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Abstract

This is the second in a series of three papers working towards constructing
fibrations of compact Spin(7) manifolds by Cayley submanifolds. In this paper we
show that a conically singular Cayley submanifold in an almost Spin(7)-manifold
can be desingularised by gluing in a rescaled asymptotically conical submanifold of
R® with the same asymptotic cone. We assume that both the conically singular and
the asymptotically conical Cayley submanifold are unobstructed in their respective
moduli spaces.
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1 Introduction

In the previous paper [Eng23|, we re-examined the deformation theory of compact Cayley
submanifolds and extended it to conically singular as well as asymptotically conical
Cayleys.

The next step is the study of the desingularisation of conically singular Cayleys.
Essentially this is asking the question of how a conically singular Cayley relates to nearby
compact Cayleys. If N is a conically singular submanifold of an ambient manifold M,
and A is asymptotically conical in R® with the same cone, then one can hope to glue in a
truncated version of A at the singular point of N to obtain a non-singular submanifold
of M. Formally, this new submanifold can be thought of as a connected sum along
their shared cone NfA. This will however not usually be a calibrated submanifold,
and thus another step is necessary. When A is sufficiently close to the cone, and thus



its non-conical regime is confined to a suitably small region, the glued manifold will
be Ck-close to being calibrated. We can then perturb N#A to a nearby calibrated
submanifold N. The analysis requires the deformation theory of both the asymptotically
conical and the conically singular case, which we will revisit in this paper. For special
Lagrangians in almost Calabi-Yau manifolds, the desingularisation has been described
by Joyce |JoyO4b]. Lotay investigated the case of coassociative submanifolds in G-
manifolds [Lot08]. The aim of this paper is to tackle the desingularisation of Cayleys in
almost Spin(7)-manifolds. To be precise, we will prove the following theorem, which also
takes into account the presence of multiple singular points and partial desingularisation.

Theorem 1.1 (Main theorem). Let (M,®) be an almost Spin(7) manifold and N a
CSp-Cayley in (M, ®) with singular points {z;}i=o,...; and rates 1 < p; < 2, modelled
on the cones C; = Ry x L; C R® . Assume that N is unobstructed in Mbg(N, {®}). For
a fized k < I, assume for each i < k that the L; are unobstructed as associatives (i.e. that
the C; are unobstructed cones), and that P, N (1, ;] = 0. For 1 <14 < k, suppose that
A; is an unobstructed ACy-Cayley with A < 1, such that 21, N[\, 1) =0. Let {Ps}ses
be a smooth family of deformations of ® = ®,,. Then there are open neighbourhoods U;

——A . .
of C; € My(A;), an open neighbourhood so € U C S and a continuous map:

T U X Mg ones(V, {2}) xHU — U MEL(NT,S). (1.1)
Ic{1,...,k}

Here we denote by iy the subsequence, where we removed the i-th element fori € I from
. Moreover, Ny denotes the isotopy class of the manifold obtained after desingularising
the points z; for i € I by a connected sum with A;.

This map is a local diffeomorphism of stratified manifolds. Thus away from the cones

n ﬂzc (A;) it is a local diffeomorphism onto the non-singular Cayley submanifolds. It
maps the point (s, N, Ay, ..., Ay) into MUEG(NT, S), where I is the collection of indices
for which A; = C;. This corresponds to partzal desingularisation.

We will follow a procedure similar to the ones in the two previously mentioned papers
[Joy04b| and [Lot0§|, with two major differences. First, coassociative submanifolds and
special Lagrangians tend to be unobstructed, and thus form smooth moduli spaces. This
is not necessarily the case for Cayley submanifolds. We therefore need to restrict our
results to unobstructed Cayleys, i.e. Cayleys which are have a surjective deformation
operator, and are consequently smooth points in their moduli space. Secondly, it is not
immediately clear what the generalisation of the deformation operator of a Cayley to
a non-Cayley should be. We therefore carefully revisit the construction of the usual
deformation operator and show how to extend it to 4-folds which are C'-close to being
Cayley, so called almost Cayleys.

The motivation behind this theorem is the construction of fibrations of compact
Spin(7)-manifolds by Cayleys, in analogy to the programme by Kovalev in the Gs-
case [Kov05|. A topological argument shows that a fibration of a compact G2 manifold
of full holonomy by compact coassociatives (the analogue of Cayleys in the G5 setting)
must necessarily include singular fibres, but there is hope that the singular fibres may
admit only conical singularities. We do not currently have a proof of such a result in
the Spin(7) case, however we expect a similar statement to hold. The desingularisation
theory of our Cayley fibres and results such as our main Theorem then allow us to
investigate the deformation theory of fibrations of this type and deduce properties such
as stability (in a suitable sense) under the deformation of the Spin(7)-structure.



Notation

We will denote by C' an unspecified constant, which may refer to different constants
within the same derivation. To indicate the dependence of this constant on other vari-
ables z,y,..., we will write it as C(z,y,...). Similarly, if an inequality holds up to
an unspecified constant, we will write A < B instead of A < CB. We denote by
TPM = (TM)®" @ (T*M)®" the bundle of (p, g)-tensors.
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2 Preliminaries

To begin, we recall the definitions from the theory of Spin(7)-manifolds and their Cayley
submanifolds which are relevant to our discussion, as well as the deformation theory of
compact and conically singular Cayley submanifolds.

2.1 Geometry of Spin(7)-manifolds

For a more in depth discussion of Spin(7) and Cayley geometry we refer to [HL82)
and [McL9§|. Recall that the group Spin(7) is the double cover of SO(7). It can
alternatively be defined as the stabilizer of the Cayley four form:

@y = dz1234 — dT1256 — dx1278 — dT1357 + AT 1368 — dT1458 — AT 1467

—dxa3ss — dwaser + dvossy — dwoses — drsase — dxzars + dwsers (2.1)

under the action of SO(8) on forms in A*R®. We say that a pair (M,®), where M
is an 8-dimensional manifold and ® € Q*(M), is a Spin(7)-manifold if at each point
p € M there is an isomorphism T, M =~ R® that takes ®, to ®9. The Cayley form ®
induces a Riemannian metric g on M. If d® = 0 we say that the Spin(7)-manifold is
torsion-free. We then have that the holonomy Hol(gg) C Spin(7). While determining
whether an 8-manifold is Spin(7) is purely topological in nature, finding a torsion-free
Spin(7) structure is hard, comparable to finding integrable complex structures on almost
complex manifolds.
Let N* C M be any immersed submanifold. The Cayley form ® then satisfies the
Cayley inequality:
D|y < dvoly . (2.2)

Here dvoly is the volume form induced by the metric gg. We say that a manifold
N is Cayley if ®|y = dvoly, and that it is a-Cayley for (o € (0,1)) if instead
®|y > advoly (see also section 3 of |[Eng23|). If we know that a submanifold is a-
Cayley for a close to 1, we can hope that there is a true Cayley submanifold C'-close
to it.

In (R®, @), the Cayley four planes form a 12 dimensional subset of the 16 dimensional
Grassmannian of oriented four planes. Thus the Cayley condition can be seen as four
independent equations. More precisely it can be described by the vanishing of a four-
form 7 € A*R® ® Eeay, ie. a plane 7 = span{e;, ez, e3,e4} is Cayley exactly when
T(e1,e2,e3,e4) = 0. Here the vector space Eg,y can be thought of as the normal space
of a Cayley as an element of the submanifold of Cayleys in Gry(4,8). From this form



we get a deformation operator associated to an almost Cayley submanifold N. For «
sufficiently close to 1 we define:

F:C>®(N,V) — C®(Ecay)

v —> T(*Nexpi(T|N,))- (23)

Here V' C v(N) is an open neighbourhood of the zero section in the normal bundle
of N. Moreover, exp, : N — M denotes the exponential of the vector field v €
v(N). We denote the image of this map by N,. The precise definition can be found
in [Eng23| Section 3.1]. Important for us is that this operator does indeed detect Cayley
submanifolds and is elliptic at its zeroes, as in the following Proposition:

Proposition 2.1 (Prop 3.3 and 3.5 in [Eng23|). Let (M,®) be a Spin(7) manifold
such that the Riemann tensor satisfies |R| < Cg. Let o < 1 be sufficiently close to 1.
Then there is a constant € > 0 such that the following holds for any a-Cayley N. If
v e C®(v(N)) is such that for allp € N:

lv(p)| <

min{|R(q)| : ¢ € B(p, |[v(p)])}

then N, is Cayley exactly when F(v) = 0. Furthermore for such v, the non-linear
operator F' is elliptic at v.

IVo(p)l <, (2.4)

2.2 Manifolds with ends

We now briefly recall the definitions of asymptotically conical and conically singular
manifolds. More details can be found in [Eng23, Section 2.3]. Recall that an asymp-
totically conical manifold of rate n < 1 (AC,) is a Riemannian manifold (M, g) such
that away from a compact subset K C M we can identify M \ K ~ (rg,00) x L and the
metric satisfies:

|V1(g - gcon)‘ = O(’I”nilii) as r — 00, (25)

where geon = dr? +r2h is a conical metric on (rg,00) x L. For a embedded submanifold
f: A<= (R" g), where g asymptotically conical of rate n < 1 and asymptotic to flat
R"™, we say that it is an asymptotically conical submanifold of rate n < A < 1 if:

IV (f(r,p) = o(r,p)] € O(r*7"), as T — oco. (2.6)

Here ¢ : C — R" is the embedding of the uniquely determined asymptotic cone of A.

