever the fi span a α2-Cayley, the
symbol is invertible, and thus D is elliptic.

4 Deformation theory of Cayley submanifolds

4.1 Compact case

We will now study the deformation theory of a compact Cayley submanifold in a almost
Spin(7)-manifold (M,Φ), where we also allow the Spin(7)-structure to vary in a finite-
dimensional smooth family {Φs}s∈S ⊂ A (M), with Φ = Φs0 for some s0 ∈ S. As we
are only interested in the local deformation theory, we can and will assume that M is
compact. The analysis will be done for almost Cayleys, which will be useful later when
we will desingularise Cayleys with conical singularities.

Let N ⊂ (M,Φ) be α-Cayley with α strictly bigger than α2 from Proposition 3.5,
so that the linearised deformation operator DN is elliptic. It is then clear that it will
remain elliptic for small C1-perturbations of N and smooth perturbations of Φ. For
ϵ > 0 denote by νϵ(N) the ϵ-neighbourhood of the zero section in the normal bundle
ν(N) = TM |N/TN , as measured by gΦ. For ϵ > 0 sufficiently small its image under
the exponential map corresponding to Φs will be a tubular neighbourhood of N , for
any s ∈ S, after potentially restricting S to a neighbourhood to s0. Let C∞(νϵ(N)) ⊂
C∞(ν(N)) denote the subset of sections which take value in νϵ(N). Consider now the
perturbation Nv = expv(N) of this compact almost Cayley. Its failure to be Cayley is
measured by the deformation operator (3.6), and is a section of Ecay. We now mildly
extend the results from the previous section for the compact case:

Proposition 4.1. Let N be an almost Cayley submanifold of (M,Φ) almost Spin(7).
Let {Φs}s∈S ⊂ A (M) be a smooth finite dimensional family of Spin(7) structures such
that Φ = Φs0 for some s0 ∈ S. Consider the map:

F : C∞(νϵ(N))× S −→ C∞(Ecay)
v 7−→ πE(⋆N exp∗v(τs|Nv

)).

Here exp, ⋆ and πE are induced from Φ. After shrinking S, there is a constant C > 0
which depends on M,Φ and on the injectivity radius of N , such that if furthermore
∥v∥C1 < C, then Nv is Cayley for Φs exactly when F (v, s) = 0. Moreover, F (·, s) is
elliptic at the zero section for every s ∈ S.

Proof. The only non-trivial issue is that for s ̸= s0, we used the exponential map,
Hodge star and πE associated to Φs0 , not Φs. However by shrinking S we can insure
that both ellipticity and the Cayley detecting property will still be maintained, by the
compactness of N , and the openness of these conditions in the space of all smooth
Spin(7)-structures.

This is a generalisation of Proposition 2.3 from Kim Moore’s paper [Moo19], where a
more direct proof can be found for the case where N is Cayley and the Spin(7)-structure
is fixed. This in turn is based on the work by McLean in his foundational paper [McL98].
We will now consider F and D = DF (0, s0) as maps between Banach manifolds. For
this, we need some auxiliary results.
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Lemma 4.2. Let N,M,Φ, {Φs}s∈S , F be as in Proposition 4.1. The map F has the
following form, for v ∈ C∞(νϵ(N)) and p ∈ N :

F (v, s)(p) =F(p, v(p),∇v(p), TpN, s)
=F (0, s)(p) + (Dsv)(p) +Q(p, v(p),∇v(p), TpN, s).

Here Ds is the linearisation of F (·, s) at 0 and F,Q are smooth fibre-preserving maps:

F,Q : TMϵ ×N (T ∗M ⊗ TM)ϵ × Cayα(M)× S −→ Ecay,

where Ecay = {(p, π, e) : (p, π) ∈ Cayα(M), e ∈ Eπ} and α is sufficiently large. Here we
see both sides as fibre bundles over Cayα(M)×S. We define the map Q : C∞(νϵ(N))×
S −→ C∞(Ecay) as Q(v, s) = F (v, s)−Dsv.

Note that Q is a map between function spaces, while Q is a smooth map between
manifolds of finite dimension, and the same naming convention is applied for F and F.
We also write Fs(·) = F (·, s) to emphasise that Fs is a differential operator depending
on a parameter s, and similar for Q and the smooth functions F and Q.

Proof. The value of expv(p) is determined by p ∈ N and v(p) ∈ νp(N) as a geodesic
is uniquely determined by a starting point and an initial velocity vector. Similarly,
D expv(p) is a smooth function of p, v(p) and ∇v(p) ∈ T ∗

pN ⊗νp(N) since the first order
deviation of two geodesics is determined by the first order deviation at a previous time.
Finally exp∗v(p) can be entirely determined form p, v(p),∇v(p) and the tangent space
TpN . Thus F itself is of the form F (v, s)(p) = F(p, v(p),∇v(p), TpN, s), as it is the
pullback of a differential form (which depends on s) by expv. Here F is a smooth map
which is independent of N . The smoothness of F follows from the smoothness of expv
in v. In particular, the same argument applies to the map Q(v, s) = F (v, s) − Dsv,
since (Dsv)(p) is a smooth map in p, v(p),∇v(p) and TpN only, as it is a first order
operator.

The nameQ is meant to suggest that the termQs,π(p, x, y) contains all the quadratic
and higher terms in the variables x and y. Indeed, we clearly have Qs,π(p, 0, 0) = 0, so
no constant term. Let us denote by ∂x and ∂y respectively the partial derivatives with
respect to x and y. Note that this does not require choosing a connection, as Q is a
fibre-preserving map between subsets of metric vector bundles, and x and y are exactly
the fibre coordinates. Let v ∈ C∞(νϵ(N)) be such that v(p) = x0 and ∇v(p) = 0. Then:

∂xQs,π(p, 0, 0)[x0] =
d

dt

∣∣∣∣
t=0

Qs,TpN (p, tx0, 0)

=

(
d

dt

∣∣∣∣
t=0

Fs(tv)− Fs(0)− tDsv

)
(p)

= (Dsv −Dsv)(p) = 0.

An analogous derivation for the variable y shows that Qs,π satisfies the following for
p ∈M :

Qs,π(p, 0, 0) = 0, ∂xQs,π(p, 0, 0) = 0 and ∂yQs,π(p, 0, 0) = 0. (4.1)

From this we will now obtain bounds on Qs(v) − Qs(w) which are formally similar
to the bounds obtained for homogeneous quadratic polynomials on Rn. If q is such a
polynomial, one can show that for a constant C > 0 there is an inequality of the form:

|q(x)− q(y)| ⩽ C|x− y|(|x|+ |y|).

25



In the following, we use the notation |v|Ck =
∑k

i=0 |∇iv| for a pointwise norm of the
derivative, and we also think of TN as a section of Λ4T ∗M |N → N , so that |TN |Ck is
well-defined. The analogous result for Qs is then the following:

Lemma 4.3. There is an ϵ > 0 which only depends on Φs for s ∈ S such that for k ⩾ 0
and v, w ∈ Ck(νϵ(N)) with ∥v∥C1 , ∥w∥C1 < ϵ we have the following inequality:

|Qs(v)−Qs(w)|Ck+1 ⩽ C
∑

i+|J|+r⩽k+2
0⩽r⩽k

|∇i(v − w)|(|∇Jv|+ |∇Jw|)|∇rTN |, (4.2)

where the summation is over a multi-index I, and ∇I = ∇I1 ⊗ . . .⊗∇Ir . If we assume
that |v|Ck+1 , |w|Ck+1 are sufficietly small, then this can be simplified to yield:

|Qs(v)−Qs(w)|Ck+1 ⩽C(1 + |TN |Ck+1)

(
|v − w|Ck+1(|v|Ck + |w|Ck)

+|v − w|Ck(|v|Ck+1 + |w|Ck+1)

)
. (4.3)

Proof. Let x ∈ TpM and y ∈ T ∗
pM ⊗ TpM be of sufficiently small norm. Then Taylor’s

theorem gives us uniformly in s ∈ S and π ∈ Cayp(M)α:

Qs,π(p, x, y) = Qs,π(p, 0, 0) + ∂xQs,π(p, 0, 0)x+ ∂yQs,π(p, 0, 0)y

+R1,s,π(p, x, y)x⊗ x+R2,s,π(p, x, y)x⊗ y (4.4)

+R3,s,π(p, x, y)y ⊗ y,

where the Ri,s,π are smooth remainder terms. If we now consider small x1, x2 ∈ TpM
and y1, y2 ∈ T ∗

pM ⊗ TpM and use the properties (4.1) of Q, we see that:

Q(p, x2, y2)−Q(p, x1, y1) = R1x2 ⊗ x2 +R2x2 ⊗ y2 +R3y2 ⊗ y2

−R1x1 ⊗ x1 −R2x1 ⊗ y1 −R3y1 ⊗ y1, (4.5)

Consider for the moment only the difference R1(p, x2, y2, s)x2⊗x2−R1(p, x1, y1, s)x1⊗
x1. We can rearrange and apply Taylor’s theorem to give:

R1(p, x2, y2, s)x2 ⊗ x2 −R1(p, x1, y1, s)x1 ⊗ x1

= R1(p, x2, y2, s)(x2 ⊗ x2 − x1 ⊗ x1) + (R1(p, x2, y2, s)−R1(p, x1, y1, s))x1 ⊗ x1

= R1(p, x2, y2, s)(x2 ⊗ (x2 − x1) + (x2 − x1)⊗ x1)

+ (∂xR1(p, x1, y1, s)(x2 − x1) + ∂yR1(p, x1, y1, s)(y2 − y1))⊗ (x1 ⊗ x1).

