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Abstract

This is the second in a series of three papers working towards constructing
fibrations of compact Spin(7) manifolds by Cayley submanifolds. In this paper we
show that a conically singular Cayley submanifold in an almost Spin(7)-manifold
can be desingularised by gluing in a rescaled asymptotically conical submanifold of
R8 with the same asymptotic cone. We assume that both the conically singular and
the asymptotically conical Cayley submanifold are unobstructed in their respective
moduli spaces.
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1 Introduction

In the previous paper [Eng23], we re-examined the deformation theory of compact Cayley
submanifolds and extended it to conically singular as well as asymptotically conical
Cayleys.

The next step is the study of the desingularisation of conically singular Cayleys.
Essentially this is asking the question of how a conically singular Cayley relates to nearby
compact Cayleys. If N is a conically singular submanifold of an ambient manifold M ,
and A is asymptotically conical in R8 with the same cone, then one can hope to glue in a
truncated version of A at the singular point of N to obtain a non-singular submanifold
of M . Formally, this new submanifold can be thought of as a connected sum along
their shared cone N]A. This will however not usually be a calibrated submanifold,
and thus another step is necessary. When A is sufficiently close to the cone, and thus
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its non-conical regime is confined to a suitably small region, the glued manifold will
be Ck-close to being calibrated. We can then perturb N]A to a nearby calibrated
submanifold Ñ . The analysis requires the deformation theory of both the asymptotically
conical and the conically singular case, which we will revisit in this paper. For special
Lagrangians in almost Calabi-Yau manifolds, the desingularisation has been described
by Joyce [Joy04b]. Lotay investigated the case of coassociative submanifolds in G2-
manifolds [Lot08]. The aim of this paper is to tackle the desingularisation of Cayleys in
almost Spin(7)-manifolds. To be precise, we will prove the following theorem, which also
takes into account the presence of multiple singular points and partial desingularisation.

Theorem 1.1 (Main theorem). Let (M,Φ) be an almost Spin(7) manifold and N a
CSµ̄-Cayley in (M,Φ) with singular points {zi}i=0,...,l and rates 1 < µi < 2, modelled
on the cones Ci = R+×Li ⊂ R8 . Assume that N is unobstructed inMµ̄

CS(N, {Φ}). For
a fixed k 6 l, assume for each i 6 k that the Li are unobstructed as associatives (i.e. that
the Ci are unobstructed cones), and that DLi ∩ (1, µi] = ∅. For 1 6 i 6 k, suppose that
Ai is an unobstructed ACλ-Cayley with λ < 1, such that DLi ∩ [λ, 1) = ∅. Let {Φs}s∈S
be a smooth family of deformations of Φ = Φs0 . Then there are open neighbourhoods Ui

of Ci ∈M
λ

AC(Ai), an open neighbourhood s0 ∈ U ⊂ S and a continuous map:

Γ : U ×Mµ̄
CS,cones(N, {Φ})×

k∏
i=1

Ui −→
⋃

I⊂{1,...,k}

Mµ̄I
CS(NI ,S). (1.1)

Here we denote by µ̄I the subsequence, where we removed the i-th element for i ∈ I from
µ̄. Moreover, NI denotes the isotopy class of the manifold obtained after desingularising
the points zi for i ∈ I by a connected sum with Ai.

This map is a local diffeomorphism of stratified manifolds. Thus away from the cones

in Mλ

AC(Ai) it is a local diffeomorphism onto the non-singular Cayley submanifolds. It
maps the point (s, Ñ , Ã1, . . . , Ãk) into Mµ̄I

CS(NI ,S), where I is the collection of indices

for which Ãi = Ci. This corresponds to partial desingularisation.

We will follow a procedure similar to the ones in the two previously mentioned papers
[Joy04b] and [Lot08], with two major differences. First, coassociative submanifolds and
special Lagrangians tend to be unobstructed, and thus form smooth moduli spaces. This
is not necessarily the case for Cayley submanifolds. We therefore need to restrict our
results to unobstructed Cayleys, i.e. Cayleys which are have a surjective deformation
operator, and are consequently smooth points in their moduli space. Secondly, it is not
immediately clear what the generalisation of the deformation operator of a Cayley to
a non-Cayley should be. We therefore carefully revisit the construction of the usual
deformation operator and show how to extend it to 4-folds which are C1-close to being
Cayley, so called almost Cayleys.

The motivation behind this theorem is the construction of fibrations of compact
Spin(7)-manifolds by Cayleys, in analogy to the programme by Kovalev in the G2-
case [Kov05]. A topological argument shows that a fibration of a compact G2 manifold
of full holonomy by compact coassociatives (the analogue of Cayleys in the G2 setting)
must necessarily include singular fibres, but there is hope that the singular fibres may
admit only conical singularities. We do not currently have a proof of such a result in
the Spin(7) case, however we expect a similar statement to hold. The desingularisation
theory of our Cayley fibres and results such as our main Theorem 1.1 then allow us to
investigate the deformation theory of fibrations of this type and deduce properties such
as stability (in a suitable sense) under the deformation of the Spin(7)-structure.
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Notation

We will denote by C an unspecified constant, which may refer to different constants
within the same derivation. To indicate the dependence of this constant on other vari-
ables x, y, . . . , we will write it as C(x, y, . . . ). Similarly, if an inequality holds up to
an unspecified constant, we will write A . B instead of A 6 CB. We denote by
T pqM = (TM)⊗

p ⊗ (T ∗M)⊗
q

the bundle of (p, q)-tensors.
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2 Preliminaries

To begin, we recall the definitions from the theory of Spin(7)-manifolds and their Cayley
submanifolds which are relevant to our discussion, as well as the deformation theory of
compact and conically singular Cayley submanifolds.

2.1 Geometry of Spin(7)-manifolds

For a more in depth discussion of Spin(7) and Cayley geometry we refer to [HL82]
and [McL98]. Recall that the group Spin(7) is the double cover of SO(7). It can
alternatively be defined as the stabilizer of the Cayley four form:

Φ0 = dx1234 − dx1256 − dx1278 − dx1357 + dx1368 − dx1458 − dx1467

−dx2358 − dx2367 + dx2457 − dx2468 − dx3456 − dx3478 + dx5678 (2.1)

under the action of SO(8) on forms in Λ4R8. We say that a pair (M,Φ), where M
is an 8-dimensional manifold and Φ ∈ Ω4(M), is a Spin(7)-manifold if at each point
p ∈ M there is an isomorphism TpM ' R8 that takes Φp to Φ0. The Cayley form Φ
induces a Riemannian metric gΦ on M . If dΦ = 0 we say that the Spin(7)-manifold is
torsion-free. We then have that the holonomy Hol(gΦ) ⊂ Spin(7). While determining
whether an 8-manifold is Spin(7) is purely topological in nature, finding a torsion-free
Spin(7) structure is hard, comparable to finding integrable complex structures on almost
complex manifolds.

Let N4 ⊂ M be any immersed submanifold. The Cayley form Φ then satisfies the
Cayley inequality:

Φ|N 6 dvolN . (2.2)

Here dvolN is the volume form induced by the metric gΦ. We say that a manifold
N is Cayley if Φ|N = dvolN , and that it is α-Cayley for (α ∈ (0, 1)) if instead
Φ|N > α dvolN (see also section 3 of [Eng23]). If we know that a submanifold is α-
Cayley for α close to 1, we can hope that there is a true Cayley submanifold C1-close
to it.

In (R8,Φ0), the Cayley four planes form a 12 dimensional subset of the 16 dimensional
Grassmannian of oriented four planes. Thus the Cayley condition can be seen as four
independent equations. More precisely it can be described by the vanishing of a four-
form τ ∈ Λ4R8 ⊗ Ecay, i.e. a plane π = span{e1, e2, e3, e4} is Cayley exactly when
τ(e1, e2, e3, e4) = 0. Here the vector space Ecay can be thought of as the normal space
of a Cayley as an element of the submanifold of Cayleys in Gr+(4, 8). From this form
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we get a deformation operator associated to an almost Cayley submanifold N . For α
sufficiently close to 1 we define:

F : C∞(N,V ) −→ C∞(Ecay)
v 7−→ πE(?N exp∗v(τ |Nv )).

(2.3)

Here V ⊂ ν(N) is an open neighbourhood of the zero section in the normal bundle
of N . Moreover, expv : N ↪→ M denotes the exponential of the vector field v ∈
ν(N). We denote the image of this map by Nv. The precise definition can be found
in [Eng23, Section 3.1]. Important for us is that this operator does indeed detect Cayley
submanifolds and is elliptic at its zeroes, as in the following Proposition:

Proposition 2.1 (Prop 3.3 and 3.5 in [Eng23]). Let (M,Φ) be a Spin(7) manifold
such that the Riemann tensor satisfies |R| < CR. Let α < 1 be sufficiently close to 1.
Then there is a constant ε > 0 such that the following holds for any α-Cayley N . If
v ∈ C∞(ν(N)) is such that for all p ∈ N :

|v(p)| < ε

min{|R(q)| : q ∈ B(p, |v(p)|)}
, |∇v(p)| < ε, (2.4)

then Nv is Cayley exactly when F (v) = 0. Furthermore for such v, the non-linear
operator F is elliptic at v.

2.2 Manifolds with ends

We now briefly recall the definitions of asymptotically conical and conically singular
manifolds. More details can be found in [Eng23, Section 2.3]. Recall that an asymp-
totically conical manifold of rate η < 1 (ACη) is a Riemannian manifold (M, g) such
that away from a compact subset K ⊂M we can identify M \K ' (r0,∞)×L and the
metric satisfies:

|∇i(g − gcon)| = O(rη−1−i) as r →∞, (2.5)

where gcon = dr2 + r2h is a conical metric on (r0,∞)×L. For a embedded submanifold
f : A ↪→ (Rn, g), where g asymptotically conical of rate η < 1 and asymptotic to flat
Rn, we say that it is an asymptotically conical submanifold of rate η < λ < 1 if:

|∇i(f(r, p)− ι(r, p))| ∈ O(rλ−i), as r →∞. (2.6)

Here ι : C ↪→ Rn is the embedding of the uniquely determined asymptotic cone of A.
Finally, we say that a continuously embedded topological space N ⊂ (M,Φ) is coni-

cally singular with rates µ̄ = (µ1, . . . , µl), where 1 < µj < 2 (CSµ̄) asymptotic to cones
C1, C2, · · · , Cl if it is a smoothly embedded manifold away from l points {z1, . . . , zl},
and there are parametrisations Θj : (0, R0)× Lj →M of N near zj such that:

|∇i(Θj(r, p)− ιj(r, p))| ∈ O(rµj−i), as r → 0. (2.7)

Here ιj is the embedding of the cone Ci via a parametrisation χj of M that is compatible
with the Spin(7)-structure, i.e. Dχ∗jΦ(zj) = Φ0. In both the AC and CS case, if a
submanifold is Cayley, then it must be asymptotic to Cayley cones.