Finally, we say that a continuously embedded topological space N C (M, ®) is coni-
cally singular with rates it = (u1,. .., 1), where 1 < p; < 2 (CSj) asymptotic to cones
C1,Cq,-+-,C; if it is a smoothly embedded manifold away from [ points {z1,..., 2},
and there are parametrisations ©; : (0, Rg) x L; = M of N near z; such that:

|Vi(@j(7“,p) —i(r,p)| € O(r*=%), asr — 0. (2.7)

Here ¢; is the embedding of the cone C; via a parametrisation x; of M that is compatible
with the Spin(7)-structure, i.e. Dx}®(z;) = ®o. In both the AC and CS case, if a
submanifold is Cayley, then it must be asymptotic to Cayley cones.

We now recall briefly the theory of Sobolev spaces as well as the Fredholm theory
on conical manifolds. First of all, let M be an n-dimensional manifolds with [ conical
ends and E a bundle of tensors on M. For a collection of weight § € R! and a section

s € C°(E) we define the Sobolev norm:

k »
pkS = (Z /M |Vi8p"“’+i|”p‘7ldu> ; (2.8)
=0

5]



Here w is a weight function that interpolates between the conical ends. On the j-th
conical end it is given by ;. We denote the completion of C°(E) under this norm
by Li 5 Note that the Banach space structure is independent of the choice of weight

function. If there is only one end, we denote the space by L} 5. The C’§ spaces are
defined as the completion with regards to the norm:

k
Islles = 37 [Wisp+i] (2.9)
1=0

There is a Sobolev embedding theorem:

Theorem 2.2 ( [Loc87, Thm 4.8]). Suppose that the following hold:
i) k— k>n (% — %) and either:

i) l<p<p<ooandd >3 (AC) ord <6 (CS)
iW)l<p<p<ooandd>d (AC) oréd <6 (CS)
Then there is a continuous embedding:

L 5(E) — L 5(E) (2.10)

We call a linear differential operator D that is asymptotically compatible with the
conical structure a conical operator. This means that the coefficients of D tend
towards the coefficients of a rescaling invariant operator on the asymptotic cone. For a
precise definition we refer to [Eng23, Section 2.3.3]. It is of rate v € R if D[C§°] C C§° .
Such operators define continuous operators between conical Banach spaces, and enjoy a
good Fredholm theory.

Theorem 2.3. Let D be a conical operator of order r > 0 and rate v € R. Let
l1<p<ooandk>0. Then it defines a continuous map:

D LY, 5(E)— L, (B).

If D 1is elliptic, then this map is Fredholm for 0 in the complement of a discrete subset
2 C R. This subset is determined by en eigenvalue problem on the asymptotic link.

Denote by is(P) for 6 € R\ Z the index of the operator D : Ly, s(E) = L} 5 (E).
We then have that: is,(P) —is,(P) = 3 5c(5,,60)n2 A(A). Here d()) is determined solely
by the asymptotic link.

Example 2.4. By [Eng23, Ex 2.25] we know that the critical weights of a Cayley plane
seen as a cone or of an associative round S C S7 in the interval (—4,2) are given by:

d(=3)=1, d(-1)=1, d(0)=4, d(1)=12. (2.11)

Similarly, if we consider the quadratic complex cone C, = {22 +y?+22 = 0,w = 0} C C*
with link L ~ SU(2)/Zz, the weight between (—2,2) are:

d(-1)=2, d(0)=8, d(1)=22, d(—1++5)=6. (2.12)

Finally, there is a duality pairing between Sobolev spaces, where we need to change
the weight as well.

Proposition 2.5 (cf. |[JoyOda, Lem 2.8]). Assume that 1 < p,q < oo are such that

% + % =1. Then if n € N is the dimension of the underlying manifold and § € R' is a

vector of weights, there is a perfect pairing L x LY s — R, and thus (L})* = L?

—n—4"



2.3 Deformation theory of compact and conical Cayleys

We now turn our attention to the results proven in [Eng23| about the deformation theory
of compact, asymptotically conical and conically singular Cayley submanifolds.

If N C M is an immersed compact four dimensional submanifold in an 8-manifold
equipped with a smooth family of Spin(7)-structures {®}ses, we consider the moduli
space:

M(N,S) = {(N,s) : N is an immersed Cayley submanifold of (M, ®,)
with N isotopic to N}. (2.13)

When the family S has a single element ® we also this moduli space by M (N, ®). The
structure of this moduli space has been studied in the foundational paper [McL98| and in
[Moo17] in the case of torsion-free Spin(7)-structures. We extended this result in [Eng23]
to include families of Spin(7)-structure with torsion, as in the following theorem.

Theorem 2.6 ( [Eng23, Thm. 4.9]). There is a family of non-linear deformation oper-
ators Fy (s € S) for which for e > 0 sufficiently small give a smooth map:

F:Lo={ve Ll (v(N)), ||’UHL£+1 <e} xS — LY(E).

A neighbourhood of (N, sg) in M(N,S) is homeomorphic to the zero locus of F near
(0,50). Furthermore we can define the deformation space Z(N,S) C C*°(v(N))
to be the the kernel of Dy s, = DF(0,s0), and the obstruction space O(N,S) C
C*°(Ecay) to be the cokernel of Dy s,. Then a neighbourhood of (N, s¢) in M(N,S) is
also homeomorphic to the zero locus of a smooth Kuranishi map:

K :I(N,8) — O(N, S).

In particular if O(N,S) = {0} is trivial, M(N,S) admits the structure of a smooth
manifold near (N, sg). We say that N is unobstructed in this case.

Note that the notion of unobstructedness depends on the family S. The same Cayley
submanifold N C (M, ®) may be unobstructed in some M(N,S) while being obstructed
in M(M,®). In the embedded case we can express the index of the linearised operator
(thus also the virtual dimension of M(N,S) by the formula:

ind Dy o, = %(U(N) + (V) = [N] - [N] + dim 8. (2.14)

Here o(N) and x(N) are the signature and Euler characteristic of N respectively, and
[N]-[N] is the self-intersection number of N in M.

Next, we turn our attention to the conical theory, starting with the asymptotically
conical case. So let A C R® be an ACy Cayley for a Spin(7)-structure ® that is AC, to
the flat ®y. Here we require that n < A < 1. Assume that A is asymptotic to a single
cone C = Ryg x L. If {®,}ses is a family of smooth AC,, deformations of ®, then we
consider the moduli space:

Mic(4,8) = {(A,®,) : Ais an AC, Cayley submanifold of (R®, ®,)
isotopic to A and asymptotic to the same cone}. (2.15)
It is important to keep track of the rate A\ of the Cayley as the expected dimension of

the moduli space above as well as unobstructedness will depend on it. The following is
the structure theorem for these moduli spaces:



Theorem 2.7 ( [Eng23, Thm. 4.18]). There is a non-linear deformation operator Fac
which for € > 0 sufficiently small is a C* map:

Fac:Le={ve Ll (A lolly,, , <} xS — L2, _,(B).

A neighbourhood of (A, ®) in Mc(A,S) is homeomorphic to the zero locus of Fac near
0. If \ & 91, is not critical then the linearised operator Dac = DFac(0, s0) is Fredholm.
We define the deformation space Taq(A) C C5°(v(A)) x TaS to be the the kernel of
Dac, and the obstruction space O)q(A) C C°, (E) to be the cokernel of Dac. Both

are finite dimensional. Then a neighbourhood of A in MA(A,S) is also homeomorphic
to the zero locus of a smooth Kuranishi map:

Kﬁc ZIQC(A) — OQC(A)

In particular if OAa(A) = {0} is trivial, Mrc(A,S) admits the structure of a smooth
manifold near A. We say that A is unobstructed in this case.

Later we will need a bound on the inverse of Dac on the complement of its kernel,
when A is an a-Cayley.

Proposition 2.8. Suppose that A C (R® @) is ACy to a Cayley cone with A < 1 and
a-Cayley for a sufficiently close to 1. Let 6 € R with 6 € P and suppose p > 4,
k> 1, € >0 small. Then there is a subspace kac C CX(v(A)) such that for any
v € ker Dag C Lﬁﬂ,(s_e(ué(A)) we have that if v is L%_e-orthogonal to kac, then v must
vanish. This subspace, called a pseudo-kernel, can be chosen of the same dimension
as ker Dac. If we identify the normal bundles of A for small AC,, perturbations of the
Spin(7)-structure via orthogonal projection, then kac is also a pseudo-kernel for small
perturbations.

Proof. As the operator Dac is Fredholm by assumption, we know that ker Dac is finite-
dimensional. Now by [Loc87, Cor. 4.5] we can approximate a given basis {a;}\_, of
ker D¢ arbitrarily well in L}, | 5 by C2° sections. By the Sobolev embedding L, | 5 <
La s_. the same is true for Lg_e. These approximations gives us the desired subspace
kac. For nearby Spin(7)-structures this result remains true, as the kernel is perturbed
continuously in L¥ 11,6—e by AC,, perturbations of the ambient Spin(7)-structure. O
Proposition 2.9. In the situation of Proposition[2.§ there is a constant Cac such that
the following holds. If v € L}, 5(v(A)) is L% _-orthogonal to kac then:

lollzs,.

< CaclDacvllrr, - (2.16)

The same inequality holds true for small AC, perturbations of the Spin(7)-structure.

Proof. The map Dac : LY, 11— LY s, is continuous by Proposition and has finite-

dimensional co-kernel by the assumption on the weight §. We claim that D = Da¢| ko
is an isomorphism onto its image, where the the orthogonal complement is taken with
respect to the L%_e inner product. Indeed it is injective by the construction of kac.