Now since M is compact, after shrinking S, the subset Vc of (p, x, y, πs) ∈ TM ×
(T ∗M ⊗ TM) × Cayα(M) × S such that |x|, |y|, |τ(π)| ⩽ c for a fixed constant c ∈ R
is also compact. As Q and the Ri are smooth, we can thus bound the norm of any
derivative of fixed degree over such a subset. This gives us the following point-wise
estimate, provided that x1, x2, y1 and y2 all have sufficiently small norms.

|R1(p, x2, y2, s)x2 ⊗ x2 −R1(p, x1, y1, s)x1 ⊗ x1|
⩽ C((|x1|+ |x2|)|x2 − x1|+ (|x2 − x1|+ |y2 − y1|)|x1|2

⩽ C(|x2 − x1|+ |y2 − y1|)(|x1|+ |x2|+ |y1|+ |y2|).

Here the constant C is independent of p ∈ M and π ∈ Cayα(M). We can bound the
rest of equation (4.5) by the same expression, using similar arguments, i.e. there is a
pointwise estimate:

|Qs,π(p, x2, y2)−Qs,π(p, x1, y1)| ⩽ C(|x2−x1|+ |y2−y1|)(|x1|+ |x2|+ |y1|+ |y2|). (4.6)
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We will now adapt the above reasoning to obtain bounds on the covariant derivatives
|∇k(Qs(v) − Qs(w))|. For this consider v ∈ C∞(νϵ(N)) and note that for a curve
γ : R →M with γ(0) = p ∈ N and γ′(0) = ξ ∈ TpN :

∇ξ(Qs(v))(p) = ΠTE→E
d

dt

∣∣∣∣Qs(γ(t), v(γ(t)),∇v(γ(t)), Tγ(t)N)

= ∂pQs[w] + ∂xQs[∇ξv(p)] + ∂yQs[∇ξ∇v(p)] + ∂πQs[∇ξTN ]. (4.7)

Here ΠTE→E is the connection map, which maps T(p,TpN ,s)E → E(p,TpN ,s) as induced
from the Levi-Civita connection on N , which only depends on TpN and not on the
curvature of N . The derivative ∂p is given as:

∂pQ[w] = DQ(p, v,∇v, TpN, s)[w,wh,TM , wh,T∗M⊗TM

, wh,TM , 0].

Here wh,E means the horizontal lift of the vector w to the corresponding bundle E.
Finally, we consider TN as a section of Λ4T ∗M , so that ∇TN is well-defined. The
conclusion is that the dependence of ∇(Qs(v))(p) on ∇2v(p) and ∇TN(p) is affine, and
the coefficients can be bounded on subsets of the form Vc. The same argument also
applies to the Ri, and using Equation 4.5 we can show that:

∇kQ(v) =
∑

|I|+j⩽k+2
0⩽j⩽k

RI,j(p, v,∇v, TN, s)∇Iv ⊗∇jTN, (4.8)

where the RI,j are smooth maps on Vc, for sufficiently small c, and for I = (i1, . . . , ir)
a multi-index we set ∇Iv = ∇i1v⊗ . . .⊗∇ilv. Notice that there are no products of the
form ∇k+1v ⊗ ∇k+1v appearing. From this we can deduce the claimed bounds, since
the RI,j are defined on compact sets.

Corollary 4.4. The map Qs : C
∞(νϵ(N)) → C∞(Ecay) is a continuous map of Fréchet

manifolds, after restricting to an open neighbourhood of 0. Similarly, the maps Qs :
Ck+1(νϵ(N)) → Ck(Ecay) and Qs : Ck+1,α(νϵ(N)) → Ck,α(Ecay) are continuous maps
of Banach manifolds in the same way.

Proof. If v → w ∈ Ck+1(νϵ(N)), then by Lemma 4.3 and by compactness of N :

∥Qs(v)−Qs(w)∥Ck ⩽ C̃∥v − w∥Ck+1(∥v∥Ck+1 + ∥w∥Ck+1) −→ 0. (4.9)

The proof for the Hölder case is identical, and the statement about C∞ is obtained by
combining the statements for Ck for all finite k.

Lemma 4.5. Let p > 4 and k ⩾ 1. Then there is an ϵ > 0 and C > 0 which depend on
Φs for s ∈ S and N such that for v, w ∈ Lp

k(νϵ(N)) with ∥v∥Lp
k
, ∥w∥Lp

k
< ϵ we have the

following inequality:

∥Q(v)−Q(w)∥Lp
k
⩽ C∥v − w∥Lp

k+1
(∥v∥Lp

k+1
+ ∥w∥Lp

k+1
). (4.10)

Proof. As k + 1 ⩾ 2 and p > 4, we have that Lp
k+1 ↪→ Ck continuously by the Sobolev

embedding theorem. Thus by making ϵ > 0 small, we can make sure that the Ck norms
of v and w are arbitrarily small, say less than δ. We then prove the Lp

k estimate on Q
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using the pointwise estimate (4.3) from Proposition 4.3 as follows:∫
N

|∇kQ(v)−∇kQ(w)|p dvol

⩽ C

∫
N

|v − w|p
Ck+1(|v|Ck + |w|Ck)kp+

|v − w|p
Ck(|v|Ck + |w|Ck)(k−1)p(|v|Ck+1 + |w|Ck+1)p dvol

⩽ Cδ(k−1)p(|v|Ck + |w|Ck)p
∫
N

|v − w|p
Ck+1 dvol

+ Cδ(k−1)p|v − w|p
Ck

∫
N

(|v|p
Ck+1 + |w|p

Ck+1) dvol

⩽ C∥v − w∥p
Lp

k+1
(∥v∥p

Lp
k+1

+ ∥w∥p
Lp

k+1
).

Here, we used Minkowski’s inequality in the second inequality and the Sobolev embed-
ding of Lp

k+1 ↪→ Ck in the third. This is also were the dependence of the constant C on
N appears. Note that the key fact used in deducing this Lp

k bound was that there were
no terms of the form ∇k+1v ⊗ ∇k+1v in our expression for ∇kQ. In fact the mapping
v → ∇k+1v ⊗∇k+1v is not bounded from Lp

k+1 to Lp, thus the presence of such a term
would make it impossible to deduce a bound of the above form on Sobolev norms.

One can capture the dependence on the parameter s ∈ S in a similar fashion.

Lemma 4.6. For any s0 ∈ S and sufficiently small ϵ > 0, there is an open neighbourhood
Us0 ⊂ S of s0 and a constant C(S) > 0, such that for all s ∈ Us0 and v ∈ C∞(νϵ(N))
with ∥v∥Ck < ϵ we have:

|Fs(v)− Fs0(v)|Ck ⩽ Cd(s, s0). (4.11)

Proof. Using Taylor’s theorem we get that:

|Fs(v)− Fs0(v)|(p) ⩽ 2|∂sF(p, v(p),∇v(p), TpN, s0)|d(s, s0).

Thus the case k = 0 follows from the same argument as we had before for the v-
dependence. Higher derivatives follow analogously to what we had before as well.

Proposition 4.7. Let p > 4 and k ⩾ 1. For sufficiently small ϵ, the map F from
Propositions 4.1 extends to a C∞ map between Banach manifolds:

F : Lϵ = {v ∈ Lp
k+1(νϵ(N)), ∥v∥Lp

k+1
< ϵ} × S −→ Lp

k(Ecay)

for 4 < p <∞. Its linearisation (0, s0) is Fredholm.

Proof. Notice that F is a continuous or Ck map between Banach spaces exactly when
Q is. This is because the constant term Fs(0) is smooth in s, as is the linear term
Ds. And both those terms are clearly smooth in v, as they are constant and linear
respective. Continuity of Q between Sobolev spaces follows from Proposition 4.5 and
4.6 in exactly the same way that continuity between Ck-spaces was proven in Corollary
4.4. It remains to show differentiability. We see from an application of Taylor’s theorem
that for v, w ∈ C∞(ν(N)), s : R → S a smooth curve and t ∈ R sufficiently small:

Q(v + tw, s(t))−Q(v, s(0)) = ∂xQ[tw] + ∂yQ[t∇w] + ∂rQ[tṡ(0)] +O(t2). (4.12)

Let now v ∈ Lϵ and s ∈ S. Thus by the Sobolev embedding theorem we have that
v ∈ Ck(νϵ(N)) has bounded Ck-norm. Define the operator:

Lv,s(w, ξ) = ∂xQ[w] + ∂yQ[∇w] + ∂sQ[ξ].
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The operator Lv,s is first order with continuous coefficients, and as such is a bounded
operator Lp

k+1×TsS → Lp
k. From (4.12) it is clear that Lv,s is the Fréchet derivative of Q

at the point (v, s). It remains to show that varying (v, s) continuously in Lp
k+1×S entails

a continuous variation of Lv,s in the space of bounded operators B(Lp
k+1×TsS, L

p
k). By

computations analogous to the ones from Proposition 4.3 on may obtain a bound of the
form:

∥(Lv,s − Lv+tu,s(t))[w, ξ]∥Lp
k
⩽ Ct(∥u∥Lp

k+1
∥w∥Lp

2
+ |ṡ(0)||ξ|),

were t is assumed sufficiently small, v ∈ Lϵ, s a smooth curve in C, u,w ∈ Lp
k+1 and

ξ ∈ Ts(0)S (we identify the tangent spaces Ts(t)S via a fixed trivialisation). Here we

crucially use the fact that v ∈ Lϵ have uniformly bounded Ck-norm. From this we see
that:

∥(Lv,s − Lv+tu,s(t))∥op ⩽ Ct(∥u∥Lp
k+1

+ |ṡ(0)|), (4.13)

which shows that the derivative Lv,s varies continuously as (v, s) varies continuously.
Higher differentiability follows analogously, as Finally L0,s0 = D ⊕ T by (4.1), where
T : Ts0S → Lp

k(Ecay) so the derivative of F at (0, s0) is the sum of an elliptic operator
on a compact manifold and a bounded linear map, and as such Fredholm.