We now recall briefly the theory of Sobolev spaces as well as the Fredholm theory
on conical manifolds. First of all, let M be an n-dimensional manifolds with l conical
ends and E a bundle of tensors on M . For a collection of weight δ̄ ∈ Rl and a section
s ∈ C∞c (E) we define the Sobolev norm:

‖s‖p,k,δ̄ =

(
k∑
i=0

∫
M

|∇isρ−w+i|pρ−ndµ

) 1
p

, (2.8)
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Here w is a weight function that interpolates between the conical ends. On the j-th
conical end it is given by δi. We denote the completion of C∞c (E) under this norm
by Lp

k,δ̄
. Note that the Banach space structure is independent of the choice of weight

function. If there is only one end, we denote the space by Lpk,δ. The Ck
δ̄

spaces are
defined as the completion with regards to the norm:

‖s‖Ck
δ̄

=

k∑
i=0

|∇isρ−w+i|. (2.9)

There is a Sobolev embedding theorem:

Theorem 2.2 ( [Loc87, Thm 4.8]). Suppose that the following hold:

i) k − k̃ > n
(

1
p −

1
p̃

)
and either:

ii) 1 < p 6 p̃ <∞ and δ̃ > δ (AC) or δ̃ 6 δ (CS)

ii’) 1 < p̃ < p <∞ and δ̃ > δ (AC) or δ̃ < δ (CS)

Then there is a continuous embedding:

Lpk,δ(E) −→ Lp̃
k̃,δ̃

(E) (2.10)

We call a linear differential operator D that is asymptotically compatible with the
conical structure a conical operator. This means that the coefficients of D tend
towards the coefficients of a rescaling invariant operator on the asymptotic cone. For a
precise definition we refer to [Eng23, Section 2.3.3]. It is of rate ν ∈ R if D[C∞δ ] ⊂ C∞δ−ν .
Such operators define continuous operators between conical Banach spaces, and enjoy a
good Fredholm theory.

Theorem 2.3. Let D be a conical operator of order r > 0 and rate ν ∈ R. Let
1 < p <∞ and k > 0. Then it defines a continuous map:

D : Lpk+r,δ(E) −→ Lpk,δ−ν(E).

If D is elliptic, then this map is Fredholm for δ in the complement of a discrete subset
D ⊂ R. This subset is determined by en eigenvalue problem on the asymptotic link.

Denote by iδ(P ) for δ ∈ R\D the index of the operator D : Lpk+r,δ(E)→ Lpk,δ−ν(E).
We then have that: iδ2(P )− iδ2(P ) =

∑
λ∈(δ1,δ2)∩D d(λ). Here d(λ) is determined solely

by the asymptotic link.

Example 2.4. By [Eng23, Ex 2.25] we know that the critical weights of a Cayley plane
seen as a cone or of an associative round S3 ⊂ S7 in the interval (−4, 2) are given by:

d(−3) = 1, d(−1) = 1, d(0) = 4, d(1) = 12. (2.11)

Similarly, if we consider the quadratic complex cone Cq = {x2+y2+z2 = 0, w = 0} ⊂ C4

with link L ' SU(2)/Z2, the weight between (−2, 2) are:

d(−1) = 2, d(0) = 8, d(1) = 22, d(−1 +
√

5) = 6. (2.12)

Finally, there is a duality pairing between Sobolev spaces, where we need to change
the weight as well.

Proposition 2.5 (cf. [Joy04a, Lem 2.8]). Assume that 1 < p, q < ∞ are such that
1
p + 1

q = 1. Then if n ∈ N is the dimension of the underlying manifold and δ ∈ Rl is a

vector of weights, there is a perfect pairing Lpδ×L
q
−n−δ −→ R, and thus (Lpδ)

∗ = Lq−n−δ.
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2.3 Deformation theory of compact and conical Cayleys

We now turn our attention to the results proven in [Eng23] about the deformation theory
of compact, asymptotically conical and conically singular Cayley submanifolds.

If N ⊂ M is an immersed compact four dimensional submanifold in an 8-manifold
equipped with a smooth family of Spin(7)-structures {Φs}s∈S , we consider the moduli
space:

M(N,S) = {(Ñ , s) : Ñ is an immersed Cayley submanifold of (M,Φs)

with Ñ isotopic to N}. (2.13)

When the family S has a single element Φ we also this moduli space by M(N,Φ). The
structure of this moduli space has been studied in the foundational paper [McL98] and in
[Moo17] in the case of torsion-free Spin(7)-structures. We extended this result in [Eng23]
to include families of Spin(7)-structure with torsion, as in the following theorem.

Theorem 2.6 ( [Eng23, Thm. 4.9]). There is a family of non-linear deformation oper-
ators Fs (s ∈ S) for which for ε > 0 sufficiently small give a smooth map:

F : Lε = {v ∈ Lpk+1(νε(N)), ‖v‖Lpk+1
< ε} × S −→ Lpk(E).

A neighbourhood of (N, s0) in M(N,S) is homeomorphic to the zero locus of F near
(0, s0). Furthermore we can define the deformation space I(N,S) ⊂ C∞(ν(N))
to be the the kernel of DN,s0 = DF (0, s0), and the obstruction space O(N,S) ⊂
C∞(Ecay) to be the cokernel of DN,s0 . Then a neighbourhood of (N, s0) in M(N,S) is
also homeomorphic to the zero locus of a smooth Kuranishi map:

K : I(N,S) −→ O(N,S).

In particular if O(N,S) = {0} is trivial, M(N,S) admits the structure of a smooth
manifold near (N, s0). We say that N is unobstructed in this case.

Note that the notion of unobstructedness depends on the family S. The same Cayley
submanifold N ⊂ (M,Φ) may be unobstructed in someM(N,S) while being obstructed
in M(M,Φ). In the embedded case we can express the index of the linearised operator
(thus also the virtual dimension of M(N,S) by the formula:

indDN,s0 =
1

2
(σ(N) + χ(N))− [N ] · [N ] + dimS. (2.14)

Here σ(N) and χ(N) are the signature and Euler characteristic of N respectively, and
[N ] · [N ] is the self-intersection number of N in M .

Next, we turn our attention to the conical theory, starting with the asymptotically
conical case. So let A ⊂ R8 be an ACλ Cayley for a Spin(7)-structure Φ that is ACη to
the flat Φ0. Here we require that η < λ < 1. Assume that A is asymptotic to a single
cone C = R>0 × L. If {Φs}s∈S is a family of smooth ACη deformations of Φ, then we
consider the moduli space:

Mλ
AC(A,S) = {(Ã,Φs) : Ã is an ACλ Cayley submanifold of (R8,Φs)

isotopic to A and asymptotic to the same cone}. (2.15)

It is important to keep track of the rate λ of the Cayley as the expected dimension of
the moduli space above as well as unobstructedness will depend on it. The following is
the structure theorem for these moduli spaces:
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Theorem 2.7 ( [Eng23, Thm. 4.18]). There is a non-linear deformation operator FAC

which for ε > 0 sufficiently small is a C∞ map:

FAC : Lε = {v ∈ Lpk+1,λ(νε(A)), ‖v‖Lpk+1,λ
< ε} × S −→ Lpk,λ−1(E).

A neighbourhood of (A,Φ) inMλ
AC(A,S) is homeomorphic to the zero locus of FAC near

0. If λ 6∈ DL is not critical then the linearised operator DAC = DFAC(0, s0) is Fredholm.
We define the deformation space IλAC(A) ⊂ C∞λ (ν(A))× TΦS to be the the kernel of

DAC, and the obstruction space OλAC(A) ⊂ C∞4−λ(E) to be the cokernel of DAC. Both

are finite dimensional. Then a neighbourhood of A in Mλ
AC(A,S) is also homeomorphic

to the zero locus of a smooth Kuranishi map:

Kλ
AC : IλAC(A) −→ OλAC(A).

In particular if OλAC(A) = {0} is trivial, Mλ
AC(A,S) admits the structure of a smooth

manifold near A. We say that A is unobstructed in this case.

Later we will need a bound on the inverse of DAC on the complement of its kernel,
when A is an α-Cayley.

Proposition 2.8. Suppose that A ⊂ (R8,Φ0) is ACλ to a Cayley cone with λ < 1 and
α-Cayley for α sufficiently close to 1. Let δ ∈ R with δ 6∈ DL and suppose p > 4,
k > 1, ε > 0 small. Then there is a subspace κAC ⊂ C∞c (ν(A)) such that for any
v ∈ kerDAC ⊂ Lpk+1,δ−ε(νε(A)) we have that if v is L2

δ−ε-orthogonal to κAC, then v must
vanish. This subspace, called a pseudo-kernel, can be chosen of the same dimension
as kerDAC. If we identify the normal bundles of A for small ACη perturbations of the
Spin(7)-structure via orthogonal projection, then κAC is also a pseudo-kernel for small
perturbations.

Proof. As the operator DAC is Fredholm by assumption, we know that kerDAC is finite-
dimensional. Now by [Loc87, Cor. 4.5] we can approximate a given basis {ai}li=1 of
kerDAC arbitrarily well in Lpk+1,δ by C∞c sections. By the Sobolev embedding Lpk+1,δ ↪→
L2

0,δ−ε the same is true for L2
δ−ε. These approximations gives us the desired subspace

κAC. For nearby Spin(7)-structures this result remains true, as the kernel is perturbed
continuously in Lpk+1,δ−ε by ACη perturbations of the ambient Spin(7)-structure.

Proposition 2.9. In the situation of Proposition 2.8 there is a constant CAC such that
the following holds. If v ∈ Lpk+1,δ(ν(A)) is L2

δ−ε-orthogonal to κAC then:

‖v‖Lpk+1,δ
6 CAC‖DACv‖Lpk,δ−1

. (2.16)

The same inequality holds true for small ACη perturbations of the Spin(7)-structure.

Proof. The map DAC : Lpk+1,δ −→ Lpk,δ−1 is continuous by Proposition 2.7 and has finite-

dimensional co-kernel by the assumption on the weight δ. We claim that D̃ = DAC|κ⊥AC

is an isomorphism onto its image, where the the orthogonal complement is taken with
respect to the L2

δ−ε inner product. Indeed it is injective by the construction of κAC.

Moreover if w ∈ im D̃, then we can find a pre-image v ∈ Lpk+1,δ(ν(A)) of w as follows.

Since Lpk+1,δ(ν(A)) = κ⊥AC ⊕ kerDAC, we can consider the κ⊥AC-component v′ of v, and

note that DACv
′ = w, thus proving surjectivity. Since D̃ is bijective and continuous, it

admits a bounded inverse by the open mapping theorem for Banach spaces.

Finally we discuss the conically singular case. The treatment is very similar, except
that there may be more than one singular point. Let N ⊂ (M,Φ) be an CSµ̄ Cayley
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(having singular points {zi}16i6l asymptotic to the cones Ci with rates 1 < µi < 2) for
a Spin(7)-structure Φ. If {Φs}s∈S is a family of smooth CSη deformations of Φ, then
we consider the moduli space with moving points and cones:

Mµ̄
CS(N,S) = {(Ñ , s) :Ñ ⊂ (M,Φs) is a CSµ̄-Cayley with singularities z̃1, . . . , z̃l

and cones C̃1, . . . , C̃l, . Here Ñ is isotopic to N , where

the isotopy takes zi to z̃i, and C̃i is a deformation of Ci}.

One can think about this moduli space as including deformations of rate µ = 1
(rotations and Cayley deformations of the cones) and µ = 0 (translations) manually.
We have a structure theorem that is analogous to the asymptotically conical version 2.7.

Theorem 2.10 ( [Eng23, Thm. 4.32]). There is a non-linear deformation operator FCS

which for ε > 0 sufficiently small gives a C∞ map:

FCS : Lε = {v ∈ Lpk+1,µ̄(νε(N)), ‖v‖Lpk+1,µ̄
< ε} × C −→ Lpk,µ̄−1(E).

