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1 Introduction

This is the third and last in a series of three papers working towards the construction
of non-trivial Cayley fibrations using gluing methods. In the previous two papers we
described the deformation and desingularisation theory of conically singular Cayley sub-
manifolds. This is all in an effort to understand the perturbative properties of Cayley
fibrations of compact Spin(7)-manifolds. Indeed, experience suggests that a fibration of a
compact manifold by compact Cayleys must necessarily include singular fibres. However
there is hope that the singular fibres may sometimes admit only conical singularities,
which are analytically tractable. Results such as the gluing theorem Thm.
3.15] then allow us to investigate the deformation theory of fibrations with singular
fibres and deduce properties such as stability (in a suitable sense) under small deforma-
tions of the Spin(7)-structure. In this paper we will show two stability results, the first
of which is the following, about weak fibrations:

Theorem 1.1. Let (M, ®) be an almost Spin(7)-manifold which is weakly fibred by con-
ically singular Cayleys with semi-stable cones, such that all the Cayleys in the fibration



are unobstructed. Let ®; be a smooth deformation of the Spin(7)-structure. Then there
is an € > 0 such that for all t € [0,€) the manifold (M, ®;) can still be weakly fibred.

Here semi-stability imposes some mild restrictions on the critical rates of the asymp-
totic Cayley cone. The notion of weak stability is homological in nature. It is weaker
than the usual notion of fibration, since fibres may intersect. The main idea in the
proof is that unobstructed Cayleys, both non singular and conically singular, deform
smoothly under smooth change of the ambient Spin(7)-structure. Both the deformation
theory of Cayley submanifolds and the desingularisation theory play a role here. First,
the deformation theory ensures that Cayleys of a given type continue to exist, deform
by isotopies, and do not form additional singularities. The gluing theorem ensures that
we have a precise quantitative grasp on the geometry as one passes from nearly sin-
gular Cayleys in the perturbation to their singular limit. Essentially, this is a result
that makes minimal assumptions on the geometry, but is consequently rather weak and
mostly topological in nature. We have the following result on strong Cayley fibrations,
which needs further assumptions on the geometry.

Theorem 1.2. Let (M,®) be an almost Spin(7)-manifold which is strongly fibred by
simple conically singular Cayleys, such that all the Cayleys in the fibration are unob-
structed. Assume that the fibration is non-degenerate. Let ®; be a smooth deformation
of the Spin(7)-structure. Then there is an € > 0 such that for all t € [0,€) the manifold
(M, ®;) can still be strongly fibred.

Simpleness and non-degeneracy are technical conditions that allow us to analyse the
deformations of Cayleys near the singular limit in detail and avoid certain pathological
behaviours. Simpleness ensures that the deformations of the nearly singular compact
Cayleys (which in a fibration should be a four-dimensional space) can be described by
deformations dominated by the movement of their cone and deformations at a unique
other, lower rate. This ensures Fredholmness when we turn to solving the Cayley equa-
tion (i.e. the linear p.d.e. governing the first-order deformations of a Cayley) over
the manifolds we obtain from the gluing theorem. Non-degeneracy is the requirement
that the solutions to the Cayley equations, weighted appropriately, can be bound away
from zero. We will show that the fibrations in this situation will remain fibering up to
first order, and the weak stability result then allows us to show that this implies global
stability.

These two results in turn can then be used to construct fibrations on compact man-
ifolds via gluing of non-compact pieces, as in the programme of Kovalev [Kov05]. We
review the examples proposed by Kovalev coming from the twisted connected sum con-
struction and show that they satisfy the conditions of Theorem Thus in particular
we prove:

Theorem 1.3. There are compact, torsion-free Spin(7)-manifolds of holonomy G2 which
admit fibrations by Cayley submanifolds.

From this we can deduce as a corollary:

Corollary 1.4. There are compact, torsion-free Go-manifolds of full holonomy Go which
admit fibrations by coassociative submanifolds.

Note that the examples in the Spin(7) case are not of maximal holonomy Spin(7).
This is due to our current lack of fibrations on gluing constructions of full holonomy
Spin(7) manifolds.