Solutions to the equation Fs(v) = 0 which are in Lp
2 will be automatically smooth

by elliptic regularity.

Proposition 4.8. Any v ∈ Lϵ such that Fs(v) = 0 for some s ∈ S is smooth.

Proof. Denote by Ds the linearisation of Fs at 0. This is an elliptic operator with
smooth coefficients. It thus admits a formal adjoint D∗

s . Since Fs(v) = 0, we of course
also have that D∗

sF (v) = 0. From the Taylor expansion Fs(v) = Fs(0) +Dsv + Qs(v)
and our expansion of ∇Qs(v) from equation (4.8) we obtain that:

D∗
sF (v) = D∗

sDsv + S̃s(v,∇v) + R̃s(v,∇v)∇2v

= Rs(v,∇v)∇2v + Ss(v,∇v).

Here S, S̃, R, R̃ are smooth in their arguments. For fixed v ∈ Lϵ define the linear
differential operator Kvs as follows:

Kv : Lp
k+1(ν(N)) −→ Lp

k−1(Ecay)

w 7−→ Rs(v,∇v)∇2w.

As v ∈ Lp
k+1 ⊂ Ck,α and R is smooth in its arguments, this linear differential operator

has coefficients in Ck−1,α. It is elliptic, as D∗
sF is elliptic at 0. Thus v is a solution to

the following equation:

Kv,s(v) = Ss(v),

which is a second order elliptic equation with Ck−1,α coefficients. However Ss(v,∇v) is
actually in Ck,α. Thus we can apply Schauder regularity results such as Theorem 1.4.2
in [Joy07], which allows us to improve the regularity of v to Ck+2,α. Consequently, the
coefficients of Kv,s will have regularity Ck+1,α, as will the section Ss(v). It follows by
bootstrapping that v ∈ C∞(ν(N)).
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We can now specialise to Cayley submanifolds, and describe their family moduli
spaces locally. To be precise, we consider the following moduli space for N ⊂ M an
immersed submanifold and {Φs}s∈S a smooth family of Spin(7)-structures.

M(N,S) = {(Ñ , s) : Ñ is an immersed Cayley submanifold of (M,Φs)

with Ñ isotopic to N}. (4.14)

We endow M(N,S) with the C∞ topology. Note that if N is Cayley, then the bundles
Ecay and E agree, as TN = cayN . Now we can apply the theory of Kuranishi models
to the Fredholm map F to arrive at the following structure theorem for its zero set.

Theorem 4.9 (Structure). Let N be an immersed Cayley submanifold of (M,Φs0).
Then there is a family of non-linear deformation operators Fs which for ϵ > 0 sufficiently
small give a C1 map:

F : Lϵ = {v ∈ Lp
k+1(νϵ(N)), ∥v∥Lp

k+1
< ϵ} × S −→ Lp

k(E).

Then a neighbourhood of (N, s0) in M(N,S) is homeomorphic to the zero locus of F
near (0, s0). Furthermore we can define the deformation space I(N,S) ⊂ C∞(ν(N))
to be the the kernel of DN,s0 = DF (0, s0), and the obstruction space O(N,S) ⊂
C∞(Ecay) to be the cokernel of DN,s0 . Then a neighbourhood of (N, s0) in M(N,S) is
also homeomorphic to the zero locus of a Kuranishi map:

κ : I(N,S) −→ O(N,S).

In particular if O(N,S) = {0} is trivial, M(N,S) admits the structure of a C1-manifold
near (N, s0). We say that N is unobstructed in this case.

To conclude, we refer to the DPhil thesis of Robert Clancy [Cla12, Theorem 6.3.1]
for a proof of the following formula for the index of DN,s0 . We simply add dimS since
our deformation problem also allows for deformations of the Spin(7)-structure.

Theorem 4.10 (Index). Suppose we are in the situation of Theorem 4.9. The index of
DN,s0 is given by:

indDN,s0 =
1

2
(σ(N) + χ(N))− [N ] · [N ] + dimS. (4.15)

Here σ(N) denotes the signature of N as a compact oriented four-manifolds, χ(N) the
Euler characteristic, and [N ]·[N ] the self-intersection number inM . This is the expected
dimension of the moduli space M(N,S). In particular if N is unobstructed M(N,S)
will be a smooth manifold of this dimension.

Example 4.11. Suppose that N ⊂ M is a complex submanifold in a CY4 manifold
(M,ω, g, J,Ω). Then N will also be Cayley in the Spin(7)-manifold (M,ReΩ+ 1

2ω∧ω).
If N is compact, then Hodge theory on the Kähler manifold N allows us to conclude
that ker ∂̄ + ∂̄∗ = ker ∂̄ ⊕ ∂̄∗, and so according to Example 2.3, infinitesimal Cayley
deformations and infinitesimal complex deformations agree. Now, if we furthermore
assume that N is unobstructed as a complex submanifold, which means that every
infinitesimal complex deformation integrates, then it is also unobstructed as a Cay-
ley manifold. This is because the full Cayley deformations have dimension at most
dimR ker /DN = dimR ker ∂̄ + ∂̄∗, which by the above is the same as the dimension of
the infinitesimal complex deformations, and hence also the full complex deformations
(by unobstructedness). But every complex deformation is also Cayley, hence the full
Cayley deformations have maximum dimension (equal to the index of /DN ), and thus
the cokernel must be trivial and the complex surface unobstructed as a Cayley.
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Example 4.12. If L ⊂ M is a compact special Lagrangian submanifold in a CY4
manifold (M,ω, g, J,Ω) then it is Cayley in the Spin(7)-manifold (M,ReΩ + 1

2ω ∧ ω).
For Lagrangian submanifolds the normal bundle is intrinsic, as ν(N) ≃ TN . Thus the
formula for the index (4.15) yields:

ind /DN = 1
2 (σ(N) + χ(N))− [N ] · [N ] = 1

2 (σ(N)− χ(N)) = b1(N)− b−2 (N)− 1.

Compare this to the special Lagrangian deformation theory as described in [McL98],
where it is shown that the moduli space of special Lagranians isotopic toN has dimension
b1(N). Thus the obstruction space for compact Cayleys coming from special Lagrangians
never vanishes, as the obstruction space necessarily has dimension:

dimO(N) ⩾ b−2 (N) + 1. (4.16)

Looking at the explicit form for the Cayley operator in Proposition 2.7, we see that in
fact:

Ker /DN ≃ H1,

Coker /DN ≃ H0 ⊕H2,−.

Here Hk is the space of harmonic k-forms on N , and H2,− is the space of harmonic
anti-self-dual forms. On a compact manifold, if d−σ = 0, then:

0 =

∫
∂N

σ ∧ dσ =

∫
N

dσ ∧ dσ =

∫
N

d+σ ∧ d+σ =

∫
N

d+σ ∧ ⋆d+σ = ∥d+σ∥L2
.

Now we obtain the first isomorphism by Hodge theory on N . As for the second isomor-
phism, note that the adjoint of −d⋆⊕d− is exactly −d⋆+d∗ : Ωn⊕Ω2,− −→ Ω1. Hodge
theory again leads to the desired result.

4.2 Asymptotically conical case

The deformation theory of noncompact Cayleys with conical ends is analogous to the
compact case, however in order to stay in the Fredholm setting we need to consider a
deformation map acting between weighted function spaces, as in Proposition 2.19.

Let (R8,Φ) be an ACη almost Spin(7)-manifold, and suppose that A ⊂ R8 is a an
α-Cayley submanifold that is ACλ for some η < λ < 1. If S is a smooth family of ACη

perturbations of Φ = Φs0 , then we would like to examine the moduli space:

Mλ
AC(A,S) = {(Ã,Φs) : Ã is an ACλ Cayley submanifold of (R8,Φs)

isotopic to A and asymptotic to the same cone}. (4.17)

For α sufficiently close to 1, A admits is a canonical deformation map, just as in the
compact setting. However we need to modify the definition from section 3.1 to account
for the ACλ condition and to ensure Fredholmness of the linearised problem. Thus we
define:

FAC : C∞
λ (νϵ(A))× S −→ C∞

loc(Ecay), (4.18)

for ϵ > 0 sufficiently small, and after potentially shrinking S. Recall that νϵ(A) is
a tubular neighbourhood that grows linearly in the distance from the origin, so any
sufficiently small ACλ deformation will be contained in this neighbourhood. We would
like to show the following result:
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Proposition 4.13. Let p > 4 and k ⩾ 1. For sufficiently small ϵ > 0 and η < 0 the
map FAC extends to a C∞ map of Sobolev spaces:

FAC : Lϵ = {v ∈ Lp
k+1,λ(νϵ(A)) : ∥v∥Lp

k+1,λ
⩽ ϵ} × S −→ Lp

k,λ−1(Ecay).