Moreover if w € im D, then we can find a pre-image v € L}, 5(v(A)) of w as follows.
Since L}, 5(v(A)) = Kxc @ ker Dac, we can consider the rxo-component v’ of v, and

note that Dacv’ = w, thus proving surjectivity. Since D is bijective and continuous, it
admits a bounded inverse by the open mapping theorem for Banach spaces. O

Finally we discuss the conically singular case. The treatment is very similar, except
that there may be more than one singular point. Let N C (M, ®) be an CS; Cayley



(having singular points {z; }1<i<; asymptotic to the cones C; with rates 1 < p; < 2) for
a Spin(7)-structure ®. If {®,},cs is a family of smooth CS,, deformations of ®, then
we consider the moduli space with moving points and cones:

MEG(N,S) = {(N,s) :N C (M, ®,) is a CS;-Cayley with singularities Z1, ..., %
and cones C'l, ce C’l,. Here N is isotopic to N, where

the isotopy takes z; to Z;, and C; is a deformation of Ci}.

One can think about this moduli space as including deformations of rate p = 1
(rotations and Cayley deformations of the cones) and p = 0 (translations) manually.
We have a structure theorem that is analogous to the asymptotically conical version

Theorem 2.10 ( [Eng23, Thm. 4.32]). There is a non-linear deformation operator Fcg
which for € > 0 sufficiently small gives a C*° map:
Fos: Lo =A{v e Ly 5 (ve(N)), [[vllzy

b1 Pos < €} xC — Lz’ﬁfl(E).

Here O is a smooth manifold that parametrises the deformations of the cones, the move-
ment of the singular points, and the change in Spin(7)-structure. Then a neighbourhood
of N in M‘és(N, S) is homeomorphic to the zero locus of Fos near 0. Furthermore, if
Wi & D1, for alli, the linearised operator is Fredholm and we can define the deforma-
tion space I¢,4(N) C Cx°(v(N)) @ Ty, O to be the the kernel of Dcs = DFcs(0), and
the obstruction space Ofy(N) C CL(E) to be the cokernel of Dcs. Then a neigh-
bourhood of N in ./\/l‘és(N, S) is also homeomorphic to the zero locus of a Kuranishi
map:

Kgs 1Ilés(N) — Ogs(N)~

In particular if Ofg(N) = {0} is trivial, MEg(N,S) admits the structure of a smooth
manifold near N. We say that N is unobstructed in this case.

Remark 2.11. We can similarly define a non-linear deformation operator Fcs cones,
where we do not allow the conically singular points to move. This can be done by
restricting O to only include deformations of the cone that keep the vertices fixed. We
obtain a moduli space MéS,cones(N ,S) of Cayleys which have the same conically singular

points as IN. Finally, we can restrict the moduli space even further to Més,ﬁx(N ,S),
where neither the points nor the cones are allowed to move. This corresponds to not
adding in additional deformations of the cone into O, and we call the corresponding
operator Fcg fx.

We can now define a notion of pseudo-kernel as in [2.8) This is entirely analogous,
except that the Sobolev embedding L? e = L7 41,6 requires us to slightly increase the

rate of the L2 sections.

Proposition 2.12. Suppose that N is CSy to Cayley cones and a-Cayley for o suffi-
ciently close to 1. Let § € R with § ¢ 21, not critical for any of the links of N and
suppose p >4, k > 1 and € > 0 small. Then here is a subspace kcs C C°(v(N)) such
that for any v € ker D¢g C LZ+175(V(N)) we have that if v is L§+E—orth0gonal to kcs,
then v must vanish. This subspace, called a pseudo-kernel can be chosen of dimension
dim ker Dcs.

Proposition 2.13. In the situation of Proposition [2.19 there is a constant Ccs such

that the following holds. If v € Liﬂ}g(v(N)) is L§—+€—0rthogonal to kcs then:

lvllzy, o < Cosl|Dosvlley | | (2.17)



The same inequality is true for perturbations of N with fi > 0.

The operator Fcg allows for the points of the singular cones to move. We could also
fix the points while still allowing the links of the cones to deform, giving us an operator
Fos,0. We can give this operator the exact same treatment and reprove all the theorems
in this section.

3 Desingularisation of conically singular Cayleys

We will now tackle the proof of the main Theorem We first describe a gluing
construction which will yield an approximate Cayley desingularisation. Afterwards we
describe an iteration scheme which will allows us to perturb the approximate Cayley to
a true Cayley. We modify the construction from [Lot08] to work in families, and rework
some analytic aspects to remove the requirements on the rate A of the asymptotically
conical pieces.

3.1 Approximate Cayley

Let (M, ®) be an almost Spin(7)-manifold and let {®4},cs be a smooth family of de-
formations of ® = ®,,. Suppose N is an unobstructed CSz-Cayley in (M, ®) with
singular points {z;};=1.. ;. Let & be such that (1, ;] NP, = 0. Note that if the locus
of singular points (which is smooth by unobstructedness) were to move by an ambient
isotopy I, we can choose a new family {I}®;}scs that leaves the singular locus in-
variant. Furthermore, we can also assume that ®4(z;) = ®4,(2;). For B, (0) the ball
of radius 7 > 0 in R¥, let x; : B,(0) — M be a Spin(7)-coordinate system centred
around z;. Recall that this means that yx; is a parametrisation of a neighbourhood of
z;, such that x;(0) = z; and Dx;|{®., = Po. After identifying T, M with R® via the
Spin(7)-isomorphism Dx;|o, we let (L;, h;) C (S7, ground) be the link on which the con-
ical singularity is modelled. Assume it comes in a smooth, finite dimensional moduli
space M2 (L;). For 1 < i<k <!landlet A; be AC, Cayleys in R® with the standard
Spin(7)-structure, with A < 1 and Z, N (A, 1) = 0. Let the link of A; be (L;, h;), and
suppose we have chosen a scale function t; : MAc(A4;) — R. We will now describe a
procedure which allows us to glue elements of sufficiently small scale in MAAC(Ai) onto
the first k& singular points of N € Mag(No, @), to produce Cayleys in (M, ®,) that are
close to being singular. Here we need to make sure to glue compatible cones, as both
moduli spaces allow for deformations of the cone. So assume that A; has a cone that is
compatible with the singularity at z;. In the gluing construction, the scale ¢; determines
both the scaling of the AC piece A; as well as the inner radius of the annuli joining
A; to N, which is comparable to L; x (t;r9, Rp). In particular, when ¢; = 0 (which
corresponds to the cone in MXC(AZ-)) we do not glue anything into the singularity at z;.
Recall that from the definition of a conically singular submanifold there is a compact
set Ky C N and decomposition N = Ky |_|i:1 U; such that we have diffeomorphisms
Wes : Li x (0,Rg) — Ui. Choose i and Ry in such a way that the image of Wig is
contained in x;(B,(0)). We can then factor ¥{g = x; 0 Okg, where O is a smooth
map Okg : L; x (0, Rg) — B,(0). For 1 < i < k there is a similar diffeomorphism

i&c : Ly x (ro,00) = A\ Ky, C RS, where K 4, is a compact subset of A;, which can be
chosen such that ||©% o (p) — ti(p)|rs = O(|p|**1) as p — oo. After reducing the scale of
the A; we consider, we can assume that ro < Rg and A4;\©%(L; x (Rg, o)) is contained
in B, (0). In particular we can then also consider the map W' ¢ | A\ L, x (Ro,00) = Xi 04
Now fix a smooth cut-off function ¢ : R — [0, 1] with the property that:

o0y =0, Fliz400) = 1. (3.1)




Let a constant 0 < v < 1 be given. Assume ¢ > 0 to be sufficiently small, so that we
have the inequalities 0 < rot < %t” < t¥ < Ry < 1. Suppose that A = (A4y,...,Ag) is a
collection of AC, manifolds (or cones) as above such that t; = ¢;(A;) < t. In this case

we call ¢ the global scale of A. We then define the subsets N4 of M as follows:

e l . k .
N = (W[ Ws(la x 0,22) ) UL WiEe x (o)

=1 =1
k . l .
U || xi (A \ ©hc(roti,00)) U || Wes(Li x (0,£))). (3:2)
=1 i=k+1

Here @fg is defined as the following interpolation between the A; and U; pieces:

@k L,L X (Toti7R0) — RS

o) (-0) (3 1) ehclnn +o (3 -1) Obstral (33

If we reduce the scale of a subset of the asymptotically conical pieces, the resulting
family are desingularisations of N where some tips shrink back to conically singular
points. In particular, if ¢; = 0, we should interpret the above definition as @fi = Ok,
thus the corresponding singularity is left as is, without gluing. As before, we also have
maps \I/ii =x; 0 @%, so we can work in local coordinates around a singularity. Notice
that as ¢ is locally constant in neighbourhoods of 0 and 1, the N4 is in fact a smooth
submanifold. For analytic purposes we usually consider N4 as a union of four parts:

© N = (N L, Wi (L x (0,8))).
@ Nt =Ly WL x (roti, #7)) = L, Nt
® NzA = |_|§:1 Xi (4i \ O (roti, 0)) = Uf:l NlAi'

A ! l ; v
@ N;fl = I_li:k+1 L= Wes(Li x (0,2)).

Notice that as we chose our family S in such a way as to leave the singular locus
unchanged, as well as the Spin(7)-structure at the singular points, we can use the same
frames y; for all deformations of the Spin(7)-structure, and all nearby gluing data with
matching cones.

The reason for making the lower part shrink sub-linearly while the tip shrinks linearly,
is that IV, lA will stretch out and approximate any compact subset of the A; arbitrarily
well as the scale is reduced. We now show that indeed this construction results in an
approximation that is Cj-close to a Cayley in the following sense:

Proposition 3.1. Let o € (—1,1) be given. Then if the global scale t is sufficiently
small, N* is a-Cayley.