Here O is a smooth manifold that parametrises the deformations of the cones, the move-
ment of the singular points, and the change in Spin(7)-structure. Then a neighbourhood
of N in Mµ̄

CS(N,S) is homeomorphic to the zero locus of FCS near 0. Furthermore, if
µi 6∈ DLi for all i, the linearised operator is Fredholm and we can define the deforma-
tion space I µ̄CS(N) ⊂ C∞µ̄ (ν(N)) ⊕ Tf0O to be the the kernel of DCS = DFCS(0), and

the obstruction space Oµ̄CS(N) ⊂ C∞4−µ̄(E) to be the cokernel of DCS. Then a neigh-

bourhood of N in Mµ̄
CS(N,S) is also homeomorphic to the zero locus of a Kuranishi

map:

Kµ̄
CS : I µ̄CS(N) −→ Oµ̄CS(N).

In particular if Oµ̄CS(N) = {0} is trivial, Mµ̄
CS(N,S) admits the structure of a smooth

manifold near N . We say that N is unobstructed in this case.

Remark 2.11. We can similarly define a non-linear deformation operator FCS,cones,
where we do not allow the conically singular points to move. This can be done by
restricting O to only include deformations of the cone that keep the vertices fixed. We
obtain a moduli spaceMµ̄

CS,cones(N,S) of Cayleys which have the same conically singular

points as N . Finally, we can restrict the moduli space even further to Mµ̄
CS,fix(N,S),

where neither the points nor the cones are allowed to move. This corresponds to not
adding in additional deformations of the cone into O, and we call the corresponding
operator FCS,fix.

We can now define a notion of pseudo-kernel as in 2.8. This is entirely analogous,
except that the Sobolev embedding L2

δ+ε → Lpk+1,δ requires us to slightly increase the

rate of the L2 sections.

Proposition 2.12. Suppose that N is CSµ̄ to Cayley cones and α-Cayley for α suffi-
ciently close to 1. Let δ ∈ R with δ 6∈ DLi not critical for any of the links of N and
suppose p > 4, k > 1 and ε > 0 small. Then here is a subspace κCS ⊂ C∞c (ν(N)) such
that for any v ∈ kerDCS ⊂ Lpk+1,δ(ν(N)) we have that if v is L2

δ+ε-orthogonal to κCS,
then v must vanish. This subspace, called a pseudo-kernel can be chosen of dimension
dim kerDCS.

Proposition 2.13. In the situation of Proposition 2.12 there is a constant CCS such
that the following holds. If v ∈ Lp

k+1,δ̄
(ν(N)) is L2

δ̄+ε
-orthogonal to κCS then:

‖v‖Lp
k+1,δ̄

6 CCS‖DCSv‖Lp
k,δ̄−1

. (2.17)
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The same inequality is true for perturbations of N with µ̄ > δ̄.

The operator FCS allows for the points of the singular cones to move. We could also
fix the points while still allowing the links of the cones to deform, giving us an operator
FCS,0. We can give this operator the exact same treatment and reprove all the theorems
in this section.

3 Desingularisation of conically singular Cayleys

We will now tackle the proof of the main Theorem 1.1. We first describe a gluing
construction which will yield an approximate Cayley desingularisation. Afterwards we
describe an iteration scheme which will allows us to perturb the approximate Cayley to
a true Cayley. We modify the construction from [Lot08] to work in families, and rework
some analytic aspects to remove the requirements on the rate λ of the asymptotically
conical pieces.

3.1 Approximate Cayley

Let (M,Φ) be an almost Spin(7)-manifold and let {Φs}s∈S be a smooth family of de-
formations of Φ = Φs0 . Suppose N is an unobstructed CSµ̄-Cayley in (M,Φ) with
singular points {zi}i=1,...,l. Let µ̄ be such that (1, µi] ∩DLi = ∅. Note that if the locus
of singular points (which is smooth by unobstructedness) were to move by an ambient
isotopy Is, we can choose a new family {I∗sΦs}s∈S that leaves the singular locus in-
variant. Furthermore, we can also assume that Φs(zi) = Φs0(zi). For Bη(0) the ball
of radius η > 0 in R8, let χi : Bη(0) → M be a Spin(7)-coordinate system centred
around zi. Recall that this means that χi is a parametrisation of a neighbourhood of
zi, such that χi(0) = zi and Dχi|∗0Φzi = Φ0. After identifying TziM with R8 via the
Spin(7)-isomorphism Dχi|0, we let (Li, hi) ⊂ (S7, ground) be the link on which the con-
ical singularity is modelled. Assume it comes in a smooth, finite dimensional moduli
space MG2(Li). For 1 6 i 6 k 6 l and let Ai be ACλ Cayleys in R8 with the standard
Spin(7)-structure, with λ < 1 and DLi ∩ (λ, 1) = ∅. Let the link of Ai be (Li, hi), and
suppose we have chosen a scale function ti : Mλ

AC(Ai) → R. We will now describe a

procedure which allows us to glue elements of sufficiently small scale in Mλ

AC(Ai) onto
the first k singular points of N ∈Mλ

CS(N0,Φs), to produce Cayleys in (M,Φs) that are
close to being singular. Here we need to make sure to glue compatible cones, as both
moduli spaces allow for deformations of the cone. So assume that Ai has a cone that is
compatible with the singularity at zi. In the gluing construction, the scale ti determines
both the scaling of the AC piece Ai as well as the inner radius of the annuli joining
Ai to N , which is comparable to Li × (tir0, R0). In particular, when ti = 0 (which

corresponds to the cone inMλ

AC(Ai)) we do not glue anything into the singularity at zi.
Recall that from the definition of a conically singular submanifold there is a compact
set KN ⊂ N and decomposition N = KN

⊔l
i=1 Ui such that we have diffeomorphisms

Ψi
CS : Li × (0, R0) → Ui. Choose η and R0 in such a way that the image of Ψi

CS is
contained in χi(Bη(0)). We can then factor Ψi

CS = χi ◦ Θi
CS, where Θi

CS is a smooth
map Θi

CS : Li × (0, R0) → Bη(0). For 1 6 i 6 k there is a similar diffeomorphism
Θi

AC : Li× (r0,∞)→ A\KAi ⊂ R8, where KAi is a compact subset of Ai, which can be
chosen such that ‖Θi

AC(p)− ιi(p)‖R8 = O(|p|λ+1) as p→∞. After reducing the scale of
the Ai we consider, we can assume that r0 < R0 and Ai\Θi

AC(Li×(R0,∞)) is contained
in Bη(0). In particular we can then also consider the map Ψi

AC|Ai\Li×(R0,∞) = χi◦Θi
AC.

Now fix a smooth cut-off function φ : R→ [0, 1] with the property that:

φ|(−∞, 14 ] = 0, φ|[ 3
4 ,+∞) = 1. (3.1)
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Let a constant 0 < ν < 1 be given. Assume t > 0 to be sufficiently small, so that we
have the inequalities 0 < r0t <

1
2 t
ν < tν < R0 < 1. Suppose that Ā = (A1, . . . , Ak) is a

collection of ACλ manifolds (or cones) as above such that ti = ti(Ai) 6 t. In this case
we call t the global scale of Ā. We then define the subsets N Ā of M as follows:

N Ā =

(
N \

l⊔
i=1

Ψi
CS(Li × (0, tνi ))

)
t

k⊔
i=1

Ψi
Ā(Li × (r0ti, t

ν
i ))

t
k⊔
i=1

χi(Ai \Θi
AC(r0ti,∞)) t

l⊔
i=k+1

Ψi
CS(Li × (0, tνi )). (3.2)

Here Θi
Ā

is defined as the following interpolation between the Ai and Ui pieces:

Θi
Ā :Li × (r0ti, R0) −→ R8

(p, s) 7−→ (1− φ)

(
2s

tνi
− 1

)
Θi

AC(p, s) + φ

(
2s

tνi
− 1

)
Θi

CS(p, s). (3.3)

If we reduce the scale of a subset of the asymptotically conical pieces, the resulting
family are desingularisations of N where some tips shrink back to conically singular
points. In particular, if ti = 0, we should interpret the above definition as Θi

Ā
= Θi

CS,
thus the corresponding singularity is left as is, without gluing. As before, we also have
maps Ψi

Ā
= χi ◦ Θi

Ā
, so we can work in local coordinates around a singularity. Notice

that as φ is locally constant in neighbourhoods of 0 and 1, the N Ā is in fact a smooth
submanifold. For analytic purposes we usually consider N Ā as a union of four parts:

À N Ā
u =

(
N \

⊔k
i=1 Ψi

CS (Li × (0, tνi ))
)

.

Á N Ā
m =

⊔k
i=1 Ψi

Ā
(Li × (r0ti, t

ν
i )) =

⊔k
i=1N

Ai
m .

Â N Ā
l =

⊔k
i=1 χi

(
Ai \Θi

AC (r0ti,∞)
)

=
⊔k
i=1N

Ai
l .

Ã N Ā
p =

⊔l
i=k+1

⊔l
i=1 Ψi

CS(Li × (0, tν)).

Notice that as we chose our family S in such a way as to leave the singular locus
unchanged, as well as the Spin(7)-structure at the singular points, we can use the same
frames χi for all deformations of the Spin(7)-structure, and all nearby gluing data with
matching cones.

The reason for making the lower part shrink sub-linearly while the tip shrinks linearly,
is that N Ā

l will stretch out and approximate any compact subset of the Ai arbitrarily
well as the scale is reduced. We now show that indeed this construction results in an
approximation that is C1-close to a Cayley in the following sense:

Proposition 3.1. Let α ∈ (−1, 1) be given. Then if the global scale t is sufficiently
small, N Ā is α-Cayley.

Proof. It is clear that N Ā
u and N Ā

p are always α-Cayley, since they are subsets of N and

thus Cayley for the Spin(7)-structure Φs. Now for N Ā
m and N Ā

l , we note that for x ∈ R8

near 0 we have (Dχi)
∗
x(Φχi(x)) = Φ0 +O(‖x‖). Thus for t sufficiently small, we have for

any p ∈ N Ā
m ∪N Ā

l that (Dχi)
∗
χ−1
i (p)

(Φp) = Φ0 +O(tν). As Ai is already Cayley for Φ0,

it will also be α-Cayley for (Dχi)
∗
χ−1
i (p)

(Φp) for sufficiently small values of t.

It remains to show that N Ā
m is α-Cayley for t sufficiently small. Now by assumption

on N and the Ai, Θi
CS(p, s) and tiΘ

i
AC(p, s) approach the same Cayley cone as long as

10



Figure 1: Glued manifold

s ∈ ( 1
2 t
ν , tν) and ti −→ 0, and thus the respective tangent planes become arbitrarily

close to the same Cayley plane, in particular they will be α′-Cayley for t small enough
and any α′ > α. Now for every α there is an α′ > α such that if ξ1, ξ2 are α′-Cayley
graphs over a Cayley ξ, any linear interpolation of the between the maps having image
ξ1 and ξ2 will have image an α-Cayley. Thus N Ā

m will also be α-Cayley for t small
enough.

Our goal is to construct Cayley submanifolds close to the almost Cayley submanifolds
N Ā. To simplify the analytic details, we will introduce Banach spaces tailored to this
particular desingularisation. These were first defined in [Lot08]. Before that, we extend
our notion of a radius function to the N Ā, combining the definitions of radius functions
on CS- and AC-manifolds.

Definition 3.2. A collection of radius functions on N Ā for all Ā with global scale
bounded by t > 0 is a smooth function ρ : N Ā → [0, 1] such that:

ρ(x) =


Θ(R0), x ∈ KN

Θ(r0ti), 1 6 i 6 k, x ∈ χi(Ai \ Li × (r0ti,∞))
Θ(s), 1 6 i 6 k, x = Ψi

t(s, p) for some p ∈ Li and s ∈ (r0ti, R0)
Θ(s), k < i 6 l, x = Ψi

CS(s, p) for some p ∈ Li and s ∈ (0, R0)

(3.4)

Here we mean by Θ(f) something that is bounded on both sides by f , up to a constant
that is independent of the choice of Ā. Furthermore over Ψi

Ā
((r0ti, R0)×Li) we require

ρ to be an increasing function of the radial component s ∈ (r0ti, R0).