Furthermore, any v ∈ Lp
k+1,λ(νϵ(A)) such that FAC(v) = 0 is smooth and lies in C∞

λ+1.
The linearisation at 0 is the bounded linear map:

DAC : Lp
k+1,λ(ν(A))× Ts0S −→ Lp

k,λ−1(Ecay).

Finally, DAC is Fredholm for λ in the complement of a discrete set DL ⊂ R, which is
determined by the metric structure on the asymptotic link L ⊂ S7.

The proof of this result follows the same outline as in the compact case. The crucial
step is to obtain estimates on the weighted Ck

δ and Lp
k,δ norms of the various terms

involved in the Taylor expansion:

FAC(v, s) = FAC(0, s) +DAC,s[v] +QAC(v, s).

Moreover we need to investigate the dependence on the parameter s ∈ S. First let us
examine the constant term.

Proposition 4.14. Suppose that A is ACλ to a Cayley cone, α-Cayley for α sufficiently
close to 1, and let k ∈ N. Then, after shrinking S there is a constant C > 0, independent
of s ∈ S such that ∥FAC(0, s)∥Ck

λ−1
< C. Thus FAC(0, s) ∈ C∞

λ−1(Ecay).

Proof. We can think of τ at any given point p ∈ R8 as a smooth map:

τp : Λ4R8 −→ Λ2
7R

8.

As Φ is ACη, this linear map approaches τ0 (corresponding to the standard Spin(7)-
structure) uniformly in O(rη−1) and for all s ∈ S. Moreover, all derivatives up to a
finite order can be bound by a constant independent of s. We now think of the tangent
bundles of A and C as maps C −→ Λ4R8, ignoring the compact region of A. The ACλ

condition on A now gives us that for p ∈ C:

|∇i(TpA− TpC)| ⩽ Kir
λ−1−i, as r → ∞.

Here ∇ is with respect to the cone metric on C and the flat metric on R8. However
the same is true for the metric induced from the embedding of A in (R8,Φs) and the
connection associated to Φs. This is because changing the metric to an asymptotically
conical one only introduces errors which are asymptotically smaller than the right hand
side. Thus an application of Taylor’s theorem leads to:

|∇kτ(TpA)| ⩽ |∇kτ(TpC)|+ |∇k(τ(TpA)− τ(TpC))|

⩽ Crη−k−1 +
∑

i+j=k

|Diτ ||∇j(TpA− TpC)| ⩽ Crλ−1−k.

Here we used that if Φ is ACη to Φ0 then |∇kτ(TpC)| < Crη−1−k, as C is a Φ0-Cayley
cone. The projection πE worsens this bound by a constant factor by an analogous
argument.

Next, let us look at the quadratic term.
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Proposition 4.15. Suppose that A is ACλ to a Cayley cone with η < λ < 1 and
α-Cayley for α sufficiently close to 1. Fix k ∈ N and assume that η ⩽ Ck for some
universal constants Ck ⩽ 0. Let ϵ > 0 be sufficiently small. Suppose u, v ∈ Ck

λ(νϵ(A))
satisfy |u|C1

1
, |v|C1

1
⩽ ϵ. Then:

|QAC(u, s)−QAC(v, s)|Ck
λ−1

≲ |u− v|Ck+1
λ

(
|u|Ck

λ
+ |v|Ck

λ

)
+

|u− v|Ck
λ

(
|u|Ck+1

λ
+ |v|Ck+1

λ

)
.

The constant is independent of p, u, v and s.

Proof. We first consider the flat, translation-invariant Spin(7)-structure Φ0. For this
structure Qπ(p, v, w) is independent of the point p. Furthermore, Q is translation in-
variant in the following sense: for γ > 0 we have:

Qπ(γ · v, w) = Qπ(v, w). (4.19)

This is a reformulation of the fact that QAC(γ ·v) = QAC(v) after identifying R8 ≃ TpR8

for each p ∈ R8. Recall the Taylor expansion (4.4) for small v, w:

Qπ(v, w) = R1,πv ⊗ v +R2,πv ⊗ w +R3,πw ⊗ w. (4.20)

For v outside the initial domain of definition, we can define:

R1,π(γ · v, w) = γ−2R1,π(v, w),

R2,π(γ · v, w) = γ−1R2,π(v, w),

R3,π(γ · v, w) = R3,π(v, w).

The extended Ri,π then also satisfy Equation (4.20). Near infinity, the derivatives have
the following scaling behaviour:

∂kx∂
l
yRi,π(γ · v, w) = γ−3+i−kRi,π(v, w). (4.21)

In particular for v ∈ νϵ(A) and |w| ⩽ ϵ with ϵ sufficiently small, there are bounds
|∂kx∂lyRi,π(v, w)| ⩽ Ck,l|v|−3+i−k. From this we deduce for u, v ∈ C∞

λ (νϵ(A)):

|QAC(u)−QAC(v)|ρ−2(λ−1) ⩽ |ρ2R1(u)||u− v|ρ−λ(|u|+ |v|)ρ−λ

+ |ρ2+λ∂xR1(v)||u− v|ρ−λ(|v|ρ−λ)2

+ |ρ1+λ∂yR1(v)||∇u−∇v|ρ1−λ(|v|ρ−λ)2 + (· · · )
⩽ C(1 + ρλ+1)|u− v|C1

λ
(|u|C0

λ
+ |v|C0

λ
) + (· · · )

⩽ C|u− v|C1
λ
(|u|C0

λ
+ |v|C0

λ
) + (· · · ).

Here we used the fact that ρλ−1 → 0 as ρ → +∞. The terms containing R2 and R3

have been omitted as they admit analogous scaling behaviour. We ultimately obtain
|QAC(u)−QAC(v)|C0

2(λ−1)
⩽ C|u− v|C1

λ
(|u|C1

λ
+ |v|C1

λ
). For higher derivatives, note that

the translation invariance of Q gives us the following analogue of Equation (4.7):

∇ξ(Ri(v)) = ∂xQ[∇ξv] + ∂yQ[∇ξ∇v] + ∂πQ[∇ξTA].

Now again from the Taylor expansion (4.4) we see that:

∂xQ(v,∇v) = ∂xR1v ⊗ v + (R1 + ∂R2)v ⊗∇v + (R2 + ∂R3)∇v ⊗∇v.
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All the terms have the same scaling behaviour, so that ∂xQ(γ ·v,∇v) = γ−1∂xQ(v,∇v).
The terms ∂yQ and ∂πQ can be treated in a similar way. The upshot is that one can
express ∇kQAC(u) − ∇kQAC(v) as a sum of terms which are products of ∂kx∂

l
y∂

m
π Ri,

∇iu−∇iv, ∇ju+∇jv and ∇rTA. Then manipulations as above allow us to conclude
that:

|∇kQAC(u)−∇kQAC(v)|ρk−2(λ−1) ⩽ C|u− v|Ck+1
λ

(
|u|Ck

λ
+ |v|Ck

λ

)
+

|u− v|Ck
λ

(
|u|Ck+1

λ
+ |v|Ck+1

λ

)
,

from which the claim of the proposition follows, in the flat case.
Now, if Φ is an ACη perturbation of Φ0, one has for k, l ⩾ 0 and |v| ⩽ ϵr, |w| ⩽ ϵ:

|∂kx∂ly(FΦ(p, v, w)− FΦ0
(p, v, w))| = O(∥Φ− Φ0∥Ck+1

η
|p|η+1−k−l). (4.22)

This can be seen by first observing that |∇k(expΦ − expΦ0
)| = O(rη−k). This in turn

can be obtained by analysing the geodesic equation for the curve x(t) :

ẍk = Γk
ij ẋiẋj , (4.23)

where Γk
ij are the Christoffel symbols for the usual coordinates on R8. The ACη condition

implies that |Γk
ij | ≲ rη−2. Now, as ẋ is a vector uniformly bounded with respect to both

gΦ and the flat metric, we can deduce that

| expp,Φ(v)− expp,Φ0
(v)| = |x(t)− x(0)− tẋ(0)|

⩽
∫ t

0

∫ t

0

|Γk
ij |dsds′

= O(t2∥Φ− Φ0∥C1
η
rη−2) = O(ϵ2∥Φ− Φ0∥C1

η−1
rη).

One can write down similar ODEs for the variation of exp with regards to the initial
condition and perform an analogous analysis to bound ∇k(expΦ − expΦ0

) for k ⩾ 1. As
τp is obtained from Φp by a smooth mapping, it too is in C∞

η with the same norm, up
to a universal multiplicative constant. Thus we see that:

|FΦ(p, v, w)− FΦ0
(p, v, w))| ⩽ | expΦ − expΦ0

|+ |∇(expΦ − expΦ0
)|+ |τ − τ0|

= O(∥Φ− Φ0∥C1
η
|p|η).

The proof for higher derivatives works in a similar way. We can now use this to get
decay estimates similar to Equation (4.21). For any ACη Spin(7)-structure Φ we can
define

R1(p, v, w) =

∫ 1

0

(1− t)∂2xF(p, t(v, w))dt,

R2(p, v, w) =

∫ 1

0

(1− t)∂2x,yF(p, t(v, w))dt,

R3(p, v, w) =

∫ 1

0

(1− t)∂2yF(p, t(v, w))dt.
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From the bounds (4.22) we see that for γ ⩾ 1 and η ⩽ 0:

|R1,Φ(p, γ · v, w)| ⩽ |R1,Φ0(p, γ · v, w)|+ (γ|p|)η−2

⩽ γ−2|R1,Φ0
(p, v, w)|+ (γ|p|)η−2

⩽ γ−2(|R1,Φ(p, v, w)|+ ∥Φ− Φ0∥|p|η−2) + ∥Φ− Φ0∥(γ|p|)η−2

⩽ γ−2|R1,Φ(p, v, w)|+ ∥Φ− Φ0∥γ−2|p|η−2(1 + γη)

≲ γ−2(|R1,Φ(p, v, w)|+ ∥Φ− Φ0∥).