Proof. 1t is clear that Nf and N]f are always a-Cayley, since they are subsets of N and

thus Cayley for the Spin(7)-structure ®,. Now for N,j‘; and Nfi, we note that for 2 € R®
near 0 we have (Dx;);(®y,(2)) = ®o +O(||z]|). Thus for ¢ sufficiently small, we have for

any p € Né U N/ that (Dxi);fl(p)(ip) = &g+ O(tY). As A; is already Cayley for @,

;Z L)
It remains to show that N/ is a-Cayley for ¢ sufficiently small. Now by assumption
on N and the A;, Okg(p, s) and ;0% (p, s) approach the same Cayley cone as long as

it will also be a-Cayley for (D)l(l) (®,) for sufficiently small values of t.

10



Figure 1: Glued manifold

s € (%t”,t”) and t; — 0, and thus the respective tangent planes become arbitrarily
close to the same Cayley plane, in particular they will be o/-Cayley for ¢ small enough
and any o/ > a. Now for every a there is an o/ > «a such that if £;,& are o’-Cayley
graphs over a Cayley &, any linear interpolation of the between the maps having image
¢ and & will have image an a-Cayley. Thus N will also be a-Cayley for ¢ small
enough. O

Our goal is to construct Cayley submanifolds close to the almost Cayley submanifolds
NA4. To simplify the analytic details, we will introduce Banach spaces tailored to this
particular desingularisation. These were first defined in [Lot08]. Before that, we extend
our notion of a radius function to the N4, combining the definitions of radius functions
on CS- and AC-manifolds.

Definition 3.2. A collection of radius functions on N A for all A with global scale
bounded by ¢ > 0 is a smooth function p : N4 — [0, 1] such that:

@(Ro), r e Ky
(SC) _ @(Toti), 1 <1< k/’,a? S Xi(Ai \ Li X (Toti, OO)) (3 4)
P\E) = O(s), 1<i<k,z=Ui(s,p)forsomep e L; and s € (rot;, Ro) ’

O(s), k<i<l,z=Thy(s,p) for some p € L; and s € (0, Rp)

Here we mean by O(f) something that is bounded on both sides by f, up to a constant
that is independent of the choice of A. Furthermore over W' ((rot;, Ro) x L;) we require
p to be an increasing function of the radial component s € (rot;, Rp).

Choose p to be the distance in M to the closest singular point of N and modify
away from the singular points such that the functions are bounded by 1. This will be
an example of a family of radius functions. From this we also see that we can choose
the family to be smooth and have uniformly bounded derivative. We can now define
alternative Sobolev-norms on L}-spaces on N 4 that take into account the scale of the

glued pieces. Suppose F is a metric vector bundle over N A with a connection V. Let

11



& € R' be an arbitrary weights. We then define the L} 5 3-norm of a section s € C*°(E)
as: o

1

P

k
Isllze , . = (Z /NA o~V s|Pp dv01> : (3.5)
=0

Here w : N4 — R is a smooth weight function that interpolates between the chosen
weights near each singularity. If all singularities are removed, so that N4 is non-singular
and compact, these norms are all uniformly equivalent for different values of 8, but they
are not uniformly equivalent in A, in the sense that the comparison constant will be
unbounded. As we reduce the global scale, these norms reduce over the glued pieces to
the norms for conical manifolds we introduced above. This will allows us to transplant
results for the conical parts A4; and N onto the glued N“. Near the singularities that we
did not remove, this norm is exactly the weighted Sobolev norm for conically singular
manifolds. We can define Holder spaces that vary with A, the C(];’g—spaces, in a similar

manner. We note that the Sobolev constants for different values of A will all be uniformly
comparable.

3.2 Estimates

Consider the approximate Cayleys N4 that we have defined above together with a family
of radius functions p. For sufficiently small global scale ¢ we have by Proposition
that N4 are a-Cayley for any fixed o < 1. Thus in particular N4 admits a canonical
deformation operator as in , which as in can be augmented to include CS
deformations of the unglued conical singularities as well as deformations of the Spin(7)-
structure: ~

Fi:CPWe(N?Y) x O — 0%, (Bcay). (3.6)
Here O C S x F is a small neighbourhood of the point which corresponds to the
initial Spin(7)-structure and the initial vertices and cones of N“. Moreover we define
ve(N4) = {(v,p) € v(N4),||lv|| < ep(p)}, similar to the CS and AC cases. The weights
5 eR! are chosen such that for 1 <i < k, 1 < 6; < “‘(;:& and for k+1 < i <

we set §; = u;. We will explain later how this condition arises. Let us just note
for now that limy_,_ “‘(g\%i)“ = u;, thus the formula is compatible with ”gluing a

Cayley cone” (which is AC, for any A < 0) onto a conical singularity, which should
do nothing to the singularity. Also, increasing the rate of the asymptotically conical
piece makes the allowed ranges of rates for the gluing smaller. In the following we will
write g = min;(y;) and § = min;(6;). This may seem like a restriction, however as
by assumption (1, ;] N 21, = 0, we do not lose anything by doing this. Any CS,
manifold can be improved to be CS,, as no critical weights are present in the range
(s p1;) ( [JoyO4al Thm. 5.5]) We denote the linearisation of Fz at 0 by D ;. We can
now establish bounds on the glued deformations operators, using our results for the
CS and AC case. In particular we will take into account the dependence of various
constants on the parameter A. This will be important later when we deform all the N4
simultaneously to become Cayleys. In this regard, the most important property of the
deformation operator is its dependence on N, v and ®. In particular we have pointwise
dependence only on p,v(p), Vu(p) and T,N as in the following proposition:

Proposition 3.3 ( [Eng23, Lem. 4.2]). The deformation operator on N for the varying
Spin(7)-structures and cone configuration can be written as follows, forv € Ce (v(NA)),
s€O andpe N4:

F4(v,5)(p) = F(p,v(p), Vo(p), T,N*, 5) )
= Ff\(O? 3)(p) + DA,sU(p) + Q(p7 U(p), V’U(p), TPNA7 S) (37)

12



Here D j , is the linearisation of F(-,s) at 0 and F, Q are smooth fibre-preserving maps:
F,Q:TM.xn (T"M ®@TM)c x Cay,(M) x O — Ec,y,

where Ecay = {(p,m,€e) : (p,m) € Cay,(M),e € E;} and « is sufficiently large. Here
we see both sides as fibre bundles over Cay,(M) x O. We define the map Qj :
C®W(N*)) x O — C®(Ecay) as Q(v,s) = F(v,s) — Dj v.

We stress that the smooth maps F and Q only depend on the family of Spin(7)
structures ®,, and not on the Cayley submanifold. The term ) 5 contains the contribu-
tions of v and Vv which are quadratic and higher. Since N4 is both conically singular
and has nonsingular regions of high curvature as the global scale decreases, we need to
apply both the compact and the conically singular theory to prove the following:

Proposition 3.4. Letp>4, k>1and1 <6 < “(A/\%zjﬂ Then the deformation map

Fjz is well-defined and C* as a map between Banach manifolds:
Fi:Mz={ve LZHM(VE(NA)) oller,, <€ xS — LY 5 (Beay),  (3.8)

whenever € > 0 is sufficiently small, and can be chosen the same for all A. Any v €
L£+1,6(1/€(NA)) such that Fz(v) = 0 is smooth. Finally it is also Fredholm.

The proof of the smoothness of F'; is essentially the same as for with all the
norms replaced by their appropriate counterparts. As in the usual deformation theory it
relies on separate estimates of the first few terms of the Taylor expansion of Fz, where
we will now need to take into account the dependence on A. Next, as the Holder space
C(?’g for a fixed A can be seen as C’(I;’O‘ for a conically singular manifold, usual elliptic
reéularity arguments apply and and show smoothness, such as for instance in the proof
of Let us now in turn take a look at the constant, linear and quadratic estimates

of F5 and pay close attention to the constants involved.

Estimates for 7
We first investigate how well N A approximates a Cayley as a function of the global scale
t. Our main result will be that a priori N4 should converge to an ideal Cayley in O

for1 <4< %, uniformly in A.

Proposition 3.5 (Pointwise estimates). Denote by g* the Riemannian metric on N4
coming from the embedding into M. For t sufficiently small and for s € S sufficiently
close to our initial Spin(7)-structure, we have the following estimates on the derivative
VEr|ya for k> 0:

XiTIval(z) <
IVEXI Tl (@) S 67 k=1

; 1
VT g S 620N 4 g p € (ot 1t
|va|N7‘:i| 5 t;kl/(tz(.u_l)()\_l) + tiU(“_l))7 9

V57|l S ds, s0)-

Here V and | - | are computed with respect to X*gA in the first line, and gA in the last
two lines. Furthermore, the constants hidden in the <-notation are independent of A.
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Proof. We adapt the method of proof from Proposition 8.1. in [Lot08]. Note first that
N are Cayley by construction for our initial Spin(7)-structure, and therefore 75, and
all its derivatives vanish on them. As N7 is compact, we can easily get the bound (3.13).

Consider next NZA. In what follows we can think of the conically singular points of
N as being obtained by gluing in a Cayley cone, and thus can be treated no differently
from the desingularised regions. We have by Taylor’s theorem that:

IXi7l(@) = [xi7](0) + O(|x]).