Choose ρ to be the distance in M to the closest singular point of N and modify
away from the singular points such that the functions are bounded by 1. This will be
an example of a family of radius functions. From this we also see that we can choose
the family to be smooth and have uniformly bounded derivative. We can now define
alternative Sobolev-norms on Lpk-spaces on N Ā that take into account the scale of the

glued pieces. Suppose E is a metric vector bundle over N Ā with a connection ∇. Let

11



δ̄ ∈ Rl be an arbitrary weights. We then define the Lp
k,δ̄,Ā

-norm of a section s ∈ C∞(E)
as:

‖s‖Lp
k,δ̄,Ā

=

(
k∑
i=0

∫
NĀ
|ρ−w+i∇is|pρ−4 dvol

) 1
p

. (3.5)

Here w : N Ā −→ R is a smooth weight function that interpolates between the chosen
weights near each singularity. If all singularities are removed, so that N Ā is non-singular
and compact, these norms are all uniformly equivalent for different values of δ̄, but they
are not uniformly equivalent in Ā, in the sense that the comparison constant will be
unbounded. As we reduce the global scale, these norms reduce over the glued pieces to
the norms for conical manifolds we introduced above. This will allows us to transplant
results for the conical parts Ai and N onto the glued N Ā. Near the singularities that we
did not remove, this norm is exactly the weighted Sobolev norm for conically singular
manifolds. We can define Hölder spaces that vary with Ā, the Ck,α

δ,Ā
-spaces, in a similar

manner. We note that the Sobolev constants for different values of Ā will all be uniformly
comparable.

3.2 Estimates

Consider the approximate Cayleys N Ā that we have defined above together with a family
of radius functions ρ. For sufficiently small global scale t we have by Proposition 3.1
that N Ā are α-Cayley for any fixed α < 1. Thus in particular N Ā admits a canonical
deformation operator as in (2.3), which as in 2.10 can be augmented to include CS
deformations of the unglued conical singularities as well as deformations of the Spin(7)-
structure:

FĀ : C∞δ̄ (νε(N
Ā))×O −→ C∞δ̄−1(Ecay). (3.6)

Here O ⊂ S × F is a small neighbourhood of the point which corresponds to the
initial Spin(7)-structure and the initial vertices and cones of N Ā. Moreover we define
νε(N

Ā) = {(v, p) ∈ ν(N Ā), ‖v‖ < ερ(p)}, similar to the CS and AC cases. The weights

δ̄ ∈ Rl are chosen such that for 1 6 i 6 k, 1 < δi <
µi(λ−2)+1
λ−µi and for k + 1 6 i 6 l

we set δi = µi. We will explain later how this condition arises. Let us just note

for now that limλ→−∞
µi(λ−2)+1
λ−µi = µi, thus the formula is compatible with ”gluing a

Cayley cone” (which is ACλ for any λ < 0) onto a conical singularity, which should
do nothing to the singularity. Also, increasing the rate of the asymptotically conical
piece makes the allowed ranges of rates for the gluing smaller. In the following we will
write µ = mini(µi) and δ = mini(δi). This may seem like a restriction, however as
by assumption (1, µi] ∩ DLi = ∅, we do not lose anything by doing this. Any CSµ
manifold can be improved to be CSµi as no critical weights are present in the range
(µ, µi) ( [Joy04a, Thm. 5.5]) We denote the linearisation of FĀ at 0 by DĀ. We can
now establish bounds on the glued deformations operators, using our results for the
CS and AC case. In particular we will take into account the dependence of various
constants on the parameter Ā. This will be important later when we deform all the N Ā

simultaneously to become Cayleys. In this regard, the most important property of the
deformation operator is its dependence on N , v and Φ. In particular we have pointwise
dependence only on p, v(p),∇v(p) and TpN as in the following proposition:

Proposition 3.3 ( [Eng23, Lem. 4.2]). The deformation operator on N Ā for the varying
Spin(7)-structures and cone configuration can be written as follows, for v ∈ C∞loc(ν(N Ā)),

s ∈ O and p ∈ N Ā:

FĀ(v, s)(p) = F(p, v(p),∇v(p), TpN
Ā, s)

= FĀ(0, s)(p) +DĀ,sv(p) + Q(p, v(p),∇v(p), TpN
Ā, s). (3.7)
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Here DĀ,s is the linearisation of FĀ(·, s) at 0 and F,Q are smooth fibre-preserving maps:

F,Q : TMε ×N (T ∗M ⊗ TM)ε × Cayα(M)×O −→ Ecay,

where Ecay = {(p, π, e) : (p, π) ∈ Cayα(M), e ∈ Eπ} and α is sufficiently large. Here
we see both sides as fibre bundles over Cayα(M) × O. We define the map QĀ :
C∞(νε(N

Ā))×O −→ C∞(Ecay) as QĀ(v, s) = FĀ(v, s)−DĀ,sv.

We stress that the smooth maps F and Q only depend on the family of Spin(7)
structures Φs, and not on the Cayley submanifold. The term QĀ contains the contribu-
tions of v and ∇v which are quadratic and higher. Since N Ā is both conically singular
and has nonsingular regions of high curvature as the global scale decreases, we need to
apply both the compact and the conically singular theory to prove the following:

Proposition 3.4. Let p > 4, k > 1 and 1 < δ < µ(λ−2)+1
λ−µ . Then the deformation map

FĀ is well-defined and C∞ as a map between Banach manifolds:

FĀ :MĀ = {v ∈ Lp
k+1,δ,Ā

(νε(N
Ā)) : ‖v‖Lpk+1,δ

< ε} × S −→ Lpk,δ−1(Ecay), (3.8)

whenever ε > 0 is sufficiently small, and can be chosen the same for all Ā. Any v ∈
Lpk+1,δ(νε(N

Ā)) such that FĀ(v) = 0 is smooth. Finally it is also Fredholm.

The proof of the smoothness of FĀ is essentially the same as for 2.10, with all the
norms replaced by their appropriate counterparts. As in the usual deformation theory it
relies on separate estimates of the first few terms of the Taylor expansion of FĀ, where
we will now need to take into account the dependence on Ā. Next, as the Hölder space
Ck,α
δ,Ā

for a fixed Ā can be seen as Ck,αδ for a conically singular manifold, usual elliptic

regularity arguments apply and and show smoothness, such as for instance in the proof
of 2.10. Let us now in turn take a look at the constant, linear and quadratic estimates
of FĀ and pay close attention to the constants involved.

Estimates for τ

We first investigate how well N Ā approximates a Cayley as a function of the global scale
t. Our main result will be that a priori N Ā should converge to an ideal Cayley in C∞

δ,Ā

for 1 < δ < µ(λ−2)+1
λ−µ , uniformly in Ā.

Proposition 3.5 (Pointwise estimates). Denote by gĀ the Riemannian metric on N Ā

coming from the embedding into M . For t sufficiently small and for s ∈ S sufficiently
close to our initial Spin(7)-structure, we have the following estimates on the derivative
∇kτ |NĀ for k > 0:

|χ∗i τ |NĀ |(x) . |x|, (3.9)

|∇kχ∗i τ |NAi |(x) . t−k+1
i , k > 1 (3.10)

|∇kτ |
N
Ai
m
| . t−λi ρλ−k−1 + ρµ−j−1, ρ ∈ (r0ti,

1

4
tνi ) (3.11)

|∇kτ |
N
Ai
m
| . t−kνi (t

(ν−1)(λ−1)
i + t

ν(µ−1)
i ), (3.12)

|∇kτ |NĀu | . d(s, s0). (3.13)

Here ∇ and | · | are computed with respect to χ∗gĀ in the first line, and gĀ in the last
two lines. Furthermore, the constants hidden in the .-notation are independent of Ā.
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Proof. We adapt the method of proof from Proposition 8.1. in [Lot08]. Note first that
N Ā
u are Cayley by construction for our initial Spin(7)-structure, and therefore τs0 and

all its derivatives vanish on them. As N Ā
u is compact, we can easily get the bound (3.13).

Consider next N Ā
l . In what follows we can think of the conically singular points of

N Ā as being obtained by gluing in a Cayley cone, and thus can be treated no differently
from the desingularised regions. We have by Taylor’s theorem that:

|χ∗i τ |(x) = |χ∗i τ |(0) +O(|x|).

We have chosen χi to be a Spin(7)-coordinate system, so that χ∗iΦ(0) = Φ0, where Φ0

is the standard Cayley form on R8. We therefore also have χ∗i τ(0) = τ0, where τ0 is the

standard quadruple product on R8. Now since χ−1
i (N Ā

l ) is Cayley with respect to Φ0,
we get that:

|χ∗i τ |NĀl |(x) = |τ0|NĀl |(0) +O(|x|) = O(|x|).

Thus we get (3.9). Now for k > 1, we have |∇kτ0|NĀl | = 0, as the Ai are Cayley for Φ0.

So we would like to bound:

|∇k(χ∗i τ − τ0)|NĀl |.

For t > 0, think of tAi as a map ft : Ai −→ R8×Λ4 which maps p ∈ Ai 7−→ (tp, TpAi),
and of χ∗i τ − τ0 as a map τ̃ : R8 × Λ4 7−→ Λ2

7 with the property that τ̃(0, ω) = 0. We
therefore have a Taylor expansion for small v ∈ R8:

τ̃(v, ω) = Lω[v] +Rω,v[v ⊗ v].

Here Lω and Rω,v are linear maps that depend smoothly on ω ∈ Λ4, and Rω,v also
depends smoothly on v. Thus, we see that:

τ̃ ◦ ft(p) = tLTpA[p] + t2RTpA,p[p⊗ p],

From which we can deduce that:

∇ξ(τ̃ ◦ ft)(p) = t(LTpA[ξ] + DLTpA[p,∇ξTpA])

+ t2(2RTpA,p[ξ ⊗ p] + DRTpA,p[p⊗ p,∇ξTpA, ξ]).

The linear maps and their derivatives can be bound uniformly, as both p ∈ Bη(0) and
TpA vary in compact sets. Thus we see that:

|∇(τ̃ ◦ ft)(p)| 6 C(A, τ)(t+ t2(|p|+ |p|2|∇TpA|)) 6 C(A, τ)t.

Here we used the fact that |∇TpA| ∈ O(|p|−1) and |p| ∈ O(1). Thus going back to our
original situation, after rescaling by ti to account for the fact that the metric on tAi
scales as well, we obtain:

|∇kχ∗i τ |NĀl | = |∇
k(χ∗i τ − τ0)|NĀl | . 1.

The higher derivatives can be deduced the same. The key point is that naively rescaling
will lead to a factor t−ki , but since the Ai are Cayley, we can improve it by one factor
of ti via the above Taylor expansion argument.