Thus formally similar estimates to the flat case hold if we replace the equality by an
inequality and introduce an error term which depends on the size of the perturbation.
Note also that the constant introduced in the last step only depends on ∥Φ − Φ0∥,
thus can be bounded uniformly in S. In fact the estimates on R2,Φ, R3,Φ and all the
derivatives follow in a similar way, given that η is sufficiently negative. We can now
conclude the proof like in the flat case.

Proof of Theorem 4.13. In order to prove that FAC(·, s) : Lp
k+1,λ → Lp

k,λ−1 is C∞ for a
fixed Spin(7)-structure, we can repeat the proof for the compact case, using our estimates
from Propositions 4.14 and 4.15 as well as the fact that DAC is an asymptotically conical
operator, and therefore bounded between the Sobolev spaces in question. Indeed, it
can be seen from the presentation (3.8) of DAC that its coefficients and all derivatives
approach the values for the conical operator on C. It now also follows from the Lockhart
and McOwen theory that there is a discrete set DL ⊂ R such that DAC is Fredholm for
λ in the complement of DL.

For v ∈ Lp
λ such that FAC(v) = 0, elliptic bootstrapping applies locally like in

Proposition 4.8, so that such v are immediately in C∞
loc. Now we can invoke the Sobolev

embedding theorem 2.18 to get that v ∈ C∞
λ .

What remains to show is that FAC is also smooth with respect to the parameter
s ∈ S. Certainly the derivatives ∂ksFAC(v, s) exist as smooth functions. The key issue
is that they might not in Lp

λ−1 a priori. Note however that the perturbations in the
Spin(7)-structure induced by a change in s lie in C∞

η ⊂ Lp
k,λ for any k, as η < λ by

assumption. From this it can easily seen that ∂sFAC(v, s) will be in Lp
k,λ−1 as well, and

the argument applies equally to higher derivatives.

We can now prove the analogue of Theorem 4.9 for the asymptotically conical case.

Theorem 4.16 (Structure). Let A be an ACλ Cayley submanifold of (R8,Φ0), and let
S be a family of ACη deformations of Φ0 with η < λ < 1 . Then there is a non-linear
deformation operator FAC which for ϵ > 0 sufficiently small is a C∞ map:

FAC : Lϵ = {v ∈ Lp
k+1,λ(νϵ(A)), ∥v∥Lp

k+1,λ
< ϵ} × S −→ Lp

k,λ−1(E).

Then a neighbourhood of (A,Φ) in Mλ
AC(A,S) is homeomorphic to the zero locus of

FAC near 0. Assuming that λ ̸∈ DL we define the deformation space Iλ
AC(A) ⊂

C∞
λ (ν(A))× TΦS to be the the kernel of DAC = DFAC(0), and the obstruction space

Oλ
AC(A) ⊂ C∞

λ−4(E) to be the cokernel of DAC. Then a neighbourhood of A in Mλ
AC(A,S)

is also homeomorphic to the zero locus of a Kuranishi map:

κλAC : Iλ
AC(A) −→ Oλ

AC(A).

In particular if Oλ
AC(A) = {0} is trivial, Mλ

AC(A,S) admits the structure of a smooth
manifold near A. We say that A is unobstructed in this case.
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The expected dimension of this moduli space can be expressed like in the compact
case in Theorem 4.10, but we need to apply the more general Atiyah-Patodi-Singer
theorem (cf. [APS75]), which computes the index in terms of topological data, but
also analytical data that depends on the cone. For N a possibly non-compact 2n-
manifold, its signature σ(N) is defined to be the signature of the non-degenerate pairing
Hn(N)×Hn

cs(N) → R. Here Hn
cs(N) denotes cohomology with compact support. This

of course agrees with the usual definition of the signature for compact manifolds. For
A ⊂ R8 an AC manifold asymptotic to the cone C = R+ × L, we will consider the
following version of intersection number. Pick a section u ∈ C∞(L, Sν(A)|L) in the
sphere bundle of normal vector fields (to A) on L. For any normal vector field v ∈
C∞(A, ν(A)) that converges to u at infinity, the algebraic count of its zeros will be only
depend on the homotopy class of u in the sphere bundle. We denote this number by
[A] ·[v] [A].

Proposition 4.17 (Index). Let A ⊂ R8 be ACλ with λ < 1, asymptotic to a Cayley
cone C = R+ × L, and α-Cayley for α sufficiently close to 1. Assume moreover that
(λ, 1) ∩ D(L) = ∅. Pick a homotopy class [u] ∈ [L, Sν(A)|L] of a section u : L →
Sν(A)|L. Then the following holds:

indDAC =
1

2
(σ(A) + χ(A))− [A] ·[u] [A] + η(L) + T ([u])− dimMG2(L).

Here η(L) is a number that depends on the Riemannian manifold L, and T ([u]) is a
topological term depending on the homotopy class of u.

Proof. This is a consequence Atiyah-Patodi-Singer theorem. The term dimMG2(L)
appears, since we are considering an operator on the weighted space Lp

k+1,λ with λ < 1

instead of Lp
k+1,1. The difference in index can be computed using Theorem 2.23, noting

that d(1) = dimMG2(L).

Remark 4.18. Consider the complex fibration:

f : C4 −→ C2

(x, y, z, u) 7−→ (x2 + y2 + z2, u).

Its singular fibres are cones of the form Cq = f−1(0, 0) = {x2+y2+z2 = 0, u = 0} ⊂ C4.
For each ϵ ∈ C \ {0} we get a complex surface Aϵ = f(ϵ, 0). We can write a compact
subset of Aϵ as the image of a normal section as follows:

Cq −→ Aϵ

(p, u) 7−→
(
p+

ϵp̄

2|p|2
, u

)
.

Here p = (x, y, z) and ν(p,0)(Aϵ) = spanC{p̄}. From this we see that Aϵ is AC−1 to the
cone Cq. It can be shown that for δ > 0 small:

M−1+δ
AC (Aϵ) ≃ C \ {0}

[Aϵ] 7−→ ϵ,

and that all A ∈ M−1+δ
AC (Aϵ) are unobstructed. In particular:

indDAC = dimM−1+δ
AC (Aϵ) = 2.
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The critical rates DL ∩ [−1, 1] for this cone were determined in Example 2.26 to be
{−1, 0, 1}. As d(−1) = 2, this means that there are no deformations for rates below −2.
The next critical rate above −1 is 0, which corresponds to translations. Thus:

dimMδ
AC(Aϵ) = 2 + 8.

Finally, the remaining critical rate is 1, which corresponds to rotations and deformations
of the link as an associative, but which our theory does not take into account so far, as
it would correspond to λ = 1.

Corollary 4.19. Suppose that A ⊂ C4 is a special Lagrangian ACλ submanifold for
λ < 1. With the notation from Proposition 4.17, we have that the Cayley deformation
operator of A has index:

indDAC = 1
2 (σ(A)− χ(A)) + η̃(L)− dimMG2(L). (4.24)

Proof. There is a distinguished section of the normal bundle of a special Lagrangian
cone in (C4, ω,Ω, J), owing to the isomorphism

♯ : TA −→ ν(A)

v 7−→ J(v).

The outward pointing radial vector field ∂r is tangent to the cone, and so J(∂r) is
normal. The Poincaré-Hopf theorem then allow us to equate [A] ·[J(∂r)|L] [A] = χ(A),
from which the formula follows.

Example 4.20 (Cayley plane). Consider the case of a Cayley plane Π ⊂ R8 as an ACλ

manifold of rate λ < 1. It can also be seen as a special Lagrangian plane, by choosing
an appropriate Calabi-Yau structure on R8. Up to translations, Cayley planes are rigid
and unobstructed. This can be seen by solving the infinitesimal deformation equation
from Proposition 2.7 explicitly. It is given by:

DAC = −d ⋆⊕d− : Ω1
λ −→ Ω4

λ−1 ⊕ Ω2,−
λ−1.

If σ ∈ KerDAC, we get that dσ ∈ Ω2,+, and so we can deduce:

d∗dσ = ⋆d ⋆ dσ = ⋆ddσ = 0.

Together with d⋆σ = 0, we get δσ = 0. As we are in flat R4, we see that σ =
∑4

i=1 fidxi
with fi harmonic functions that decay like rλ. Thus each of the fi must be a constant
and dimKerDAC = 4. Now for the obstruction space Oλ

AC, we can equivalently look at
the kernel of the adjoint map:

(−d ⋆⊕d−)∗ = −d ⋆+d∗ : Ωn
−4−λ ⊕ Ω2,−

−4−λ −→ Ω1
−5−λ. (4.25)

If f ∈ Ωn
−4−λ and η ∈ Ω2,−

−4−λ satisfy d∗η = d ⋆ f , then d∗d ⋆ f = 0, i.e. ⋆f is a harmonic
function on Π. Similarly, using the anti-self-duality of η, we see that

dd∗η = dd ⋆ f = 0,

d∗dη = − ⋆ dd∗η = 0.