Notation

We will denote by C' an unspecified constant, which may refer to different constants
within the same derivation. To indicate the dependence of this constant on quantities



z,Y, ..., we will write C(z,y,...). Similarly, if an inequality holds up to an unspecified
constant, we will write A < B instead of A < CB.
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2 Preliminaries

2.1 Calibrated Geometry

We will start by giving a quick outline of calibrated geometry which as an area of study
has first been proposed by Harvey and Lawson [HL82|. As an area it is intimately
related to study of manifolds of special holonomy, such as the Spin(7)-manifolds that
are the objects of interest of this paper. An excellent introduction which goes beyond
what we discuss is the book by Joyce |Joy07].

Let now (M, g) be a Riemannian manifold. Suppose that ¢ € QF(M) is a closed form,
such that at each point p € M and for each k-plane IT € Gr(T,M, k) the calibration
inequality:

QO|H < dVOlH

is satisfied. We then call ¢ a calibration. We say that a k-dimensional submanifold
N C M is p-calibrated if the calibration inequality becomes an equality, i.e.:

¢|lny =dvoly .

Any calibrated N is volume minimizing in its homology class, which can be seen by an
application of Stokes’ theorem. Indeed, for NV homologous to N we see:

vol(N) :/ dvoly :/ = / o < / dvol g < vol(NV).
N N N N

We will now review the fundamentals of three calibrated geometries, namely the
Calabi—Yau, G2 and Spin(7) geometries. In all cases this will entail the study of cal-
ibrated submanifolds of course, but in fact admitting calibrations of these types also
places restrictions on the holonomy of the ambient space, which will lie in SU(n), Go
and Spin(7) respectively.

Remark 2.1. In the G2 and Spin(7) case we do not always require the differential form
to be closed. Consequently the form is not a calibration and its calibrated manifolds
are not necessarily minimal.

2.2 Calabi—Yau and Fano Geometry
Calabi—Yau Geometry

We briefly review some aspects of Calabi—Yau and Fano manifolds which will be rele-
vant to our discussion of Cayley fibrations of Spin(7) manifolds. For a more in-depth
introduction we refer to [Joy00, Ch. 6].



Definition 2.2 (Calabi—Yau manifold). Let (X2, J,w, g) be a Kihler manifold of com-
plex dimension n which admits a nowhere vanishing holomorphic (n,0)-form €. The
line bundle of (n,0)-forms is called the canonical bundle, so equivalently we may re-
quire (X, J) to have holomorphically trivial canonical bundle. If we furthermore have

the following normalisation condition which links the complex and symplectic geometry

of X: "
% = (—1)"=D/2(/2)mQ A Q) (2.1)
then we call (X?",J,w,g,{) a Calabi—Yau manifold. The form (2 is called the holo-

morphic volume form.

The holonomy of any Calabi—Yau manifold is contained in SU(n) and the metric g
is necessarily Ricci-flat. At any point an SU(n)-structure is isomorphic to the following
standard model on C" with complex coordinates z; = x1 + ty1, ..., 2, = Ty + Yn:

wO:dI1 /\dy1+d$n/\dyn,
go = daf +dyi + - +da? +dy2,
Qo =dz1 A--- ANdzy,.

We have the following theorem due to Yau (proving a conjecture due to Calabi) which

reduces the existence of a Calabi—Yau structure to a question of complex geometry on
(X, J).

Theorem 2.3. Let (X, J,w,g) be a compact Kdihler manifold with trivial canonical
bundle. Then there is a unique Kdhler form & in the cohomology class of w (with
corresponding metric §) and a holomorphic volume form Q such that (X, J, ©,q,Q) is a

Calabi—Yau manifold.

On Calabi-Yau manifolds there are two calibrations of interest. First we have the
real part of the holomorphic volume form Re Q € Q" (M), whose calibrated submanifolds
are the so called special Lagrangians, which are difficult to construct, and we will not
go further into discussing them here. Secondly we have the complex submanifolds in any
dimension 1 < k < n, which are calibrated by the form %‘ The calibration inequality is
in this case also called the Wirtinger inequality and is a feature of any K&hler manifold,
not just Calabi—Yau manifolds.