Finally, we consider N Ā
m, where the interpolation happens and where we also expect

the biggest error to appear. We will consider (Ψi
Ā

)∗τ |NĀm , which is a form on the cone

portion C = (r0ti, t
ν
i ) × L, and we will prove the analogue of (3.11) and (3.12) with
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respect to the cone metric. Now as t → 0, the pullback metric (Ψi
Ā

)∗gĀ will converge
uniformly in t to the conical metric. In particular, the conical metric and the pullback
metrics for small t are all uniformly equivalent with proportionality factors independent
of the global scale. Thus all quantities of the form |∇ks|, computed with regards to
any of these metrics, will be in the same asymptotic class. Denote by ι : C → R8 the
embedding of the cone. We then have that:

|∇k(Ψi
Ā)∗τ |NĀm | = |∇

k(Θi
Ā)∗χ∗i τ |NĀm |

6 |∇k(Θi
Ā − ι)

∗χ∗i τ |+ |∇kι∗χ∗i τ |

Upper bounds for the second term can be given in an analogous way to what we have
done for N Ā

l , as the cone is Cayley. As the cone is scaling invariant, and we are interested
in the region with radius in (r0ti, t

ν
i ), we can run the same argument while only rescaling

by tνi , and thus we get an error of t−kνi . We will see below that this is always the
asymptotically better term. Now onto the remaining term. Notice that χ∗i τ is a fixed
quantity, and the only dependence on Ā is within Θi

Ā
− ι. So let us more generally

bound:

|∇kf∗ω|,

for f : C → R8 a smooth function, and some form ω ∈ Ωk. From the definition of
pullback we see that there are smooth maps Ek, independent of f such that:

∇kf∗ω(p) = Ek(f(p),∇f(p), . . . ,∇k+1f(p)). (3.14)

These maps have the additional property that they are affine in ∇kf(p) where k > 1.
Consider the scaling behaviour of both sides when the cone is rescaled by γ > 0. In
other words, we replace f by fγ , such that fγ(p) = f(γ · p). Equation (3.14) still holds
for fγ , and we can relate the norms of both sides to the corresponding terms for f as
follows:

γ · ∇kf∗(χ∗τ)(γ · p) = ∇kf∗(γ · χ∗τ)(p)

= ∇kf∗γ (χ∗τ)(p)

= Ek(fγ(p),∇fγ(p), . . . ,∇k+1fγ(p))

= Ek(γ · f(p), γ · ∇f(p), . . . , γ · ∇k+1f(p))

As the maps Ek are affine in the (higher) covariant derivatives of f , we see that:

γk|∇kf∗(χ∗τ)| . |f(p)|+ γ|∇f(p)|+ · · ·+ γk+1|∇k+1f(p)|. (3.15)

Let us now estimate the norms of f and its derivatives. We have:

f(p, s) = (Θi
Ā − ι)(p, s) =(1− φ)(2t−νi − 1)(Θi

AC(p, s)− ι(p, s))
+φ(2t−νi − 1)(ΘCS(p, s)− ι(p, s)). (3.16)

We would like bounds on f that are invariant when changing Ā. Dealing with changes
that keep the scales fixed is not a problem, as elements of a given scale form a compact
space. Thus we are only worried about changes of scale. We hence apply the AC-
condition to the t−1

i Ai, and rescale to obtain:

|∇kΘAC(p, s)− ι(p, s)| = O(t−λ+1
i sλ−k), (3.17)

where the constant is independent of the scale. We get from the CS condition that:

|∇kΘCS(p, s)− ι(p, s)| = O(sµ−k), (3.18)
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Taken together we obtain the bound:

|(Θt − ι)(p, s)| . t−λ+1
i sλ + sµ.

One can obtain bounds for the derivatives of Θt − ι in a similar manner. To be more
explicit, the covariant derivatives applied k times to (3.16) will hit both φ(2t−νi −1) and
ΘAC/CS − ι. If it hits φ a total of l times in a term, we obtain a bound of the form

O(t−lνi ∂lφ|∇k−l(ΘAC/CS − ι)|). An explicit calculation leads us to the general formula:

|∇k(ΘĀ − ι)(p, s)| = O

 ∑
j+l=k

(t−λ+1
i sλ−j + sµ−j)t−lνi ∂lφ

 .

Thus we can plug this into our estimate (3.15) to obtain the bound:

|∇k(ΘĀ − ι)∗χ∗τ | = O

 ∑
j+l=k

(t−λ+1
i ρλ−j−1 + ρµ−j−1)t−lνi ∂lφ

 .

From this we obtain the claimed bounds by noting that either r0ti 6 ρ 6 1
4 t
ν
i , where

∂φ = 0, or ρ > 1
4 t
ν
i , so that ρ = O(tνi ).

Proposition 3.6 (Initial Error estimate). For a sufficiently small global scale t > 0
and for s ∈ S sufficiently close to our initial Spin(7)-structure, p > 4, δ > 1, ν = λ−1

λ−µ ,
k ∈ N, we have:

‖FĀ(0, s)‖Lp
k,δ−1,Ā

< CF (t−δν(tνµ + t(ν−1)λ+1) + d(s, s0)) (3.19)

< CF (tν(µ−δ) + d(s, s0))

Here CF > 0 is a constant that only depends on the geometry of (M,Φs) and not on Ā.

Proof. Let 0 6 j 6 k. Subdivide NAi
m = NAi

m,1 ∪N
Ai
m,2, where NAi

m,1 is the region where

ρ 6 1
4 t
ν
i and NAi

m,2 the rest. We then have that:∫
NĀ
|ρ−δ+1+j∇jFĀ|pρ−4 dvol =

∫
NĀ
|ρ−δ+1+j∇jτ |NĀ |

pρ−4 dvol

.
l∑
i=0

∫
N
Ai
l

(ρ−δ+1+j |χ∗i τ |NAi |)pρ−4 dvol +

l∑
i=0

∫
N
Ai
m

(ρ−δ+1+j |∇kτ |
N
Ai
m
|)pρ−4 dvol

+ vol(N Ā
u )dp(s, s0)

.
l∑
i=0

∫
N
Ai
l

(ρ−δ+1+jt−j+1
i )pρ−4 dvol +

l∑
i=0

∫
N
Ai
m,1

(ρ−δ+1+j(ρµ−j−1 + t−λ+1
i ρλ−j−1))pρ−4 dvol

+

l∑
i=0

∫
N
Ai
m,2

(t−δν+jν+ν
i t−jνi (t

ν(µ−1)
i + t

(ν−1)(λ−1)
i ))pρ−4 dvol +dp(s, s0)

.
l∑
i=0

t
p(2−δ)
i

∫
N
Ai
l

ρ−4 dvol +

l∑
i=0

∫
N
Ai
m,1

ρ−pδ(ρµ + ρ(1− 1
ν )λ+ 1

ν )pρ−4 dvol

+

l∑
i=0

t−pνδi (tνµi + t
(ν−1)λ+1
i )p

∫
N
Ai
m,2

ρ−4 dvol +dp(s, s0)
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.
l∑
i=0

(t
p(2−δ)
i + t−pνδi (tνµi + t

(ν−1)λ+1
i )p) +

l∑
i=0

∫
N
Ai
m,1

ρp(µ−δ)ρ−4 dvol +dp(s, s0)

.
l∑
i=0

(t−pνδi (tνµi + t
(ν−1)λ+1
i )p + t−pνδi tpνµi ) + dp(s, s0)

.
l∑
i=0

t−pνδi (tνµi + t
(ν−1)λ+1
i )p + dp(s, s0).

Here we used all the various bounds from Proposition 3.5 as well as the fact that we
chose. Moreover we used that and that ρ can be uniformly bound from above by 2tνi on
both NAi

l and NAi
m . Furthermore we can also bound ρ from below by 1

4 t
ν
i on NAi

m,2, and

by r0ti on NAi
m,1 and NAi

l . The integral:∫
N
Ai
l

ρ−4 dvol .
∫ r0

ε

s−4s3ds 6 C

is bounded independently of ti, as is:∫
N
Ai
m,2

ρ−4 dvol .
∫ 2tνi

1
4 t
ν
i

s−1ds = log(2tνi )− log

(
1

4
tνi

)
6 C.

Finally, we compute that∫
N
Ai
m,1

ρp(µ−δ)ρ−4 dvol .
∫ 1

4 t
ν
i

r0ti

sp(µ−δ)−1ds . tpν(µ−δ)
i − tp(µ−δ)i . tpν(µ−δ)

i .

The bound now follows as the exponent of the ti is positive, and thus the biggest one
dominates, which is the global scale t. For the second line in 3.19 we use our choice of
ν = λ−1

λ−µ , which is chosen exactly so that νµ = (ν − 1)λ+ 1.

Estimates for DĀ

Recall that in our construction of N Ā, we have assumed identical cones (as subsets of
R8) for the pieces Ai and N , given the choice of a Spin(7)-coordinate system. Here the
interpolation happened between the radii 1

2 t
ν and tν , where 0 < ν < 1 is a constant. In

order to derive estimates similar to the bounds in Propositions 2.13 and 2.9 for DĀ, we
use a partition of unity to combine the results for the parts. For this we need further
constants 0 < ν′′ < ν′ < ν < 1. Let φ̃ : R → [0, 1] be a smooth cut-off function, such
that:

φ̃|(−∞,ν′′] = 0, φ̃|[ν′,+∞) = 1.

Using φ̃ we define a partition of unity on N Ā as follows. Let t > 0 be the global scale
of N Ā and suppose that for ti is the local scale of Ai. We then define:

α(p) =


φ̃
(

log(ρ(p))
log(ti))

)
, if p ∈ ΨĀ

i (Li × (r0ti, R0))

0, if p ∈ N Ā
u ,

1, if p ∈ N Ā
l ,

(3.20)

Then α(p) = 0 on ΨĀ
i (Li × (r0ti, R0)) if ρ(p) > tν

′′

i and α(p) = 1 if ρ(p) 6 tν
′

i . Thus

α|NΨĀi (Li×(r0ti,R0)) is supported in NAi
AC = Ψi

Ā
(Li × (r0ti, t

ν′′

i )) and 1 − α is supported

in N Ā
CS = ΨĀ

i (Li × (tν
′

i , R0)). In particular the gluing region N Ā
m is entirely contained
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Figure 2: Decomposition of the glued cone

in N Ā
AC. We would now like to relate the operator DĀ|NAiAC

to DAC on a perturbation of

Ai and the operator DĀ|NĀCS
to DCS on N . To do this we define a pseudo-kernel κĀ ⊂

C∞(νε(N
Ā)) for the glued operator, the analogue of κCS and κAC from Propositions

2.12 and 2.8 respectively. We will be working with a rate 1 < δ < µ(λ−2)+1
λ−µ such that

(1, δ] ∩ DLi = ∅ for all the links of N . The space κĀ will be defined as a direct sum
of contributions from both pieces. First, the treatment of the conically singular piece
is immediate. The elements of κCS all have support in a compact subset of N . Thus
for t sufficiently small, we can consider them as section of N Ā

CS directly, since the N Ā
CS

exhaust N as the global scale goes to 0. In particular, we can then also consider them
as sections over N Ā by extending by 0 over N Ā \N Ā

CS. Even more, for small enough t,

the elements of κCS, seen as sections on N Ā, vanish on N Ā
AC. Similarly the operators

DCS and DĀ|NĀCS
can be identified and the bounds for DCS carry over.

Next, the interpretation of κAC is more delicate, as the gluing region is a perturbation
of Ai. We first find an identification between NAi

AC and an open subset of Ai as follows.
For technical purposes we fix a further rate 0 < ν̃ < ν′′. Then there is a diffeomorphism
between an open subset Ãi ⊂ Ai and χ(KAi) tΘi

Ā
(Li × (r0ti, t

ν̃
i )), given by sending:

p ∈ KA 7−→ χ(p),

ΨAC (p, s) 7−→ Θi
Ā(p, s).