We have chosen x; to be a Spin(7)-coordinate system, so that x?®(0) = ®g, where ®g
is the standard Cayley form on R®. We therefore also have X;7(0) = 79, where 79 is the
standard quadruple product on R®. Now since X; 1(NZA) is Cayley with respect to @,
we get that:

IXiTInal(@) = |70l ya1(0) + O(lz]) = O(|z])-

Thus we get (3.9). Now for k& > 1, we have |V’“TO|NZA\ =0, as the A; are Cayley for ®g.
So we would like to bound:

k
V50T = 70)] -

For t > 0, think of t4; as amap f, : A; — R®xA* which maps p € A; — (tp, T,A;),
and of xfT — 79 as a map 7T : R® x A* —s A2 with the property that 7(0,w) = 0. We
therefore have a Taylor expansion for small v € R%:

T(v,w) = Ly, [v] + Ry w[v ® V).

Here L, and R, , are linear maps that depend smoothly on w € A%, and R, . also
depends smoothly on v. Thus, we see that:

7o fi(p) = tLy, alp] + t*Rr, a,0[p © p,

From which we can deduce that:

Ve(T o fi)(p) = t(L1,al€] + DLr, alp, VT, Al)
+ t2(2RTpA7p € ®p|+ DRTpA,p [p®@p, VT, A, &)

The linear maps and their derivatives can be bound uniformly, as both p € B,(0) and
T,A vary in compact sets. Thus we see that:

V(o £)®)] < C(A Tt + (o] + pPIVT,AD) < C(A, T

Here we used the fact that [VT,A| € O(|p|™') and |p| € O(1). Thus going back to our
original situation, after rescaling by ¢; to account for the fact that the metric on tA;
scales as well, we obtain:

V5 Tlal = IVH 06T = 70) el S 1.

The higher derivatives can be deduced the same. The key point is that naively rescaling
will lead to a factor t; * but since the A; are Cayley, we can improve it by one factor
of ¢; via the above Taylor expansion argument.

Finally, we consider N/, where the interpolation happens and where we also expect
the biggest error to appear. We will consider (\I/fi)*T\Né, which is a form on the cone

portion C = (rot;,t¥) x L, and we will prove the analogue of (3.11) and (3.12) with
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respect to the cone metric. Now as t — 0, the pullback metric (\I/f@)* g? will converge
uniformly in ¢ to the conical metric. In particular, the conical metric and the pullback
metrics for small ¢ are all uniformly equivalent with proportionality factors independent
of the global scale. Thus all quantities of the form |V*s|, computed with regards to
any of these metrics, will be in the same asymptotic class. Denote by ¢ : C' — R® the
embedding of the cone. We then have that:

IVHW) Tlyal = V¥ (O3 Xi Tl al
< VRO — o i Tl + VR ]

Upper bounds for the second term can be given in an analogous way to what we have
done for N, lA, as the cone is Cayley. As the cone is scaling invariant, and we are interested
in the region with radius in (r¢t;, /), we can run the same argument while only rescaling
by tY, and thus we get an error of We will see below that this is always the
asymptotically better term. Now onto the remaining term. Notice that x;7 is a fixed
quantity, and the only dependence on A is within @ii — t. So let us more generally

bound:

—kv
i

IVEfral,

for f : C — R® a smooth function, and some form w € QF. From the definition of
pullback we see that there are smooth maps E}j, independent of f such that:

V* frwp) = Ex(f(), VD),.... VT f(p)). (3.14)

These maps have the additional property that they are affine in V* f(p) where k > 1.
Consider the scaling behaviour of both sides when the cone is rescaled by v > 0. In
other words, we replace f by f,, such that f,(p) = f(v-p). Equation still holds
for f,, and we can relate the norms of both sides to the corresponding terms for f as
follows:

v-VEFOCT) (v p) = VR (v X (D)
=V () (p)
= Ek(fv(?% ny(p), s Vk+1f7(p))
= Ex(v- f(0),7- VD)7 V()

As the maps Ej, are affine in the (higher) covariant derivatives of f, we see that:

PIVEF OIS IO+ AV )]+ APV F(p)]. (3.15)
Let us now estimate the norms of f and its derivatives. We have:
f(p> 8) = (@% - L)(pa 5) :(1 - ¢)(2tz_y - 1)( iAC(p, S) - L(pa 8))

We would like bounds on f that are invariant when changing A. Dealing with changes
that keep the scales fixed is not a problem, as elements of a given scale form a compact
space. Thus we are only worried about changes of scale. We hence apply the AC-
condition to the t; 1 A;, and rescale to obtain:

IV*Oac(p,s) — up, s)| = Ot F1s*7F), (3.17)
where the constant is independent of the scale. We get from the CS condition that:

IVEOcs(p,5) — ulp, s)| = O(s"7"), (3.18)
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Taken together we obtain the bound:
(01 — )(p,s)| S 11 + 52

One can obtain bounds for the derivatives of ©®; — ¢ in a similar manner. To be more
explicit, the covariant derivatives applied k times to (3.16]) will hit both ¢(2¢;” —1) and
O©acycs — ¢ If it hits ¢ a total of I times in a term, we obtain a bound of the form

O(t;lval¢|vk*l(@AC/Cs —)]). An explicit calculation leads us to the general formula:

IVFOi =)@ s) =0 > ;7 + st ole

jtl=k

Thus we can plug this into our estimate (3.15|) to obtain the bound:

|V’f<@A — L)*X*T‘ =0 Z (t;)‘+1p>‘_j_1 + pu_]‘_1>t;ll,al¢

Jj+i=k
From this we obtain the claimed bounds by noting that either rot; < p < i where
d¢ =0, or p > 3t¥, so that p = O(t}). O
Proposition 3.6 (Initial Error estimate). For a sufficiently small global scale t > 0
and for s € S sufficiently close to our initial Spin(7)-structure, p >4, § > 1, v = i:;,
k € N, we have:
IF4(0,8)lle < Cr(t™ (" + M) 4 d(s, 50)) (3.19)

< CF(tV(H_é) + d(S, 80))
Here Cr > 0 is a constant that only depends on the geometry of (M, ®,) and not on A.

Pmof Let 0 < j < k. Subdivide N = N3\, U N}

m 2, Where N2 ' is the region where
p < 1tV and N, A 'y the rest. We then have that

/ =TIV F [P p* dvol = / = IV 7| a P p* dvol
NA NA

séj/A@

+ vol(NV)dP (s, s0)

52/& S+ 4dvol—|—Z/ B (=i =1 ML AT =104 o]

l
Pp~* dvol + Z /NAi (p‘“”jwkT‘N;‘g |)pp—4 dvol
i=0 7/ Nm

+ Z/ _6V+j"+”t ]”(t;/(”il) + tz(-yil)(/\*l)))pp_4 dvol +dP (s, sg)

<th2 5)/ 4dvoH—Z:/ P (ph 4 pU i)’\+%)”p*4dvol
1

+ tjpv5(t§“+t§”_l)”1)p//4 p~ " dvol +d” (s, s0)
0 N

" i
1= 2
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MN

(tp(2 9) +t; p"‘s( vr t(y 1)>‘+1 )+ Z/ pP =9 p=4 dvol 4dP (s, s0)

s
I
o

(170 4 8T g ) o dP (s, s0)

A
-

~ |l

<SS 4 TIN5, o).

K2

.
o

Here we used all the various bounds from Proposition as well as the fact that we
chose. Moreover we used that and that p can be unlformly bound from above by 2t7 on
both N/ Ai and Nt Furthermore we can also bound p from below by 1t” on N2, and

m,2?
by rot; on N ', and N . The integral:

ro
/ N p~tdvol < / s71s3ds < C
L €

is bounded independently of ¢;, as is:

2t
i 1
/ p~*dvol < / s 1ds = log(2t¥) — log (tf) <C.
2?2 tey 4

Finally, we compute that

,t;’
/ A pp(“—é)p—4 dvol < /4 sP(h=0)—1 4, < tf”(#*(s) _ tf(#*é) < tﬁ’”(li*5).
N i T

m,1 oli

The bound now follows as the exponent of the t; is positive, and thus the biggest one
dominates, which is the global scale t. For the second line in [3.19 we use our choice of
v = ﬁ’ which is chosen exactly so that vy = (v — 1)\ + 1. O
Estimates for D

Recall that in our construction of N4, we have assumed identical cones (as subsets of
R®) for the pieces A; and N, given the choice of a Spin(7)-coordinate system. Here the
interpolation happened between the radii %t” and t¥, where 0 < v < 1 is a constant. In
order to derive estimates similar to the bounds in Propositions and for Dz, we
use a partition of unity to combine the results for the parts. For this we need further
constants 0 < v/ </ <v <1 Letd:R — [0,1] be a smooth cut-off function, such
that:

é|(—00,l/”} =0, (Z~5|[U’,+oo) =1

Using ¢ we define a partition of unity on N4 as follows. Let ¢ > 0 be the global scale
of N4 and suppose that for ¢; is the local scale of A;. We then define:

o (e, ifp e WAL x (rat o)

a(p) = 0, if pe N, (3:20)

7

1, ifpe NZA,

Then a(p) = 0 on WA(L; x (rot,,Ro)) if p(p) > ¥ and a( ) = 1if p(p) < t¥'. Thus
oz\N\I,A(L % (rots,Ro)) 1S supported in Nig = 0, (Li (roti, tV")) and 1 — a is supported
in N& = UA(L; x (', Ry)). In particular the gluing region N/ is entirely contained
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Figure 2: Decomposition of the glued cone

in NAZ‘C. We would now like to relate the operator DA|NA1- to Dac on a perturbation of
AC
A; and the operator D ]| NA, to Dcg on N. To do this we define a pseudo-kernel k7 C

C>®(v.(N4)) for the glued operator, the analogue of kcg and kac from Propositions
@ and respectively. We will be working with a rate 1 < § < ”(/\)\%QBLH such that
(1,0] N2, = 0 for all the links of N. The space kz will be defined as a direct sum
of contributions from both pieces. First, the treatment of the conically singular piece
is immediate. The elements of xcg all have support in a compact subset of V. Thus
for ¢ sufficiently small, we can consider them as section of N{y directly, since the Né‘s
exhaust N as the global scale goes to 0. In particular, we can then also consider them
as sections over N4 by extending by 0 over N4 \ Né‘s. Even more, for small enough ¢,
the elements of kg, seen as sections on N4, vanish on N j{‘c. Similarly the operators
Dcg and D]y A, can be identified and the bounds for Dcg carry over.