Thus η is an anti-self-dual harmonic two form. Now for λ > 0, we have that both
f and η are in L2. Thus by [Loc87, Example 0.15] we see that both must vanish, as

H0
cs(Π) = H2

cs(Π) = 0. Hence for a round sphere S3 ⊂ S7 we find from Corollary 4.19
that:

4 = dimMλ
AC(Π) = 1

2 (σ(Π)− χ(Π)) + η̃(S3)− dimMG2(S3).

This implies that η̃(S3)− dimMG2(S3) = 4 1
2 .
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Example 4.21 (Lawlor neck). Consider two distinct Lagrangian subspaces Π1 and Π2

that intersect transversly. They are given as:

Π1 = span{v1, v2, v3, v4} and Π2 = span{eiθ1v1, eiθ2v2, eiθ3v3, eiθ4v4},

with θ1 + θ2 + θ3 + θ4 = kπ, 0 ⩽ θi ⩽ π and k = 1, 2, 3. Lawlor showed in [Law89] that
if k = 1, 3, then there is a one parameter family of AC−3 manifolds asymptotic to the
cone Π1∪Π2, the Lawlor necks Lt. They are all diffeomorphic to S3×R. We can now
apply Corollary 4.19 again to determine the expected dimension of their Cayley moduli
space:

dimMλ
AC(Lt) =

1
2 (σ(Lt)− χ(Lt)) + 2η̃(S3)− 2 dimMG2(S3)

= 1
2 (0− 0) + 2 · (4 1

2 ) = 9. (4.26)

This corresponds to translations in R8 and the rescaling action. Thus there are no
additional infinitesimal strictly Cayley deformations of the Lawlor necks. Note that if
k = 2, then there are no minimal desingularisations of Π1 ∪Π2 [Law89], so in particular
no Cayley desingularisations. Next, notice that the same argument that allowed us to
show unobstructedness of the Cayley plane in the previous Example 4.20 also gives us
unobstructedness for the Lawlor necks for small λ < 1, since H0

cs(Lt) = H2
cs(Lt) = 0.

Note that the Lawlor necks can priori only desingularise the union of two special
Lagrangian planes. It turns out however that any pair of transversely intersecting Cayley
planes can be realised as a pair of special Lagrangian planes for a suitably chosen SU(4)
structure.

Proposition 4.22. Let Π1,Π2 ∈ Cay(R8,Φ0) be two transversly intersecting Cayley
subspaces. Then there is an SU(4)-structure (J, g, ω,Ω) on R8, such that both the Πi are
special Lagrangian with respect to it.

Proof. Recall from [HL82, Thm. IV.1.8] that Spin(7) acts transitively on Cayley planes
with stabilizer H ≃ (Sp(1) × Sp(1) × Sp(1))/ ± id. We now show that generically the
action of Spin(7) on pair of Cayley planes is free. First note that SO(8) acts transitively
on pairs of four-planes with fixed characterizing angles 0 < β1 ⩽ β2 ⩽ β3 ⩽ β4 ⩽ π

2 , as
explained in [Law89, Section 4]. Now dimSO(8) = 2dimGr(4, 8)− 4, and so this action
can at most admit discrete stabilisers for generic choices of the βi. More precisely,
this is the case when the βi are pairwise different and not equal to π

2 , in which case the
stabilisers are trivial. In these cases the action on Cayley plane pairs is free as well. Now
note that for Cayley planes, the angle β4 can be derived from the other three, by using
the triple product. Thus generically a family of Cayley plane pairs with fixed angles
is 2 dimCay−3 = 21 = dimSpin(7) dimensional. In particular, since both Spin(7) and
Cayley plane pairs of given angles are connected the action of Spin(7) is transitive when
restricted to pairs with fixed angle. Now for a fixed SU(4)-structure, the set of special
Lagrangian plane pairs contains examples for all possible characteristic angles that can
appear for Cayleys. Thus we can always Spin(7) rotate a pair of generic Cayley planes
to a pair of special Lagrangian two planes. To conclude, notice that the continuous
action of Spin(7) on transversely intersecting special Langrangian plane pairs sweeps
out a closed and dense subset of the transversely intersecting Cayley plane pair. Hence
it must reach them all, and this proves the proposition.

Lemma 4.23. Suppose that Π1,Π2 ∈ Cay(R8) are two Cayley planes that intersect
negatively in a single point. Then there is a one-dimensional family of unobstructed
AC− 1

2
Cayley submanifolds, the Cayley-Lawlor necks which are asymptotic to the

cone Π1 ∪Π2.
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Proof. Two transversly intersecting special Lagrangian planes in C4 can be SU(4)-
rotated to be of the form span{v1, v2, v3, v4} and span{eiθ1v1, eiθ2v2, eiθ3v3, eiθ4v4} where
θ1 + θ2 + θ3 + θ4 = kπ where k = 1, 2, 3. Now by the previous proposition, the same is
true for Cayley planes. It now can be shown that the planes intersect negatively exactly
when k = 1, 3, which are exactly the cases where Lawlor showed the existence of Lawlor
necks.

Suppose that 0 < λ < 1 is such that (0, λ)∩DL = ∅. For any λ < λ̃ < 1 we will then

have the an isomorphism Mλ
AC ≃ Mλ̃

AC, as no deformations additional deformations
appear for these rates. At λ̃ = 1, which our theory does not cover at the moment,
more deformations appear. To be precise they come from perturbing the link L as an
associative submanifold in the round S7 with its nearly parallel G2-structure. Denote
their moduli space byMG2(L). We always assume that it is a smooth, finite-dimensional
moduli space and of the expected dimension (at least in a neighbourhood O of L ∈
MG2(L)), so that the family of deformations of the cone is smooth, and the cone is
unobstructed. There then exists a smooth family {Af}f∈O of ACλ-manifolds, such that

Af has link f ∈ O ⊂ MG2(L). Such a family can be obtained by finding ambient
isotopies which perturb the cones in the desired fashion (which we do in more detail in
Proposition 4.28). We obtain a smooth family of maps expf,v : νϵ(A) → R8 which form
tubular neighbourhoods of the family Af , all parametrised by the normal bundle of our
initial A. We would like to study the moduli space:

M1
AC(A) =

⊔
L∈MG2 (L)

Mλ
AC(Af ).

This is independent of our choice of λ as long as (λ, 1)∩DL = ∅. We define the following
deformation operator:

FAC,1 : C∞
λ (νϵ(N))×O −→ C∞

loc(Ecay), (4.27)

(v, f) 7−→ πE ⋆4 exp
∗
f (τΦ|expf,v(N)).

We can now give this operator the same treatment as FAC, with some mild modifications
to make sure that we get a smooth map of Banach manifolds which is also smooth in
the parameter variable f ∈ O. This is identical to the conically singular case, which we
will treat in great detail in the next section. The upshot is the following theorem:

Theorem 4.24 (Structure). Let A be an ACλ Cayley submanifold of (R8,Φ0) with
link L which is unobstructed in its moduli space MG2(L). Then there is a non-linear
deformation operator FAC,1 which for ϵ > 0 sufficiently small is a C∞ map:

FAC,1 : Lϵ = {v ∈ Lp
k+1,λ(νϵ(A)), ∥v∥Lp

k+1,λ
< ϵ} × O −→ Lp

k,λ−1(E).

Here O is a sufficiently small neighbourhood of L ∈ MG2(L). Then a neighbourhood
of A in M1

AC(A) is homeomorphic to the zero locus of FAC,1 near 0. Assuming that

λ ̸∈ DL we define the deformation space Iλ
AC(A) ⊂ C∞

λ (ν(A)) to be the the kernel of

DAC,1 = DFAC,1(0), and the obstruction space Oλ
AC(A) ⊂ C∞

4−λ(E) to be the cokernel

of DAC,1. Then a neighbourhood of A in M0
AC(A) is also homeomorphic to the zero

locus of a Kuranishi map:

κλAC,0 : Iλ
AC(A)⊕ TLO −→ Oλ

AC(A).

In particular if Oλ
AC(A) = {0} is trivial, M1

AC(A) admits the structure of a smooth
manifold near A. We say that A is unobstructed in this case. The index of DAC,1 is
given as:

indDAC,1 = indDAC + dimMG2(L).
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Finally, the map M1
AC(A) −→ MG2(L) sending a manifold to its asymptotic link is a

smooth fibre bundle.

Remark 4.25. Looking again at the fibration from remark 4.18, we note that the cone
Cq = Lq × R+ is in fact part of a two-dimensional family of Cayley cones, up to the
action of Spin(7):

C = {Cā : {a1x2 + a2y
2 + a3z

2 = 0, w = 0}|a1 + a2 + a3 = 1, ai ∈ R+}.

A generic cone in this family has stabiliser {(eit, eit, eit, e−3it), t ∈ R} ⊂ Spin(7), and so
we have:

dimMG2(Lq) = 21 + 2− 1 = 22. (4.28)

This corresponds exactly to the expected dimension d(1), and so the link Lq is unob-
structed. Thus M1

AC(Aϵ) is a smooth manifold of dimension 32 near Aϵ.

To conclude this section, we describe a natural completion of the moduli space
Mλ

AC(A) obtained by adjoining the cone.

Definition 4.26. The completed moduli space Mλ

AC(A) is the topological space
Mλ

AC(A) ∪ {C} such that the rescaling map A 7→ t · A where 0 · A = C is continuous,

and Mλ
AC(A) embeds homeomorphically into Mλ

AC(A).