Let us call this map Ψi
Ā

: Ãi → N Ā
AC, which as usual factors as Ψi

Ā
= χ ◦ Θi

Ā
. As the

operator DAC not only takes into account the metric structure of A, but also the ambient
Spin(7)-structure we now thicken the map Θi

Ā
. Let U i

Ā
be a tubular neighbourhood of

Ãi in R8, so that every q ∈ U i
Ā

can be written uniquely as q = p+ v, where p ∈ Ãi and

v ∈ (νε,Φ0(Ãi))p. We now define:

Θ̃i
Ā : U iĀ −→ R8

(p, v) 7−→ Θi
Ā(p) + v

18



Then clearly Θ̃i
Ā
|Ãi = Θi

Ā
. We will now transport the Cayley form in a vicinity of N Ā

AC

over to A. Consider first χ∗Φ, which is a four-form on Br0(0) ⊂ R8. Via pullback, we
obtain a form, which we define pointwise as:

(Φ̃iĀ)p = t−4
i Θ̃i

Āχ
∗Φ(tip) ∈ Ω4(U tA).

We introduced the factor t−4
i to counteract the rescaling by ti. With this normalisation

we have Φ̃i
Ā
→ Φ0 uniformly on U tA as t → 0. This follows from Taylor’s theorem

and the fact that U tA ⊂ B2r0tν̃−1(0), since it gives χ∗Φ(tip) − Φ0 = O(ti|p|) as we have

χ∗Φ(0) = Φ0. We now extend Φ̃i
Ā

to a form Φi
Ā

defined on all of R8. For this recall

the smooth cut off function φ : R → [0, 1] which we used in the construction of N Ā. It
vanishes for negative values and is equal to 1 for values > 1, as in (3.1). The space of
Cayley forms on R8 is a smooth submanifold C ⊂ Λ4R8 of dimension 43. Choose local
coordinates c : B1(0) ⊂ R43 → C such that c(0) = Φ0. As we have uniform convergence
Φ̃t → Φ0 on U tA, we will eventually have Φ̃t ∈ im c for t sufficiently small. We then
interpolate between Φ̃t and Φ0 between the radii 1

2 t
ν̃−1 and tν̃−1 as follows:

ΦiĀ(ΘAC,t−1
i Ai

(r, p) + v) = c(c−1(Φ̃iĀ(Θi
AC(r, p) + v))φ(2rt−1+ν̃

i − 1)). (3.21)

We now have a family of forms Φi
Ā

on UA. If we choose the global scale sufficiently

small, we can extend these forms to all of R8. For sufficiently small t, we have that A is
almost Cayley. These forms Φi

Ā
form a continuous family with respect to the parameter

Ā, and as t −→ 0, we get uniform convergence Φi
Ā
−→ Φ0. In fact, we even have

C∞η -convergence.

Lemma 3.7. The family (R8,Φi
Ā

)
Ā∈Mλ

AC(Ai)
is a continuous family of C∞η perturbations

of the standard Spin(7) form Φ0. The rate η < 1 only depends on the constant 0 < ν̃ < 1
chosen for the gluing, and η → −∞ as ν̃ → 1 . For η < λ , we have that A is an ACλ-
submanifold for the Spin(7)-structure Φi

Ā
.

Proof. Note that the family Φi
Ā

is flat at large radii, but the cut off radius Ctν̃−1
i depends

on Ā. Thus the deformations at non-zero global scale are compactly supported near a
fixed Ā0, and in particular also in C∞η for any η 6 1. In particular, for any η < λ the

submanifold A ⊂ R8 will be ACλ for Φi
Ā

because it is for Φ0. From Equation (3.21) and
|Φp − Φzi | = O(ρ) on M we see that:

|(ΦiĀ − Φ0)r−η+1| 6 Ctν̃i (tν̃−1
i )−η+1 = Ct

η(1−ν̃)+2ν̃−1
i .

Thus we have C0
η convergence as t → 0 when η > 2ν̃−1

ν̃−1 . Similar reasoning for higher
derivatives shows that:

|∇kΦiĀr
−η+k+1| 6 Ct(−η+1)(ν̃−1)+k

i .

Thus C∞η convergence follows immediately whenever we have C0
η convergence.

Let us return to the question of defining the analogue of κAC for NAi
AC. After com-

posing Θ̃Ā
i with χ we have an identification Ψt

A of open neighbourhoods of A and N Ā
AC.

We can hence pull back the elements of κAC to sections of TM |NĀAC
for t sufficiently

small. Note that we cannot in general require that they are normal sections. To remedy
this we will first project κAC onto νΦi

Ā
(A), i.e. the normal bundle of A with respect to

the Cayley form Φi
Ā

. Note that νΦi
Ā

(A) is exactly identified with ν(N Ā
AC) under Ψt

A.

Thus we define the space of sections κAC,Ā as κAC projected onto νΦi
Ā

(A) and then
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transported to ν(N Ā
AC). For t sufficiently small the elements of κAC,Ā can be extended

to sections on all of N Ā, and after further reducing t the sections in κCS and κAC,Ā will
have disjoint support. In this case we define:

κĀ = κCS ⊕ κAC,Ā. (3.22)

This is a family of pseudo-kernels for the family of operators DĀ. Note that κCS contains
all the contributions which have rate > δ, and κAC,Ā all the ones which nave rate 6 δ.
As δ is by assumption not critical, this accounts for every possible deformation exactly
once. Note also that while the non-linear deformation operator of an AC Cayley does not
have geometrical meaning when the rate λ > 1, the linearised operator can be defined
for any rate.

We now show the analogue of Propositions 2.9 and 2.13 for the glued manifold N Ā.
For this we need to introduce an inner product that interpolates between L2

δ−ε on the

AC region and L2
δ+ε on the CS region. So we define for u, v ∈ C∞(ν(N Ā):

〈u, v〉δ±ε =

∫
NĀ
〈u, v〉 ρw−4 dvol . (3.23)

Here w(p) = δ− ε whenever ρ(p) 6 1
2 t
ν
i and w(p) = δ+ ε whenever ρ(p) > tνi . It is clear

that the following is true:

Proposition 3.8. For t sufficiently small there is a constant CAC, independent of Ā
such that for v ∈ Lp

k+1,δ,Ā
(ν(N Ā)) with supp(v) ⊂ N Ā

AC which is L2
δ±ε-orthogonal to

κAC,Ā we have:
‖v‖Lp

k+1,δ,Ā
6 CAC‖DĀv‖Lp

k,δ−1,Ā
. (3.24)

We now turn back to our task of combining the bounds on DA and DN to get
bounds on the inverse of DĀ modulo the pseudo-kernel. Recall the cut off function
α : N Ā → [0, 1] we defined in (3.20). It has the following decay properties:

Lemma 3.9. Let l > 1 be given. Then:

‖∇lα‖C0 ∈ O
(
ρ−l log(ti)

−1
)
. (3.25)

Proof. As the cutoff function φ̃ is smooth and only varies on a compact set, each of its
derivatives up to a given order l remain bounded on all of R. Similarly, it is clear that
all derivatives up to order l of ρ are bounded on N Ā

CS, independent of the scale, since ρ
agrees with a radius function on the conically singular N on this part. Finally, through
an argument similar to the one in Proposition 3.8 the same holds true on NAi

AC, except
close to the radius r0ti, where the smoothing happens. We will see however that this
is not an issue. In geodesic normal coordinates {xi}i=1,...,4 around p ∈ N Ā we have for

v ∈ TpN Ā:

(Lvα)(p) = Lvφ̃
(

log ρ(p)

log ti

)
=

d

ds

∣∣∣∣
s=0

φ̃

(
log ρ(expp(sv))

log ti

)
=

1

ρ log ti
· φ̃′ · (Lvρ)(p).

From this we see that Lvα is bounded by C
ρ log ti

, where C is independent of p and ti.
This is because whenever the derivative of ρ might become unbounded, the derivative
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of φ̃ vanishes. Similarly we obtain for v, w ∈ TpN Ā:

∇2α = ∇
(

dxi ⊗ L∂i φ̃
(

log ρ

log ti

))
= (dxi ⊗ dxj)L∂j

(
1

ρ log ti
· φ̃′ · (L∂iρ)

)
= (dxi ⊗ dxj)

φ̃′′ρ log(ti)− φ̃′L∂j log ti

(ρ log ti)2

d2

dsdr
ρ(expp(s∂i + r∂j))

= (dxi ⊗ dxj)
1

ρ2 log(ti)
C(φ̃′′, φ̃′, ∂i∂jρ, ∂iρ).

This proves the statement for l = 2. The general statement follows in a similar way.

Lemma 3.10. Let B be a bundle of tensors over N Ā. Then there is a constant C0

which is independent of t, such that for sufficiently small t and a section u ∈ Lp
k,δ,Ā

(B)

the following holds:
‖αu‖Lp

k,δ,Ā
6 C0‖u‖Lp

k,δ,Ā
. (3.26)

Proof. We have:

2−k‖αu‖p
Lp
k,δ,Ā

= 2−k
k∑
i=0

∫
NĀ
|ρi−δ∇i(αu)|pρ−4 dvol

6
∑

06j6i6k

∫
NĀ

ρp(i−δ)|∇jα|p|∇i−ju|pρ−4 dvol

= αp‖u‖p
Lp
k,δ,Ā

+
∑

06j6i6k−1

∫
NĀ

ρp(1+i−δ)|∇j+1α|p|∇i−ju|pρ−4 dvol

6 ‖u‖p
Lp
k,δ,Ā

+
∑

06j6i6k−1

∫
NĀ
|ρj+1∇j+1α|p|ρi−j−δ∇i−ju|pρ−4 dvol

6 ‖u‖p
Lp
k,δ,Ā

+ C

(
k−1∑
i=0

∫
NĀ
|ρi−δ∇iu|pρ−4 dvol

)k−1∑
j=0

‖∇j+1α · ρj+1‖pC0


6 ‖u‖p

Lp
k,δ,Ā

+
C

| log t|p

(
k−1∑
i=0

∫
NĀ
|ρi−δ∇iu|pρ−4 dvol

)

6

(
1 +

C

| log t|p

)
‖u‖p

Lp
k,δ,Ā

.

Here we used the asymptotic behaviour of ∇lα from Proposition (3.9) in the second
to last line.

Lemma 3.11. Let B be a bundle of tensors over N Ā. Let � : T ∗N Ā ⊗ B → B be a
family of bilinear pairings which have bounded norms as Ā varies, seen as sections of
T ∗N Ā⊗B⊗B∗. Then there is a constant C1 > 0, independent of Ā, such that for small
enough t and for any section u ∈ Lp

k,δ,Ā
(B) we have:

‖∇α � u‖Lp
k,δ−1,Ā

6
C1

| log t|
‖u‖Lp

k,δ,Ā
. (3.27)

Proof. Using Proposition 3.9 the statement reduces to proving the following:

‖∇α � u‖Lp
k,δ−1,Ā

6 C

(
k−1∑
i=0

‖∇i+1αρi+1‖pC0

)1/p

‖u‖Lp
k,δ,Ā
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This in turn is proven similarly to the previous proposition.

‖∇α � u‖p
Lpk,δ+1,t

=

k∑
i=0

∫
NĀ
|ρi−δ+1∇i (∇α � u) |pρ−4 dvol

6 C
∑

06j6i6k

∫
NĀ
|ρj−δ∇ju|p|ρi−j+1∇i−j+1α|pρ−4 dvol

6 C

(
k−1∑
i=0

‖∇i+1αρi+1‖pC0

)
‖u‖p

Lp
k,δ,Ā

.

In the second line we used the bound on the norm of the �-product.

Proposition 3.12. There is a constant CD, independent of Ā, such that for any u ∈
Lp
k+1,δ,Ā

(ν(N Ā)) which is L2
δ±ε-orthogonal to κĀ we have:

‖v‖Lp
k+1,δ,Ā

6 CD‖DĀv‖Lp
k,δ−1,Ā

(3.28)

Proof. Write u ∈ Lp
k+1,δ,Ā

(ν(N Ā)) as:

u = αu+ (1− α)u.