Next, the interpretation of kac is more delicate, as the gluing region is a perturbation
of A;. We first find an identification between N ﬁé and an open subset of A; as follows.
For technical purposes we fix a further rate 0 < o < v””. Then there is a diffeomorphism
between an open subset A; C A; and x(K,) Ll O%(L; x (rot;,t7)), given by sending:

p € Kar— x(p),
\I}AC (pa S) L @k(p7 S)
Let us call this map ¥’ : A; = N3\, which as usual factors as ' = x 00%. As the

operator D¢ not only takes into account the metric structure of A, but also the ambient
Spin(7)-structure we now thicken the map ©%. Let U} be a tubular neighbourhood of

A; in R®, so that every ¢ € Uii can be written uniquely as ¢ = p + v, where p € A; and

v € (Ve,0,(Ai))p. We now define:

04 : Uy — R®

(p,v) —> @fg(p) +o
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Then clearly (:)fg\ i = @ig. We will now transport the Cayley form in a vicinity of N fc
over to A. Consider first x*®, which is a four-form on B, (0) C R®. Via pullback, we
obtain a form, which we define pointwise as:

(Bi5)p = £, "Bl B(tip) € (UL

We introduced the factor ¢;- * to counteract the rescaling by ¢;. With this normalisation
we have <I>f4 — @ uniformly on U} as ¢ — 0. This follows from Taylor’s theorem
and the fact that U C Ba, ;5-1(0), since it gives x*®(t;p) — P = O(t;]p|) as we have

X*®(0) = ®y. We now extend q)ii to a form @% defined on all of R®. For this recall
the smooth cut off function ¢ : R — [0, 1] which we used in the construction of N4. Tt
vanishes for negative values and is equal to 1 for values > 1, as in . The space of
Cayley forms on R® is a smooth submanifold C ¢ A*R® of dimension 43. Choose local
coordinates ¢ : B;(0) C R** — C such that ¢(0) = ®;. As we have uniform convergence
d, — ®y on UY, we will eventually have ®, € imc for t sufficiently small. We then
interpolate between ®, and @, between the radii %tﬁ ~Land ¢t~ as follows:

45 (Opc 14, (1,p) +0) = el (@ (Ohc(rp) +v))(2rt; 7 — 1)) (3.21)

We now have a family of forms q)% on Uy. If we choose the global scale sufficiently
small, we can extend these forms to all of R®. For sufficiently small ¢, we have that A is
almost Cayley. These forms ®'; form a continuous family with respect to the parameter
A, and as t — 0, we get uniform convergence ®; — ®o. In fact, we even have
C,°-convergence.

: 8 &i
Lemma 3.7. The family (R ’(I)A)Aeﬂj\c(m)
of the standard Spin(7) form ®q. The rate n < 1 only depends on the constant 0 < U < 1
chosen for the gluing, and n — —oo as v — 1 . Forn < X\, we have that A is an ACy-
submanifold for the Spin(7)-structure CIin.

is a continuous family of Cp° perturbations

Proof. Note that the family <I>iA— is flat at large radii, but the cut off radius C’t?_1 depends
on A. Thus the deformations at non-zero global scale are compactly supported near a
fixed Ap, and in particular also in Cp° for any n < 1. In particular, for any n < A the
submanifold A ¢ R® will be AC} for (I)fai because it is for ®y. From Equation and
|, — @.,| = O(p) on M we see that:

(@ = @o)r | < Cel (e T = oI

20—1

Thus we have Cg convergence as t — 0 when n > ==. Similar reasoning for higher

derivatives shows that:

|Vk®377n+k+l| < Ctg_”+1)(ﬁ_1)+k.
Thus C7° convergence follows immediately whenever we have Cg convergence. O

Let us return to the question of defining the analogue of kac for N fé. After com-
posing (:)fi with x we have an identification ¥ of open neighbourhoods of A and N fc.
We can hence pull back the elements of kac to sections of TM| NA, for ¢ sufficiently
small. Note that we cannot in general require that they are normal sections. To remedy
this we will first project kac onto Vi, (A), i.e. the normal bundle of A with respect to
the Cayley form ®’;. Note that Vi (A) is exactly identified with v(N4,) under W?,.
Thus we define the space of sections rac g4 as kac projected onto Vi, (A) and then
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transported to v(NV fc). For ¢ sufficiently small the elements of ¢ 4 can be extended

to sections on all of N4, and after further reducing ¢ the sections in xcg and Ac,a will
have disjoint support. In this case we define:

ki = Kcs D Rac,a- (3.22)

This is a family of pseudo-kernels for the family of operators D 5. Note that kcg contains
all the contributions which have rate > 4, and k¢ 4 all the ones which nave rate < 4.
As 0 is by assumption not critical, this accounts for every possible deformation exactly
once. Note also that while the non-linear deformation operator of an AC Cayley does not
have geometrical meaning when the rate A > 1, the linearised operator can be defined
for any rate. )

We now show the analogue of Propositions and for the glued manifold N4.
For this we need to introduce an inner product that interpolates between L3 _ on the

AC region and L3, on the CS region. So we define for u,v € C>(v(N4):

(U, v) 50, = / (u,v) p~*dvol. (3.23)
NA

Here w(p) = 6 — e whenever p(p) < 3t/ and w(p) = & + e whenever p(p) > t¥. It is clear
that the following is true:

Proposition 3.8. For t sufficiently small there is a constant Cac, independent of A

such that for v € L} 5A(Z’(NA)) with supp(v) C Ni which is L3, -orthogonal to
Kac,4 we have:
follzr, ., < CaclDavlley, (3.24)

We now turn back to our task of combining the bounds on D4 and Dy to get
bounds on the inverse of Dz modulo the pseudo-kernel. Recall the cut off function
a: N4 — [0,1] we defined in (3.20). It has the following decay properties:

Lemma 3.9. Letl > 1 be given. Then:
[Via|lco € O (ptlog(t:) ). (3.25)

Proof. As the cutoff function ¢~> is smooth and only varies on a compact set, each of its
derivatives up to a given order [ remain bounded on all of R. Similarly, it is clear that
all derivatives up to order [ of p are bounded on Né‘s, independent of the scale, since p
agrees with a radius function on the conically singular N on this part. Finally, through
an argument similar to the one in Proposition the same holds true on N fé, except
close to the radius rgt;, where the smoothing happens. We will see however that this
is not an issue. In geodesic normal coordinates {xi}izl 4 around p € N 4 we have for
vel,N 4

.....

(Lotp) = 2,6 (L)

5 <log p(expp(sv))>
s=0 log ti

_4d
T ds

1

= o 8 (L))

From this we see that L,« is bounded by ﬁ, where C' is independent of p and ¢;.

This is because whenever the derivative of p might become unbounded, the derivative
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of ¢ vanishes. Similarly we obtain for v, w € TPNA:

1
Via =V (dx ® Lo, qb( ng))
log t;

— (@' @ d)a, (e (Lan))

logt;
¢"plog(t;) — ¢/ Lo, logt; d
(plogt;)? dsdr”

C((g/lv (5/7 8163P7 81p)

= (dz* ® da?)

(exp,,(s0; +10;))
= (dz' ® da? );

p?log(t;)
This proves the statement for [ = 2. The general statement follows in a similar way. [

Lemma 3.10. Let B be a bundle of tensors over NA. Then there is a constant Cy
which is independent of t, such that for sufficiently small t and a section u € L B)
the following holds:

chA(

loullzs < Collulls . (3.26)

Proof. We have:
k . .
2 Haully, =2 [V e avl
< > / P=0) | 7T P |V~ ul? p~* dvol

0<]§z<k
:O‘pHuHiP + Z / pp(1+z 5)|v]+1a‘p|vz ]u|p =4 dqvol
oA 0<j<i<k—1
< ||u||12p 4+ / J+1vj+la|p|pz j— JVz julp 4dVO]
oA g ]Sl\k 1

k— 1 k—1

< Hullzs ( POV ulPp 4dvol> S OIvitta gtz
= j=0

C 7, i, |p —4
< Jullg \logt\P (Z/ ViulP p~* dvol

<14+ )l
( * |logt|P> lullze , |

Here we used the asymptotic behaviour of V!« from Proposition ([3.9) in the second
to last line. O

Lemma 3.11. Let B be a bundle of tensors over N4. Let o : T*N* ® B — B be a
family of bilinear pairings which have bounded norms as A varies, seen as sections of
T*NA® B® B*. Then there is a constant Cy > 0, independent of A, such that for small
enough t and for any section u € L? . (B) we have:

Cq
<
k,6—1,A |1ogt|

k,8,A

IVaroull [l | (3.27)

Proof. Using Proposition [3.9] the statement reduces to proving the following:
k-1 1/p
Vaouly, <C (Z ||v1+1apl+1go> g,
i=0
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This in turn is proven similarly to the previous proposition.
k
i—5+1v7i —4
IVaouly, = [ 15~V (Vaou) pptavo
T i=0