We have for example that Mλ

AC(Aϵ) from Remark 4.18 is homeomorphic to C. Note
that the scaling action A 7→ t · A acts as ϵ 7→ t2ϵ in this picture. There is a notion
of scale implicit in this description of the moduli space, which we now make precise.
Suppose for this that every A ∈ Mλ

AC(Ã) is unobstructed an that we have chosen a
smooth cross-section S ⊂ Mλ

AC(Ã) of the scaling action.

Definition 4.27. The scale of A ∈ Mλ

AC(Ã) with respect to the cross-section S is:

t(γA, S) = γ, (4.29)

where A ∈ S. Note that the scale functions corresponding to different cross-sections are
all uniformly equivalent.

4.3 Conically singular case

Let N ⊂ (M,Φ) be a CSµ̄ Cayley submanifold with conical singularities at {z1, . . . , zl}
and rates µ̄ = (µ1, . . . , µl), where the µi ∈ (1, 2) for 1 ⩽ i ⩽ l. Fix a Spin(7)-
parametrisation χi around the singular point zi. With regards to the parametrisation
χi, let N be asymptotic to the cone Ci ⊂ R8. Thus N decays to the cone Ci in O(rµi)
as the distance r to the singular point goes to 0. We denote the link of the cone Ci

by Li ⊂ S7. In the deformations of N that we will consider, we will allow the singu-
lar points and the asymptotic cones to move via translations, rotations and associative
deformations of the link. Furthermore we will allow the Spin(7)-structure to vary in a
family Φ ∈ {Φs}s∈S . Thus we will study the following moduli space:

Mµ̄
CS(N,S) = {(Ñ , s) :Ñ ⊂ (M,Φs) is a CSµ̄-Cayley with singularities z̃1, . . . , z̃l

and cones C̃1, . . . , C̃l, . Here Ñ is isotopic to N , where

the isotopy takes zi to z̃i, and C̃i is a deformation of Ci}.

Locally around the fixed Cayley N this moduli space will be given as a zero set of a
nonlinear operator between suitable Banach manifolds. This is an extension of the work
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done in [Moo17], where the deformations are required to fix the cones. In order to define
the nonlinear operator, we first define the configuration space of small deformations of
the tuple (C1, . . . , Cl). Let Ui be an open neighbourhood of zi ∈M and let Gi ⊂ Spin(7)
be the stabiliser of the cone Ci, which we also assume is the stabiliser of any deformation
of Ci. The configuration space is then given by:

F =

l∏
i=1

{(L̃i, ei, s)|ei : R8 → Tz̃i : ei Spin(7)-frame for Φs, z̃i ∈ Ui, L̃i ∈ MG2(Li)}/Gi.

It is a H =
∏l

i=1 Spin(7)/Gi-bundle over the spaces U of possible vertex locations

and cones for every member of Φ ∈ {Φs}s∈S , i.e. U = S ×
∏l

i=1(Ui × M(Ci)). Each
element (x̄, L̄, ē, s) ∈ F corresponds bijectively to a unique configuration of cones,
since we took quotients by the stabilisers Gi. We now fix a reference CSµ̄-fourfold
for each point in a small neighbourhood of the asymptotic data of N , which is f0 =
(z1, . . . , zl, L1, . . . , Ll,Dχ1(0), . . . ,Dχl(0), s0).

Proposition 4.28. There is a smooth family Nf of CSµ̄-manifolds parametrised by
f ∈ O ⊂ F , where O is an open neighbourhood of f0 and such that Nf has asymptotic
data f . We can choose Nf0 = N .

Proof. Without loss of generality we can restrict to the case of a single vertex, while only
perturbing N in an arbitrarily small neighbourhood of the vertex to obtain the desired
family. Let z0 ∈ N be singular with cone C = R+ × L with regards to the Spin(7)-
parametrisation χ0. Consider diffeomorphisms of the unit ball in R8 by the action of
(A, v) ∈ GL(8)⋊R8, denoted by ϕA,v. They are isotopic to the identity and in fact can
be extended to a smooth family (also denoted by ϕA,v) of self-diffeomorphisms of R8

which leave everything outside of the ball with radius 2 unchanged (see for instance the
Homogeneity Lemma in chapter 4 of [Mil97]). This family, scaled down sufficiently, can
be applied in the chart given by χ0 to apply any desired small translation and rotation
to the asymptotic cone, while only perturbing an arbitrarily small neighbourhood of
the vertex. Finally, since any L̃ ∈ MG2(L) is smoothly isotopic to L, we can perturb
any CSµ manifold asymptotic to C to be asymptotic to R+ × L̃ instead, with the same
rate.

If we restrict the previous family to a sufficiently small neighbourhood O of f0, its
members will be α-Cayley for any desired α < 1. Let now ρ be a radius function for
N . By Proposition 2.3.1 we know that νϵ(N) maps onto a tubular neighbourhood Uf0

of N inside M , for ϵ > 0 sufficiently small. Composing this open embedding with the
ambient isotopy from 4.28 taking Nf0 to Nf gives tubular neighbourhood Uf of Nf , for
f sufficiently close to f0. We denote these maps by:

expf : νϵ(N) → Uf .

Furthermore, given a normal vector field v ∈ C∞(νϵ(N)) we define the embedding
expf,v : N → M as the composition expf,v = expf ◦v. Thus varying f will perturb
the asymptotic cones, while changing v alters the shape of the CSµ̄-manifold, keeping
the cones fixed. The moduli space Mµ̄

CS(N) is given as the zero set of the following
non-linear differential operator:

FCS : C∞
µ̄ (νϵ(N))×O −→ C∞

loc(Ecay)

(v, f = (x̄, L̄, ē, s)) 7−→ πE ⋆4 exp
∗
f (τΦs

|expf,v(N)). (4.30)

We will now address the necessary modifications to the proofs for compact Cayleys
so that they extend to the conically singular setting. First, let us define the correct
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Banach manifolds. Let, for ϵ > 0:

Lϵ = {v ∈ Lp
k+1,µ̄(νϵ(N)), ∥v∥Lp

k+1,µ̄
< ϵ}. (4.31)

In fact FCS is mapping Lϵ ×O −→ Lp
k,µ̄−1(Ecay) for sufficiently small ϵ. We will again

prove boundedness separately for the constant, linear and quadratic and higher terms
in the expansion:

FCS(v, f) = FCS(0, f) +DCS,fv +QCS(v, f). (4.32)

First, note that the closeness of Nf to a Cayley cone gives a bound on FCS(0, f), which
is measure of the failure of Nf to be Cayley.

Proposition 4.29. There is a constant Ck > 0 such that for any f ∈ O in an open
neighbourhood f0 ∈ Uk, we have ∥FCS(0, f)∥Ck

µ̄−1
⩽ Ck.

Proof. Let Cf ⊂ R8 be the asymptotic cone of Nf near a fixed singular point z ∈ M ,
where Nf has decay rate µ, and consider everything in a small ball Bη(0) ⊂ R8 via the
parametrisation χ. Let ιf be the embedding of the abstract cone C as Cf and let Θf

be a parametrisation of the end of Nf by C. For both of these we implicitly choose
some identification of the potentially different links for varying f . Note that in this
formulation the Spin(7)-structure on Bη(0) only needs to agree with Φ0 at the origin.
The assignment (r, p, f) → Θf (r, p) is smooth, and thus we have from the CSµ-condition:

|∇i(Θf (r, p)− ιf (r, p))| ⩽ Ki,fr
µ−i, (4.33)

where the constant Ki,f is continuous in f . In particular, after shrinking O, we can
replace Ki,f by a single constant Ki. Consider τ now as a vector bundle morphism:

τ : Λ4Bη(0) → Ecay.

The (higher) covariant derivatives of τ can then be considered as maps:

∇iτ : Λ4Bη(0)⊗ (TM)⊗
i

→ Ecay.

By the compactness of the base, any finite number of derivatives can be bounded by a
constant. We can also consider TNf and TCf as maps C → Λ4R8, by the embedding
Gr(4,M) → Λ4M . The CSµ condition (4.33) then translates to:

|∇i(TpNf − TpCf )| ⩽ Kir
µ−1−i.

By Taylor’s theorem, τ has the following decay behaviour near z ∈ Nf :

|∇iτr,p(Tr,pCf )| = |∇i(τr,p(Tr,pCf )− τ0(Tr,pCf ))| ⩽ 2r|∇i+1τ0| ≲ r

Now we see that:

|∇iτr,p(Tr,pNf )| ≲ r + |∇i(τr,p(Tr,pNf )− τr,p(Tr,pCf ))|

≲ r +
∑

a+b=i

|∇aτ0||∇b(TpNf − TpCf )| ≲ rµ−1−i.

Thus the result holds for a single singular point. The generalisation to multiple singular
points is straightforward.

Next, we turn our attention to the quadratic estimates:
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Proposition 4.30. Suppose that N is CSµ̄ and α-Cayley for α sufficiently large. Fix
k ∈ N and let u, v ∈ Ck

µ̄(νϵ(N)) with ϵ > 0 sufficiently small and |u|C1 , |v|C1 ⩽ ϵ. Then
there is an open neighbourhood f ∈ U ⊂ O such that:

|QCS(u, f)−QCS(v, f)|Ck
µ̄−1

≲ |u− v|Ck+1
µ̄

(
|u|Ck

µ̄
+ |v|Ck

µ̄

)
+

|u− v|Ck
µ̄

(
|u|Ck+1

µ̄
+ |v|Ck+1

µ̄

)
.