Then clearly ‖u‖Lp
k+1,δ,Ā

6 ‖αu‖Lp
k+1,δ,Ā

+ ‖(1− α)u‖Lp
k+1,δ,Ā

. Let us consider the term

‖αu‖Lp
k+1,δ,Ā

first. Note that αu is supported in N Ā
AC, and that on the support of

κAC,Ā, the cut off function α is in fact equal to 1. Thus αu is orthogonal to κĀ by our
orthogonality assumption on u. Using Proposition 3.8 we see that:

‖αu‖Lp
k+1,δ,Ā

6 C̃A‖DĀ(αu)‖Lp
k,δ−1,Ā

Now as DĀ is a first-order operator whose coefficients depend pointwise on the Spin(7)-
structure (cf. [Eng23, Prop 3.4]), we see that DĀ(αu) = αDĀu+ (∇α) � u, where � is a
family of bilinear products � : T ∗N Ā ⊗ E → E which is uniformly bounded in t. Thus
we may apply Lemma 3.11 to see that in fact:

‖DĀ(αu)‖Lp
k,δ−1,Ā

6 C̃A‖αDĀu‖Lp
k,δ−1,Ā

+
C1C̃A
log(t)

‖u‖Lp
k+1,δ,Ā

.

In other words we have, if we also apply Lemma 3.10:(
1− C1C̃A

log(t)

)
‖αu‖Lp

k+1,δ,Ā
6 C̃A‖αDĀu‖Lp

k,δ−1,Ā

6 C̃AC0‖DĀu‖Lp
k,δ−1,Ā

.

In particular, for t sufficiently small, we get that:

‖αu‖Lp
k+1,δ,Ā

6
CD
2
‖DĀu‖Lp

k,δ−1,Ā
. (3.29)

We now note that the auxiliary Lemmas 3.10 and 3.11 can equally well be proven for
1 − α. Furthermore, the analogue for N Ā

CS of Proposition 3.8 is true. To see this note

that the Lp
r,σ,Ā

norms on N Ā agree with the Lpr,σ norm for sections supported in N Ā
CS.

Furthermore, since N Ā
CS is already Cayley, DĀ|NĀCS

= DCS|NĀCS
, and so the result follows

from Proposition (2.13). We can therefore prove:

‖(1− α)u‖Lp
k+1,δ,Ā

6
CD
2
‖DĀu‖Lp

k,δ−1,Ā
. (3.30)
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Equations (3.29) and (3.30) taken together now give us:

‖u‖Lp
k+1,δ,Ā

6 ‖αu‖Lp
k+1,δ,Ā

+ ‖(1− α)u‖Lp
k+1,δ,Ā

6 CD‖DĀu‖Lp
k,δ−1,Ā

.

Quadratic estimates

We conclude this section on estimates by proving the quadratic estimates, which are
consequences of the estimates in the compact and conically singular setting.

Proposition 3.13. Let δ > 1, p > 4 and k > 1. There are constants EQ > 0 and
CQ > 0, independent of Ā and the Spin(7)-structure, such that for sufficiently small
global scale t > 0, s ∈ S sufficiently close to our initial Spin(7)-structure s0 and v, w ∈
Lp
k+1,δ,Ā

with ‖v‖Lp
k+1,δ,Ā

, ‖w‖Lp
k+1,δ,Ā

< EQ we have:

‖QĀ(v, s)−QĀ(w, s)‖Lp
k,δ−1,Ā

6 CQ‖v − w‖Lp
k+1,δ,Ā

(‖v‖Lpk+1,δ,t
+ ‖w‖Lp

k+1,δ,Ā
). (3.31)

Proof. Let u, v ∈ Lp
k+1,δ,Ā

(νε(N)) be given. By the Sobolev embedding Theorem 2.2 for

weighted spaces we see that there are embeddings Lp
k+1,δ,Ā

↪→ Ck
δ,Ā

. Here the Sobolev

constants are bounded independent from Ā as it is invariant under rescaling of the AC
pieces. Thus we have that u and v are C1 and that their C1

δ,Ā
-norms are bounded by

C · EQ. In particular we thus have that |v|, |∇v| < C · EQ independently of Ā. Hence
we can invoke [Eng23, Lemma 4.3] to obtain a pointwise bound of the form:

|QĀ(v, s)−QĀ(w, s)|Ck+1 6C(1 + |TN Ā|Ck+1)

(
|v − w|Ck+1(|v|Ck + |w|Ck)

+|v − w|Ck(|v|Ck+1 + |w|Ck+1)

)
. (3.32)

In a similar fashion to how we prove the initial error estimates on FĀ, we can also show
that we have:

|TN Ā|Ck+1

1,Ā

6 tαδ ,

where α > 0 is a positive constant, independent of Ā. Thus the same reasoning as in the
conically singular case [Eng23, Prop 4.30] gives us the desired bound, with the constant
being independent of Ā.

We now show that if all the pieces involved in the gluing are unobstructed, then the
same is true for the glued manifolds.

Proposition 3.14. Let 4 < p < ∞ and k > 1. Assume that both the Ai and N are
unobstructed as Cayley manifolds at rate λ and µ̄ respectively. Assume that [λ, 1)∩Di =
∅, (1, µi] ∩ Di = ∅ and that all the cones which are glued in are unobstructed. Let
1 < δ < µi be fixed. We then have that for sufficiently small t the linearised deformation
operator DĀ is surjective. In particular, for any w ∈ Lpk,δ−1(Ecay) there is a unique

v ∈ κ⊥
Ā

such that DĀv = w.
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Proof. We have that the operators DAC and DCS are surjective as maps from Lpk+1,δ →
Lpk,δ−1, as increasing/decreasing the rate in the AC/CS case cannot introduce a cokernel
by Theorem 2.3. In particular they admit bounded right-inverses PAC and PCS respec-
tively, which map Lpk,δ−1 into Lpk+1,δ. We would first like to show that DĀ is surjective
for sufficiently small values of t.
Claim: If there is a bounded linear map PĀ : Lpk,δ−1 → Lpk+1,δ such that the operator
norm of id−DĀPĀ satisfies ‖ id−DĀPĀ‖ < 1, then DĀ is surjective.
Proof: By the continuous functional calculus in Banach spaces, the operator DĀPĀ =
id−(id−DĀPĀ) has the bounded inverse

∑∞
i=0(id−DĀPĀ)i, as this sum converges by

the assumption on the operator norm of id−DĀPĀ. Thus in particular DĀ is surjective.
�

We now construct such a PĀ by joining together PAC and PCS, seen as operators
on N Ā

AC and N Ā
CS respectively. Note that PCS takes sections on N to sections on N .

Thus in particular, if s ∈ Lp
k,δ−1,Ā

(Ecay) is a section on all of N Ā, then (1−α)PCS((1−
α)s) defines a well-defined section which is supported on N Ā

CS. Similarly, we have an

identification of sections on N Ā
AC with sections on Ai via the map Ψi

Ā
. This allows us to

define the operator αPAC,Ā on N Ā, which takes section supported in NAi
AC to sections

on Ai, applies PAi , and transports them back to section on N Ā
AC. It has the noticeable

property that DĀPAC,Ā = id. We thus define:

PĀ(s) = (1− α)PCS((1− α)s) + αPAC,Ā(αs). (3.33)

When precomposed with DĀ, we obtain:

DĀPĀ(s)− s = (2α(1− α))s+∇(1− α) �1 PCS((1− α)s) +∇α �2 PAC,Ā(αs), (3.34)

where �1, �2 are two bilinear products. Notice that 2α(1−α) 6 1
2 (α+ 1−α)2 = 1

2 , thus
in order to to prove the proposition we need to find 0 < K < 1

2 such that:

‖∇(1− α) �1 PCS((1− α)s)‖Lpk,δ−1,t
6
K

2
‖s‖Lp

k,δ−1,Ā
, and

‖∇α �2 PAC,Ā(αs)‖Lpk,δ−1,t
6
K

2
‖s‖Lp

k,δ−1,Ā
.

Let us consider the second inequality for concreteness. Proposition 3.11 and the
uniform boundedness of PAC,Ā allow us to write:

‖∇α �2 PAC,Ā(αs)‖Lp
k,δ−1,Ā

6
C

log(t)
‖PAC,Ā(αs)‖Lp

k+1,δ,Ā

6
C

log(t)
‖PAC,Ā(αs)‖Lp

k+1,δ,Ā

6
CC̃A
log(t)

‖αs‖Lp
k,δ−1,Ā

6
C1C̃A
log(t)

‖s‖Lp
k,δ−1,Ā

.

In the last line we applied Proposition 3.10. Now note that for t sufficiently small we

can arrange that C1C̃A
log(t) <

1
4 . The same reasoning applies to PCS, which concludes the

proof.

All the cones that appear in the gluing construction are unobstructed by assump-
tion, thus the indices of the deformation operator of the pieces add up to the index
of DĀ, as we have seen in [Eng23, Remark 4.35]. From this and the preservation of
unobstructedness for the glued manifold by the previous lemma, we can conclude that
κĀ ' kerDĀ.
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3.3 Finding a nearby Cayley

We are now in good shape to prove the main theorem 1.1.

Theorem 3.15 (Main theorem). Let (M,Φ) be an almost Spin(7) manifold and N a
CSµ̄-Cayley in (M,Φ) with singular points {zi}i=0,...,l and rates 1 < µi < 2, modelled on
the cones Ci = R+×Li ⊂ R8 . Assume that N is unobstructed in Mµ̄

CS(N, {Φ}). For a
fixed k 6 l, assume for each i 6 k that the Li are unobstructed as associatives (i.e. that
the Ci are unobstructed cones), and that DLi ∩ (1, µi] = ∅. For 1 6 i 6 k, suppose that
Ai is an unobstructed ACλ-Cayley with λ < 1, such that DLi ∩ [λ, 1) = ∅. Let {Φs}s∈S
be a smooth family of deformations of Φ = Φs0 . Then there are open neighbourhoods Ui

of Ci ∈M
λ

AC(Ai), an open neighbourhood s0 ∈ U ⊂ S and a continuous map:

Γ : U ×Mµ̄
CS,link(N, {Φ})×

k∏
i=1

Ui −→
⋃

I⊂{1,...,k}

Mµ̄I
CS(NI ,S). (3.35)

Here we denote by µ̄I the subsequence, where we removed the i-th element for i ∈ I from
µ̄. Moreover, NI denotes the isotopy class of the manifold obtained after desingularising
the points zi for i ∈ I by a connected sum with Ai.

This map is a local diffeomorphism of stratified manifolds. Thus away from the cones

in Mλ

AC(Ai) it is a local diffeomorphism onto the non-singular Cayley submanifolds. It
maps the point (s, Ñ , Ã1, . . . , Ãk) into Mµ̄I

CS(NI ,S), where I is the collection of indices

for which Ãi = Ci. This corresponds to partial desingularisation.