In two complex dimensions, Calabi—Yau manifolds are particularly well understood.
Their underlying complex surfaces must either be tori 7% or so called K3 surfaces,
which are the only two deformation types of complex surfaces with trivial canonical
bundle. We will discuss K3 surfaces in more detail now, see |[Joy00, Section 7.3.3] for
a more in depth discussion. By a result of Kodaira all complex analytic K3 surfaces K
belong to a single diffeomorphism type, namely that of a quartic {zg + =7 + 25 + 23 =
0} C CP3. In particular they are simply connected and all have isomorphic cohomology
groups, the only non-trivial one being H?(K,Z). Since K is a compact closed four-
manifold its second cohomology admits a non-degenerate intersection pairing, and this
lattice we denote by A. Next we recall that analytic K3 surfaces form a 20-dimensional
moduli space. To see this explicitly we define a marked K3 surface to be a K3 surface
K together with a choice of lattice isomorphism h : H?(K,Z) — A. The complex
structure of the K3 surface will then be determined locally by its Hodge structure (i.e.
how H?(K,C) = H*?(K,C)oHY1(K,C)®oH?*°(K, C) splits with respect to the marking
h). More precisely we define the so called period domain:

Dgs={ue P(A®C):u*=0, u-u> 0} (2.2)
~{ITCA®R: (-, )|u>0} C Gry(2,A®R).



This is the space of all possible complex lines h(H*°(K,C)) in A®C. The map sending
(K, h) to [h(H?°(K,C))] € Dgs is called the period map. It is a local but not global
diffeomorphism, in particular because the moduli space of marked K3 surfaces is not
Hausdorff (while D3 is). The isomorphism to Gri (2, A ® R) follows from identifying
H?% @ H%? =TI ® C for a real two-plane II.

Next, for our discussion we will need K3 surfaces with additional structure, so called
lattice polarised K3 surfaces (see [Bea02]). For this we look at the Picard group
Pic(K,J), which is the abelian group of holomorphic line bundles under the tensor
product. As K3 surfaces are simply connected, we can think of the Picard group as
being embedded in H%(K,Z) via the first Chern class ¢; : Pic(K,J) — HV(K,Z).
Thus, while the intersection form on H? is a topological invariant, we can restrict it to
the Picard group to get an invariant of the complex structure, the Picard lattice. This
is a lattice of rank (1,p — 1) where 0 < p < 20 is the rank of the Picard lattice.

Assume now that we are given a sublattice N C A of signature (1,7 — 1) and an
element A € N with A- A =2g—2 > 0. We say that a marked K3 surface (K, J, h) is
(N, A)-polarised if h(N) C Pic(K, J), this embedding is primitive, meaning that A/N
is torsion-free, and h(A) € Pic(K, J) is ample. The number g is then called the genus
of the polarised K3 K. Similar to the period domain of marked K3 surfaces one
can describe a similar period domain for marked polarised K3 surfaces. For this note
that as h(N) C Pic(K,J) C HY1(K) the complex line H?°(K) must be orthogonal to
h(N). This motivates the definition of the following domain:

Dy ={u€ P(N*®C):u*=0, u-a>0} (2.3)
~{ITCc N*®@R: (-,)|g>0} C Gry (2, N* @ R).

The corresponding Torelli theorem states that the period map from before maps the
moduli space of marked (N, A)-polarised K3 surfaces KN4 to Dy by a local diffeomor-
phism. Hence this moduli space has dimension 20 — r.

The Ké&hler geometry of K3 surfaces is also rather explicit. Suppose that the (non-
polarised) K3 surface (K, J,w, g) has period point I € Dg3. We then define the root
system corresponding to II as:

Ag={AeA: XA A=-2 A-p=0 Vpell}.
Then the set of Kdhler chambers of the K3 surface is given by:
{weARR:w-w>0, w-p=0forpell, w-A#0 VX € Aqn}. (2.4)

Now the Kahler cone is always a connected component of the set of Kéhler chambers,
and thus in particular an open subset of H'!(K). After our discussion of the complex
and Kéhler geometry of a K3 surface, consider now a K3 surface (S,wy, I, g,€;) with
a chosen Calabi-Yau structure. By Yau’s Theorem we see that wy,g and Qj are
determined by the complex structure I and the cohomology class [w] € H?(S). We
can then write 0y = wy + iwg. As suggested by the notation S is also Kéahler with
respect to the forms w; and wg for new complex structures J and K (meaning that
9(-,) = wy(-,J) = wi (-, K-)). The three complex structure satisfy the quaternionic
relations 12 = J? = K? = IJK = —1. In fact, for (a,b,¢) € S* C R? any linear
combination al 4+ bJ + cK determines a further complex structure for which (S, g) is
Kahler for a suitably chosen Kéhler form. Riemannian manifolds that are Kéhler in
three compatible ways like above are called hyperkahler manifolds. In the K3 case,
we can describe the K3 moduli space explicitly:

Proposition 2.4. The moduli space M"™ of hyperkihler K3 surfaces admits a period
map:
P MM — D (2.5)



Here D, is defined as:

D%% :{(al, Qg, 043) oy € A ® R, Q-0 = CL(Sij with a > 0, (26)
for each A € A with A- A = —2 there isi = 1,2 or 3 such that o - XA # 0}.