<C Z POV ufP|p I I P o dvol
NA

0<j<i<k

k—1
i1
<c<§;vzaw %Q'W%@;
i—
In the second line we used the bound on the norm of the o-product. [

Proposition 3.12. There is a constant Cp, independent of A, such that for any u €

L£+1,5,A(V(NA)) which is L -orthogonal to k; we have:
lolley . <CollDavlr, (3.28)
Proof. Write u € Liﬂ’é’g(y(]\f‘a)) as:
u=ou+ (1 - a)u.
Then clearly Hu||LZ+1,5,A < ||au||Lz+115YA +|I(1 - a)u||Lg+1v&A. Let us consider the term

||04UHL§Z+1 . first. Note that au is supported in N4, and that on the support of
KAC, A the cut off function « is in fact equal to 1. Thus cu is orthogonal to & 4 by our

orthogonality assumption on u. Using Proposition [3.8 we see that:

. < éAHDA(O‘u)HL;J_

leull e

1,4

Now as Dj is a first-order operator whose coefficients depend pointwise on the Spin(7)-
structure (cf. [Eng23, Prop 3.4]), we see that D j(au) = aD zu + (Va) o u, where o is a
family of bilinear products ¢ : T*N4 ® E — E which is uniformly bounded in ¢. Thus
we may apply Lemma to see that in fact:
~ C1Ca
IDa@)liy,, , < CaloDauliy,, ,+ ol

p .
k41,5,A

In other words we have, if we also apply Lemma [3.10}

C1Ca .
(1 - log(t)> ”au”Liﬂ,é,A S CAHOZDAuHLi,a_l,A

1,4

< CaColDully

In particular, for ¢ sufficiently small, we get that:

||C¥U||LI;+1‘5YA X 7 ||DA'U’HLZ#S_1)A '

We now note that the auxiliary Lemmas and can_equally well be proven for
1 — a. Furthermore, the analogue for Né‘s of Proposition is true. To see this note

that the L’T) , 4 horms on N A agree with the L? S norm for sections supported in Né‘is.

Furthermore, since Nés is already Cayley, D 1|y A= Dcsg| NAy and so the result follows
from Proposition (2.13)). We can therefore prove:

(3.29)

11 = a)ull

k+1,5,A = 2

1D zull (3.30)

k,S—1,4
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Equations (3.29)) and (3.30) taken together now give us:

[ullzy

poooa Sloulle oI =eulle

Cpl|D zul >

k,6—1,A

NN

Quadratic estimates

We conclude this section on estimates by proving the quadratic estimates, which are
consequences of the estimates in the compact and conically singular setting.

Proposition 3.13. Let 6 > 1, p > 4 and k > 1. There are constants Eq > 0 and
Cg > 0, independent of A and the Spin(7)-structure, such that for sufficiently small
global scale t > 0, s € S sufficiently close to our initial Spin(7)-structure so and v, w €
L£+1,6,A with ||UHLZ+1,5‘A, Hw||ka+1,61A < Eg we have:

1Qa(v,s) = Qalw,s)llrr ). (3.31)

s QCQHU—WHLT’ (“’UHL” 1,5,A

k+1,8,A4 k+1,6,t + ”wHL£+

1
Proof. Let u,v € Lz+1,6,A(V€(N)) be given. By the Sobolev embedding Theorem [2.2| for
weighted spaces we see that there are embeddings L£+1 s A C(;“A. Here the Sobolev
constants are bounded independent from A as it is invariant under rescaling of the AC
pieces. Thus we have that u and v are C' and that their C’; 4-norms are bounded by
C - Eg. In particular we thus have that |v|,|Vv| < C - Eg independently of A. Hence
we can invoke [Eng23, Lemma 4.3] to obtain a pointwise bound of the form:

1Q4(v,5) — Qa(w,s)|cr+r C(1+ |TNA|rsr) (|U —w|er ([v]er + |w|ex)
—|—|’U — w\ck(|v|cw+1 =+ |wck+1)>. (332)

In a similar fashion to how we prove the initial error estimates on F5, we can also show
that we have:

|TNA|cf)t§1 <L,

where o > 0 is a positive constant, independent of A. Thus the same reasoning as in the
conically singular case _[Eng23, Prop 4.30] gives us the desired bound, with the constant
being independent of A.

O

We now show that if all the pieces involved in the gluing are unobstructed, then the
same is true for the glued manifolds.

Proposition 3.14. Let 4 < p < oo and k > 1. Assume that both the A; and N are
unobstructed as Cayley manifolds at rate A and i respectively. Assume that [\, 1)ND; =
0, (1, ;] N D; = O and that all the cones which are glued in are unobstructed. Let
1 <9 < p; be fized. We then have that for sufficiently small t the linearised deformation
operator Dz is surjective. In particular, for any w € Lz,aq(Ecay) there is a unique
v E Iiif such that D zv = w.
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Proof. We have that the operators Dac and Dcg are surjective as maps from L7 1,6
Lk s_1, as increasing/decreasing the rate in the AC/CS case cannot introduce a cokernel
by Theorem [2.3] In particular they admit bounded right-inverses Pyc and Pcg respec-
tively, which map Lk s_p into LY 41,60 We would first like to show that D z is surjective
for sufficiently small values of t.
Claim: If there is a bounded linear map Pj : Lz,5—1 — LZH’& such that the operator
norm of id —D 5 P satisfies || id —D 5P| < 1, then Dz is surjective.
Proof: By the continuous functional calculus in Banach spaces, the operator D 1Pz =
id —(id =D 4 Pz) has the bounded inverse > :° (id =D 5 P7)*, as this sum converges by
the assumption on the operator norm of id —D 5 Pz. Thus in particular D j is surjective.
|

We now construct such a Pz by joining together Pac and Pcg, seen as operators
on N4 Ao and Ncs respectively. Note that Pcg takes sections on N to sections on NN.
Thus in particular, if s € Lk 51 A(Ecay) is a section on all of N4, then (1 —a)Peg((1—

a)s) defines a well-defined section which is supported on Nés- Similarly, we have an
identification of sections on N4, with sections on A; via the map ¥’ This allows us to
define the operator aPyc 5 on N 4 which takes section supported in N fé‘ to sections
on A;, applies Py4,, and transports them back to section on N, X‘C. It has the noticeable
property that D 4 Pyc 4 = id. We thus define:

Pi(s) = (1 —a)Pes((1 —a)s) + aPAC,A(as). (3.33)
When precomposed with D 3z, we obtain:

DiPs(s) —s = (2a(l —a))s + V(1 — ) o1 Pes((1 — a)s) + Va oy Pyc a(as), (3.34)

where o1, 0 are two bilinear products. Notice that 2a(1 — ) < 3(a+1—a)? = 1, thus
in order to to prove the proposition we need to find 0 < K < % such that:

V(= a)or Pos((1 = a)s)lly,_,, < 5 lslley, - and
[Va oy Pac A(Ofs)”LH e S *H ”Lfs v

Let us consider the second inequality for concreteness. Proposition and the
uniform boundedness of Py¢ 3 allow us to write:

C

IVaoy Pyga(as)llzr, < MHPACA(QS)HL’;

+1,5,A
C
S Tog(t )H AC A(OZS)HLZ+1 5.A
CCa
X MHO‘SHLZ(S_LA
10

X log(t) HS”Li,S—l,A.

In the last line we applied Proposition Now note that for ¢ sufficiently small we
can arrange that %g%; < %. The same reasoning applies to Pcg, which concludes the

proof. O

All the cones that appear in the gluing construction are unobstructed by assump-
tion, thus the indices of the deformation operator of the pieces add up to the index
of Dy, as we have seen in [Eng23, Remark 4.35]. From this and the preservation of
unobstructedness for the glued manifold by the previous lemma, we can conclude that
ki~kerDjg.
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3.3 Finding a nearby Cayley

We are now in good shape to prove the main theorem

Theorem 3.15 (Main theorem). Let (M, ®) be an almost Spin(7) manifold and N a
CSp-Cayley in (M, ®) with singular points {z; }i=o,...; and rates 1 < p; < 2, modelled on
the cones C; = Ry x L; C R® . Assume that N is unobstructed in Mf,g(N,{®}). For a
fized k < 1, assume for each i < k that the L; are unobstructed as associatives (i.e. that
the C; are unobstructed cones), and that P, N (1, ;] = 0. For 1 <i < k, suppose that
A; is an unobstructed ACy-Cayley with A < 1, such that 21, N[\, 1) =0. Let {Ps}ses
be a smooth family of deformations of ® = ®,,. Then there are open neighbourhoods U;

of C; € MRC (4;), an open neighbourhood sy € U C S and a continuous map:

LU X Mg (N, {2}) x HU — U MEWNLS). (3.35)

i=1 Ic{1,....k}

Here we denote by iy the subsequence, where we removed the i-th element fori € I from
. Moreover, Ny denotes the isotopy class of the manifold obtained after desingularising
the points z; for i € I by a connected sum with A;.

This map is a local diffeomorphism of stratified manifolds. Thus away from the cones
mn Mzc (Ai) it is a local diffeomorphism onto the non-singular Cayley submanifolds. It
maps the point (s, N, Ay, ..., Ay) into MCS(NI,S), where I is the collection of indices
for which A; = C;. This corresponds to partial desingularisation.