Proof. Let k > 1 and p > 4 be fixed. We first find a solution to the equation FĀ(v) = 0
for a fixed Spin(7)-structure via an iteration scheme. For this, fix an σ > 0 such that

σ <
CQ
2 . We will construct sections vĀi ∈ L

p

k+1,δ,Ā
with i ∈ N which satisfy:

DĀv
Ā
i+1 = −FĀ(0)−QĀ(vĀi ),

vĀi ⊥L
2
δ±ε κĀ and ‖vĀi ‖Lp

k+1,δ,Ā
< σ. (3.36)

For this, define first vĀ0 = 0 for any Ā with sufficiently small t and δ > 1. Then Proposi-
tion 3.14 allows us to find a unique pre-image vĀi of −FĀ(0)−QĀ(vĀ0 ) = −FĀ(0). From
our estimate on the inverse of DĀ on sections which are orthogonal to the approximate
kernel κĀ from Proposition 3.12 we see that:

‖vĀ1 ‖Lp
k+1,δ,Ā

6 CD‖DĀv
Ā
1 ‖Lp

k,δ−1,Ā

6 CD‖FĀ(0)‖Lp
k,δ−1,Ā

6 CDCF t
ν(µ−δ).

Here we used Proposition 3.19 on our initial error estimate in the last line. We see that
for sufficiently small 1 < δ < µ the initial error will become arbitrarily small. Thus for
t0 > 0 sufficiently small we have:

‖vĀ1 ‖Lp
k+1,δ+1,Ā

6 CDCF t
ν(µ−δ) <

σ

4
,

for all t ∈ (0, t0]. Suppose now that we have constructed vĀi for some i ∈ N, such that

‖vĀ1 ‖Lp
k+1,δ,Ā

< σ. We then find the pre-image vĀi+1 of −FĀ(0) − QĀ(vĀi ) and use our
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estimate on QĀ from Proposition 3.31 to show the following:

‖vĀi+1‖Lp
k+1,δ,Ā

6 CD‖DĀv
Ā
i ‖Lp

k,δ−1,Ā

6 CD(‖FĀ(0)‖Lp
k,δ−1,Ā

+ ‖QĀ(vĀi )‖Lp
k,δ−1,Ā

)

6 CDCF t
ν(µ−δ) + CQ‖vĀi ‖2Lp

k+1,δ+1,Ā

6
σ

4
+ CQσ

2 < σ.

We can now iterate this procedure to obtain a sequence {vĀi }i∈N for every t ∈ (0, t0]

which satisfies our requirements (3.36). Note that we are free to choose 0 < σ <
CQ
2 .

This family of sequences converges uniformly in Ā,as we have the bounds:

‖vĀi+1 − vĀi ‖Lp
k+1,δ,Ā

6 CD‖QĀ(vĀi )−QĀ(vĀi−i)‖Lp
k,δ−1,Ā

6 CDCQ(‖vĀi ‖Lp
k+1,δ,Ā

+ ‖vĀi−1‖Lp
k+1,δ,Ā

)‖vĀi − vĀi−1‖Lp
k+1,δ,Ā

6 2CDCQσ‖vĀi − vĀi−1‖Lp
k+1,δ,Ā

.

If we choose σ small enough, we can ensure that:

‖vĀi+1 − vĀi ‖Lp
k+1,δ,Ā

< 1
2‖v

Ā
i − vĀi−1‖Lp

k+1,δ,Ā
.

Thus {vĀi }i∈N is a Cauchy sequence in Lp
k+1,δ,Ā

(ν(N Ā)) for each Ā simultaneously. We

can thus find limits vĀ∞ ∈ L
p

k+1,δ,Ā
(ν(N Ā)). Since both DĀ and QĀ are continuous maps

of Banach manifolds, we have:

DĀv
Ā
∞ = lim

i→∞
DĀv

Ā
i+1

= lim
i→∞

−FĀ(0)−QĀ(vĀi )

= −FĀ(0)−QĀ(vĀ∞).

Thus FĀ(vĀ∞) = 0. We then immediately get smoothness for vĀ∞ by Proposition 3.4.
By Proposition 2.1 we can conclude that Ñ Ā = expvĀ∞(N Ā) is a family of smooth
Cayley submanifolds, as the family clearly only varies in a compact subset of M . The
manifold Ñ Ā has the same topological type as N Ā and together the Ñ Ā form the desired
desingularisation.

Thus we can define a map Γ as above on the slice {Φ} ×Mµ̄
CS(N, {Φ}) ×

∏k
i=1 Ui.

We would now like to extend this map when the ambient Spin(7)-structure is allowed
to vary. For this, we first choose a trivialisation T : S ×Mµ̄

CS(N, {Φ}) ' ×Mµ̄
CS(N,S),

which can be done by unobstructedness of N , using Theorem 2.10. Now we can repeat
the above iteration scheme for Φ′, where we now glue Ā onto N ′ = T (Φ′, N). From
this we see that smoothly varying the Spin(7)-structure leads to a smooth change in the
resulting submanifold.

Note that ‖vĀ∞‖Lp
k+1,δ,Ā

6 2‖vĀ0 ‖Lp
k+1,δ+1,Ā

6 Ctν(µ−δ), and thus as the scale t tends

to 0, the resulting Cayley will converge in Lp
k+1,δ,Ā

(thus in Ckloc) to N Ā, which in turn

converges in the sense of currents to the conically singular N . As we also have Ckloc
convergence for any k > 1, we get C∞loc convergence as well. Moreover, there is nothing
special about reducing the global scale as opposed to reducing only a subset of the scales
to 0. In this case the same argument localised to the singular points in question gives
the C∞loc convergence to the partially desingularised N .
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Finally, this construction is smooth in the gluing pieces away from cones. Indeed,
varying the pieces gives rise to a smooth change of the p.d.e. FĀ(v) = 0, and all the
constants involved in the iteration scheme remain valid. Thus the result will also vary
smoothly.

We would like to point out that Theorem 1.1 is not the only possible gluing result
in this setting. What is needed in the construction are the following three ingredients.
Whenever these are true, we can prove a corresponding gluing result.

• The initial error ‖Ft(0)‖Lpk+1,δ,t
needs to go to zero as the global neck size t→ 0.

• The quadratic estimate (3.31) needs to hold for some constant CQ.

• The linearised operator needs to be invertible orthogonal to its kernel, and has to
have uniformly bounded norm.

The first two items above are true as long as our initial approximation gets better
in a C1 sense as t→ 0, and we know how to handle the local model of the noncompact
piece (in this case a cone). In particular we do not need unobstructedness of the AC
and CS pieces for these two items. We do however need it for the last item, where it
is crucial that the glued operator is surjective and has a well understood behaviour in
the Lpk,δ,t norms as t → 0. In the Theorem 1.1 we chose the rates of both pieces to be
near 1, and then included the slighty tricky rate 1 into the moduli space of CS Cayleys.
However, provided that Ai ∈ M−εAC and M1+ε

CS are unobstructed (where we now allow
the points to move in the CS moduli space), we can define a gluing map:

Γ̃ : U ×Mµ̄
CS(N, {Φ})×

k∏
i=1

Ui −→
⋃

I⊂{1,...,k}

Mµ̄I
CS(NI ,S). (3.37)

Here Ui ⊂ M
−ε
AC are now not including the translations. They are included in the CS

moduli space. Essentially we can define a gluing map whenever we have rates λ < 1 < µ
for which the pieces are unobstructed, and we can include the translations and rotations
manually on the conically singular side.

Note however that if we are missing some critical rates, in the sense that there is a
critical rate δ ∈ D which not accounted for on either the AC or the CS piece, then the
gluing map will not be surjective. So for instance, if we are given a cone with no critical
rates in the range (0, 1), we still have surjectivity of the map Γ̃.

3.4 Desingularisation of immersed Cayley submanifolds

Note that if two Cayley planes intersect positively, then they cannot be desingularised
by a minimal surface. This is due to the angle criterion, proved by Lawlor in [Law89]. In
the language of Lawlor, the conditions that the planes be Cayley and intersect positively
imply that the characteristic angles between the two planes satisfy Θ1 +Θ2 +Θ3 +Θ4 =
2π > π, and so they do not satisfy the angle criterion. As an immediate consequence of
Lemma [Eng23, Lemma 4.25] and Theorem 1.1 we obtain the following desingularisation
result, which is optimal by the preceding discussion.

Theorem 3.16 (Desingularisation of immersions). Let N be an unobstructed immersed
Cayley submanifold which admits a negative self-intersection at p ∈ N . Then there
is a family of Cayley submanifolds with one fewer singular point {Nt}t∈(0,ε) such that
Nt → N in the sense of currents and also in C∞loc away from the singularity as t→ 0.
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Example 3.17. Consider the Spin(7)-manifold (T 8,Φ0), which is obtained as a quotient
of (R8,Φ0) by the lattice of integer points. Consider any affine plane in R8 which
descends to a closed manifold in the quotient. Take for instance the special Lagrangian
plane R4 ⊂ C4. It admits a 16-dimensional space of Cayley deformations, however
a 12-dimensional subset of these is generated by rotations and thus not preserved in
the quotient (as the image will be of a different topological type). What remains are
the 4-dimensional family of translation, which descend to the obvious translations of a
T 4 × {0} ⊂ T 8. Notice however that its Cayley moduli space has dimension 1

2 (σ(T 4)−
χ(T 4)) = 0 by [Eng23, Example 4.12]. Thus this four-torus is obstructed as a Cayley
in the moduli space M(T 8,Φ). We can however modify the Spin(7)-structure near T 4

so that the submanifold becomes unobstructed in the new moduli space M(T 8,Φ). In
particular if we take the union of a finite number of such tori that each intersect each
other negatively, we can construct a Spin(7) structure in which we can desingularise the
union of tori using our gluing theorem 1.1 to obtain a connected sum of tori in a (T 8,Φ),
where Φ is a small perturbation of the usual flat structure Φ0.

Example 3.18. Consider the CY fourfold M = {z6
0 +z6

1 +z6
2 +z6

3 +z6
4 +z6

5 = 0} ⊂ CP 5.
In this manifold we can construct special Lagrangian and complex submanifolds which
intersect in a point. The complex surface is N = {z1 = iz2, z3 = iz4}. For the special
Lagrangian we choose the fixed-point locus of the following anti-holomorphic involution:

σ([z0, z1, z2, z3, z4, z5]) = [z̄0, z̄1, z̄2, z̄3, e
iπ3 z̄5].

We have that L = Fix(σ) is a special Lagrangian submanifold by [Joy07, Prop. 12.5.2].
They intersect negatively, however it turns out that the special Lagrangian is obstructed.
Thus as in the previous example, we can only say that there is a Cayley in a nearby
Spin(7)-structure. More generally, special Lagrangians tend to be obstructed, as we see
from Example 4.12 in [Eng23]. There we show that the obstruction space of a special
Lagrangian L in a CY fourfold M is given by:

O(L) ' H
0(L)⊕H

2,−(L).

In particular, if L is connected we then have dimO(L) = 1 + b2,−. Not at least one
obstruction seems to stem from possible choices of parameters in the Cayley form in the
torsion free setting:

Φφ = Re(eiφΩ) + 1
2ω ∧ ω.

Here any choice of φ ∈ R and any choice of ω in the Kähler cone of (M,ω) gives
rise to a valid Cayley form. However note that if L is special Lagrangian in M , i.e.
Re(Ω)|L = dvolL, then the moduli space M(L,Φφ) with φ 6= 0 is necessarily empty, for

by Stokes’ theorem whenever L̃ is homologous to L:∫
L̃

Φφ =

∫
L

Φφ =

∫
L

Re(eiφΩ) <

∫
L

Re(Ω) = vol(L),

And thus no calibrated submanifolds in the homology class of L can exist for Φφ, in
the torsion free setting. We can remove the obstructions associated to φ manually by
quotienting M by an antiholomorphic involution. The only Spin(7) structures that
descend to the quotient satisfy φ = 0. However we do not know of any way to remove
the obstruction coming from the choice of ω. We have yet to find any truly interesting
examples of a desingularisation of a union of a complex surface and a special Lagrangian.
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