Here the constant hidden in ≲ is independent of f .

Proof. Without loss of generality, consider the case where N has just one singular point
z with rate µ. We then define the smooth function Q(p, v,∇v, TpN, s) as we did for
the compact case in Lemma 4.2. Now, even though N is not compact, there are still
bounds on all derivatives of Q as in the compact case. From our assumptions on u and
v we can ensure that (u,∇u) vary in a compact set for all the sections in question and
any point in N × S. Thus we can prove the bound (4.2) for a constant independent of
(p, s) ∈ N × S or the section in question. Thus we obtain:

|∇k(QCS(u)−QCS(v))|ρ−(k+2)(µ−1)+k

≲
∑

i+|J|+r⩽k+2
0⩽r⩽k

|∇i(u− v)|ρi−µ(|∇Ju|+ |∇Jv|)ρ|J|−♯J·µ|∇rTN |ρr−µ+1

≲
∑

i+|J|+r⩽k+2
0⩽r⩽k

|u− v|Ci
µ+1

(|u|CJ
µ
+ |v|CJ

µ
)|TN |Cr

µ−1

Here ♯J denotes the number of entries in the multi-index J and CJ is the product
of the norms

∏l
s=1 |v|Cis . We used the fact that ρi+2−µ is bounded on N to remove

extraneous factors of ρ. For this it was crucial to assume µ < 2. Now simply note that
∥TN∥Cr

µ−1
< ∞ by the CSµ condition. The result now follows, since Ck

(k+2)(µ−1) ↪→
Ck

µ−1 is a continuous embedding.

The deformation map FCS then extends to a map between Sobolev spaces as follows:

Proposition 4.31. Let p > 4 and k ⩾ 1. For sufficiently small ϵ > 0 the map FCS

extends to a C∞ map of Sobolev spaces:

FCS : Lϵ = {v ∈ Lp
k+1,µ̄(νϵ(N)) : ∥v∥ ⩽ ϵ} × O −→ Lp

k,µ̄−1(Ecay).

Furthermore, any v ∈ Lp
k+1,δ(νϵ(N)) such that FCS(v) = 0 is smooth and lies in C∞

µ̄ .
The linearisation at 0 is the bounded linear map:

DCS : Lp
k+1,µ̄(ν(N)) −→ Lp

k,µ̄−1(Ecay).

Finally, DCS is Fredholm if all the rates in µ̄ are in the complement of a discrete set
D ⊂ R, which is determined by the metric structure on the asymptotic cones Ci ⊂ R8.

Proof. The proof is identical to the one for the AC case 4.13, except that one needs
to check that the dependence in f ∈ F respects the weighted space, i.e. that the
derivatives ∂kfF(v, f), which are a priori maps C∞

µ̄ × (TfF)k → C∞
loc can be extended

to maps Lp
k+1,µ̄ × (TfF)k → Lp

k,µ̄−1. For this, consider a smooth deformation f(t) ∈ F
of a manifold N with a unique singular point at the origin of R8 and rate µ. Up to
first order this is equivalent to deforming the Spin(7)-structure in C∞

1 (which also takes
care of the translations, since we always compare to the model CS manifold Nf ), and
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perturbing the manifold near the cone by a vector field u ∈ C∞
1 (ν(N)), while keeping

the singular point fixed, as well as the Spin(7)-structure at the origin. Let ϕt be the
flow associated to u. We then have for v ∈ C∞

µ (νϵ(N)) and p ∈ N :

∂fFv,f(0)[ḟ(0)](p) =
d

dt
|t=0F(ϕt(p), (ϕt)∗v(p), (ϕt)∗∇v(p), (ϕt)∗TpN,Φ(t))

= DF
[
u,−Luv,−Lu∇v,−LuTN, Φ̇(0)

]
.

Now we see that all the arguments in square brackets are in O(rµ−1), either by definition
(like u an Φ̇(0)), or as a consequence thereof. The norm of term Lu∇v for instance can
be bounded by |u||∇2v|+ |∇u||∇v|, which is in O(rµ−1) by assumption. As DF can be
bounded by a constant independent of the chosen CS manifold, we find that:

|∂fFv,f(0)| ≲ |v|C2
1
+ |TN |C1

0
+ 1.

The argument we presented also applies to higher derivatives and so we see that ∂fF
maps Lp

k+1,µ̄ × (TfF)k → Lp
k,µ̄−1, as required.

Using this we can now prove the following result about the local structure of the
moduli space Mµ̄

CS(N,S), just as in the AC case.

Theorem 4.32 (Structure). Let N be an CSµ̄ Cayley submanifold of (M,Φ), and sup-
pose {Φs}s∈S is a smooth family of small perturbations of Φ. Then there is a non-linear
deformation operator FCS which for ϵ > 0 sufficiently small give a C∞ map:

FCS : Lϵ = {v ∈ Lp
k+1,µ̄(νϵ(N)), ∥v∥Lp

k+1,µ̄
< ϵ} × O −→ Lp

k,µ̄−1(E).

Then a neighbourhood of N in Mµ̄
CS(N,S) is homeomorphic to the zero locus of FCS

near 0. Furthermore we can define the deformation space I µ̄
CS(N) ⊂ C∞

µ̄ (ν(N)) to be

the the kernel of DCS = DFCS(0), and the obstruction space Oµ̄
CS(N) ⊂ C∞

4−µ̄(E) to

be the cokernel of DCS. Then a neighbourhood of N in Mµ̄
CS(N,S) is also homeomorphic

to the zero locus of a Kuranishi map:

κµ̄CS : I µ̄
CS(N)⊕ Tf0O −→ Oµ̄

CS(N).

In particular if Oµ̄
CS(N) = {0} is trivial, Mµ̄

CS(N,S) admits the structure of a C1-
manifold near N . We say that N is unobstructed in this case.

Remark 4.33. The operator FCS allows for the points of the singular cones to move.
We could also fix the points while still allowing the links of the cones to deform, giving us
an operator FCS,cones. We can give this operator the exact same treatment and reprove
all the theorems in this section. Similarly one can consider an operator FCS,fix, where
neither the points nor the cones are allowed to deform and again all the same statements
are true for this operator.

We again have a formula for the index, where we define σ(N) and [N ] ·[u1],...,[ul] [N ]
in the same way as for the AC case.

Proposition 4.34 (Index). Let N be an CSµ̄ Cayley submanifold of (M,Φ) with cones
Ci = Ri ×Li(1 ⩽ i ⩽ l), and suppose {Φs}s∈S is a smooth family of small perturbations
of Φ. Assume that (1, µi] ∩ D(Li) = ∅. Pick homotopy classes [ui] ∈ [Li, Sν(N)|Li

].
Then the following holds:

indDCS =
1

2
(σ(N) + χ(N))− [N ] ·[u1],...,[ul] [N ]−

l∑
i=1

(η(Li) + T ([ui])) + dimF .

Here η(L) and T ([ui]) are the quantities from Proposition 4.17.
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Remark 4.35. Suppose that N is a CSµ̄ Cayley in (M,Φ) with a unique singular point,
with an unobstructed cone C = R+ ×L. We consider the deformations of N for a fixed
Spin(7)-structure. Let A ⊂ R8 be an asymptotically conical Cayley of rate λ < 1,
with the same cone. Consider an almost Cayley manifold Ñ = N♯LA with deformation
operator DÑ . Pick an arbitrary class [u] ∈ [L, Sν(N)|L] ≃ [L, Sν(A)|L], and assume
that [λ, 1) ∩ D = (1, µ] ∩ D = ∅. Then we have the following, where we consider the
deformation problem with fixed points and cones on the conically singular side:

indµDAC + indµDCS,fix =
1

2
(σ(A) + χ(A))− [A] ·[u] [A]

+
1

2
(σ(N) + χ(N))− [N ] ·[u] [N ]

+ η(L) + T ([u])− η(L)− T ([u])

=
1

2
(σ(A) + σ(N) + χ(A) + χ(N))− ([A] ·[u] [A] + [N ] ·[u] [N ])

=
1

2
(σ(Ñ) + χ(Ñ))− [Ñ ] · [Ñ ]

= indDÑ . (4.34)

Note that we only proved our AC index formula for rates < 1. However, using the
unobstructedness of the cone (meaning d(1) = dimMG2(L)) and Theorem 2.23 we see
that indµDAC = indλDAC + dimMG2(L). We note that by construction:

indDCS − indDCS,fix = dimF − dimS = dimF ,

as dimS = 0 by assumption. For the third inequality, notice that the link L is a compact
three-manifold, and thus has Euler characteristic χ(L) = 0. Thus χ(A)+χ(N) = χ(Ñ).
Similarly, the signature is also additive (cf. Theorem 4.14 in [APS75]). Finally, the
intersection numbers with fixed boundary behaviour are also additive, as they can be
obtained by simply counting self-intersection points. Thus the indices of the conical
operators add up to the index of the glued manifold plus, which is to be expected, as
perturbations of the glued manifold should correspond bijectively to perturbations in
either piece. Note that we equally well have:

indDÑ = indλDAC + indµDCS,cones. (4.35)

Whereas before all perturbations of rates ⩽ 1 were considered part of the asymptotically
conical piece, now the perturbations of rate exactly 1 are considered perturbations of
the conically singular piece. If the cone satisfies has no critical rates between 0 and 1,
we can even go one step further and pick some λ′ < 0 with [λ′, 0) ∩ D = ∅. We then
have:

indDÑ = indλ′DAC + indµDCS. (4.36)
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