Proof. Let k > 1 and p > 4 be fixed. We first find a solution to the equation Fz(v) =0
for a ﬁxed Spin(7)-structure via an iteration scheme. For this, fix an ¢ > 0 such that

o < 2. We will construct sections v cL? with ¢ € N which satisfy:

k+1,5,A

D gviy1 = —F4(0) = Qa(vf),
A L} A
of L g and ol <o (3.36)
For this, define first v = 0 for any A with sufficiently small ¢ and § > 1. Then Proposi-
tion allows us to find a unique pre-image v;* of —F4(0) — Q 4 (vg') = —F4(0). From
our estimate on the inverse of Dz on sections which are orthogonal to the approximate
kernel x5 from Proposition [3.12 we see that:

lofllee, ., <ColDavfller,
< OplFsO)lur,

< CDCFtV(“ié).

Here we used Proposition [3.19on our initial error estimate in the last line. We see that
for sufficiently small 1 < & < p the initial error will become arbitrarily small. Thus for
to > 0 sufficiently small we have:

v(p—=6) o 9

[E e, S CpCrt <7
for all t € (0,0]. Suppose now that we have constructed vA for some i € N, such that
[vilzr < o. We then find the pre-image v, of —Fz(0) — Q 5(v{') and use our

k+1,6,A
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estimate on @ z from Proposition to show the following;:

||Uz+1||Lk+15A ODHDAU HLfa 1,A
< Cp(||[F4(0 )||L§6 L HlQalv Z4)HLQ5 1A)
v(p—5) A
< CpCrt + Callv; ||Lz+1 ey
< % +CQ02 < 0.

We can now iterate this procedure to obtain a sequence {v}ien for every ¢ € (0, t]

which satisfies our requirements (3.36). Note that we are free to choose 0 < o < Ca
This family of sequences converges uniformly in A,as we have the bounds:

o
o = ollsg,,, , < ColQa0H) - Qatly,
< CoCollflsy,, , , + Wiallag,,  JIf vl

< 20pCqollvf —vily | r

k+16A

If we choose o small enough, we can ensure that:

A A A
[vif1 —vi ||L§+11M < gllof =il 1||Lk+1 e

k1., v v(N4)) for each A simultaneously. We
(v(N4)). Since both D 5 and @ 4 are continuous maps

Thus {vf! }zeN is a Cauchy sequence in L?

p
can thus find limits v S Lk+1 5.A

of Banach manifolds, we have:

Dzv = lim DA’UZ+1

= lim —F3(0) - Qx(v;")
= —F4(0) - Qz(vdh).

Thus Fz(v4i) = 0. We then immediately get_smoothness for v ! by Proposition
By Proposition we can conclude that N4 = eXp, 4 i (v A) is a family of meOth
Cayley submanifolds, as the family clearly only varies in a compact subset of M. The
manifold N4 has the same topological type as N A and together the N A form the desired
desingularisation. )

Thus we can define a map I' as above on the slice {®} x Mg (N, {®}) x Hle U;.
We would now like to extend this map when the ambient Spin(7)-structure is allowed
to vary. For this, we first choose a trivialisation 7' : § x M{g(N, {®}) =~ x MEg(N,S),
which can be done by unobstructedness of N, using Theorem Now we can repeat
the above iteration scheme for ®, where we now glue A onto N’ = T(®', N). From
this we see that smoothly varying the Spin(7)-structure leads to a smooth change in the
resulting submanifold.

Note that [jv2 ||Lp < 2||od| e < Ct*=9) and thus as the scale t tends

k+1,6+1,A _
A . .
h1.6.A (thus in Cf ) to N4, which in turn

converges in the sense of currents to the conically singular N. As we also have Clk
convergence for any k£ > 1, we get C}X, convergence as well. Moreover, there is nothing
special about reducing the global scale as opposed to reducing only a subset of the scales
to 0. In this case the same argument localised to the singular points in question gives
the Cp%. convergence to the partially desingularised N.

to 0, the resulting Cayley will converge in L?
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Finally, this construction is smooth in the gluing pieces away from cones. Indeed,
varying the pieces gives rise to a smooth change of the p.d.e. Fj(v) = 0, and all the
constants involved in the iteration scheme remain valid. Thus the result will also vary
smoothly. O

We would like to point out that Theorem [I.1] is not the only possible gluing result
in this setting. What is needed in the construction are the following three ingredients.
Whenever these are true, we can prove a corresponding gluing result.

e The initial error ||Ft(0)||L£+1 ,, Deeds to go to zero as the global neck size ¢ — 0.

e The quadratic estimate (3.31]) needs to hold for some constant Cg.

e The linearised operator needs to be invertible orthogonal to its kernel, and has to
have uniformly bounded norm.

The first two items above are true as long as our initial approximation gets better
in a O sense as t — 0, and we know how to handle the local model of the noncompact
piece (in this case a cone). In particular we do not need unobstructedness of the AC
and CS pieces for these two items. We do however need it for the last item, where it
is crucial that the glued operator is surjective and has a well understood behaviour in
the Li,é,t norms as t — 0. In the Theorem we chose the rates of both pieces to be
near 1, and then included the slighty tricky rate 1 into the moduli space of CS Cayleys.
However, provided that A; € M,§ and MGE® are unobstructed (where we now allow
the points to move in the CS moduli space), we can define a gluing map:

k
[:Ux ME(N{oh) x [Joi — | MESWNLS). (3.37)

i=1 I1C{1,....k}

Here U; C ﬂ;é are now not including the translations. They are included in the CS
moduli space. Essentially we can define a gluing map whenever we have rates A <1 < p
for which the pieces are unobstructed, and we can include the translations and rotations
manually on the conically singular side.

Note however that if we are missing some critical rates, in the sense that there is a
critical rate § € 2 which not accounted for on either the AC or the CS piece, then the
gluing map will not be surjective. So for instance, if we are given a cone with no critical
rates in the range (0, 1), we still have surjectivity of the map L.

3.4 Desingularisation of immersed Cayley submanifolds

Note that if two Cayley planes intersect positively, then they cannot be desingularised
by a minimal surface. This is due to the angle criterion, proved by Lawlor in [Law89]. In
the language of Lawlor, the conditions that the planes be Cayley and intersect positively
imply that the characteristic angles between the two planes satisfy ©1 + 05+ 03+ 04 =
2w > 7, and so they do not satisfy the angle criterion. As an immediate consequence of
Lemma [Eng23, Lemma 4.25] and Theorem we obtain the following desingularisation
result, which is optimal by the preceding discussion.

Theorem 3.16 (Desingularisation of immersions). Let N be an unobstructed immersed
Cayley submanifold which admits a negative self-intersection at p € N. Then there
is a family of Cayley submanifolds with one fewer singular point {Ni}ie(o,c) such that
Ny — N in the sense of currents and also in C%. away from the singularity as t — 0.
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Example 3.17. Consider the Spin(7)-manifold (7%, ®,), which is obtained as a quotient
of (R® @) by the lattice of integer points. Consider any affine plane in R® which
descends to a closed manifold in the quotient. Take for instance the special Lagrangian
plane R* ¢ C* It admits a 16-dimensional space of Cayley deformations, however
a 12-dimensional subset of these is generated by rotations and thus not preserved in
the quotient (as the image will be of a different topological type). What remains are
the 4-dimensional family of translation, which descend to the obvious translations of a
T* x {0} C T®. Notice however that its Cayley moduli space has dimension % (o(T*) —
x(T%)) = 0 by [Eng23, Example 4.12]. Thus this four-torus is obstructed as a Cayley
in the moduli space M(T® ®). We can however modify the Spin(7)-structure near T4
so that the submanifold becomes unobstructed in the new moduli space M (T8, ®). In
particular if we take the union of a finite number of such tori that each intersect each
other negatively, we can construct a Spin(7) structure in which we can desingularise the
union of tori using our gluing theorem [1.1|to obtain a connected sum of tori in a (T8, ®),
where ® is a small perturbation of the usual flat structure ®.

Example 3.18. Consider the CY fourfold M = {28+ 2%+ 25+ 2§+ 2§+ 28 = 0} Cc CP>.
In this manifold we can construct special Lagrangian and complex submanifolds which
intersect in a point. The complex surface is N = {21 = izq, 23 = i2z4}. For the special
Lagrangian we choose the fixed-point locus of the following anti-holomorphic involution:

o([20, 21, 22, 23, 24, 25]) = [Z0, 21, Z2, 53761%55]-

We have that L = Fix(o) is a special Lagrangian submanifold by [Joy07, Prop. 12.5.2].
They intersect negatively, however it turns out that the special Lagrangian is obstructed.
Thus as in the previous example, we can only say that there is a Cayley in a nearby
Spin(7)-structure. More generally, special Lagrangians tend to be obstructed, as we see
from Example 4.12 in [Eng23]. There we show that the obstruction space of a special
Lagrangian L in a CY fourfold M is given by:

O(L) ~H(L) ® H*~(L).

In particular, if L is connected we then have dimO(L) = 1 + b*>~. Not at least one
obstruction seems to stem from possible choices of parameters in the Cayley form in the
torsion free setting:

Py =Re(e"”Q) + 2w A w.

Here any choice of ¢ € R and any choice of w in the Ké&hler cone of (M,w) gives
rise to a valid Cayley form. However note that if L is special Lagrangian in M, i.e.
Re(Q)|r, = dvoly, then the moduli space M(L, ®4) with ¢ # 0 is necessarily empty, for
by Stokes’ theorem whenever L is homologous to L:

/i%:/L%:/LRe(eWQ) </LRe(Q):vol(L),

And thus no calibrated submanifolds in the homology class of L can exist for ®4, in
the torsion free setting. We can remove the obstructions associated to ¢ manually by
quotienting M by an antiholomorphic involution. The only Spin(7) structures that
descend to the quotient satisfy ¢ = 0. However we do not know of any way to remove
the obstruction coming from the choice of w. We have yet to find any truly interesting
examples of a desingularisation of a union of a complex surface and a special Lagrangian.
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