Hyperkéhler manifolds admit isometries of a special kind which interchange the com-
plex structures, called hyperkéhler rotations. More formally, for us a hyperkéhler
rotation will be an isometry ¢ : S1 — S2 between K3 surfaces S; and Ss with complex
structures I, J1, K1 and Is, Jo, K5 respectively, so that

(p*Ig = Jl, (p*Jg = Il, and (p*KQ = —Kl. (27)

Alternatively we can define hyperkéhler rotations by their actions on the Kéahler forms.
Indeed the HK rotation ¢ from above induces the following action on the Kahler forms
(wi,w_,wp) corresponding to the distinguished complex structures (I,J, K) of a K3
surface S:

(Wi, w—,wo) — (w—, w4, —wo). (2.8)

These special isometries will important in section when we discuss the construction
of Gy-manifolds from Calabi—Yau pieces. We will glue asymptotically cylindrical Gs-
manifolds which have ends modelled on R x S' x S' x S, where S is a K3 surface.
For topological reasons, which will be explained later, we need to identify the two K3
surfaces of either end by a hyperkéhler rotation.

Fano Geometry

We will now review some aspects of the geometry of Fano threefolds. More details can
be found in the book by Kollar [Koll13| and the survey paper by Beauville [Bea02].

Definition 2.5. A Fano manifold is a compact, complex manifold X with ample
anticanonical bundle, meaning that a basis of H°(X, (—Kx)®*) gives a well-defined
embedding into CPY for some k > 1.

Being Fano is quite a restrictive condition. In each dimension n > 1 there are only
finitely many deformation types of Fano n-folds. We are mostly concerned with Fano
threefolds, of which there are 105 deformation types. In fact our entire discussion can
be adapted to what Corti, Haskins, Nordstrom and Pacini [CHNP13] call semi-Fano
manifolds, however their definition is somewhat involved, so we will not present it here.
Morally speaking, semi-Fanos are desingularisations of mildly singular Fanos.

We will now recall some properties of (semi)-Fano manifolds that are relevant to our
discussion of the twisted connected sum construction of Go-manifolds, mainly following
[CHNP13]. To begin, assume that X is a Fano three-fold. We can then define the
following pairing on H?(X,Z):

()x : H*(X,Z) x H*(X,Z) — H*(X,Z) ~ Z, (a,b) —> a-b-c1(—Kx).
This endows H?(X,Z) with a non-degenerate lattice structure. We can write
(-Kx,—Kx)=29-2>0,

where g is the degree of the Fano three-fold. Next, let S C X be an anticanonical divisor.
It is known that generically this will be a smooth K3 surface [Sok80]. From now on
assume that is is. It can then be proven that the restriction map H?(X,Z) — H?(S,Z) is
a primitive embedding of lattices, where we consider H? (S, Z) with the usual intersection
pairing. Thus S is a (H?(X,Z), —K x)-polarised K3 surface. From this it is natural to



discuss the moduli space of pairs (X, S) where X is a (semi)-Fano threefold and S ¢ X
is a smooth, anticanonical K3 divisor, where H?(X,Z) is isomorphic to a fixed lattice
N and A € N satisfies A> = —K%. Write this moduli space as . This is again a
(potentially singular) complex manifold. Of course we have a forgetful morphism:

sNA L FNA L eNA (X 8) — S,
It has the following important property.

Proposition 2.6 (Thm. 6.8 in [CHNP13]). The image of each connected component of
FNA s an open dense subset of K™*, and for smooth points (X, S) € .FN’A, S e kA
we have that sN*4 is locally a submersion.

2.3 (5 and coassociative Geometry

We now discuss the basic definitions of Ga-geometry. The interested reader can find
accessible introductions to the topic in the books [KLL20| and [Joy07].

Consider C* with the standard Calabi-Yau structure ((C Jo,wo, go,Qo) We can
define the following three-form, called the associative form on R” = R x C:

o = dt Awpy + Re Q.

Here ¢ denotes the coordinate on R. The stabiliser of this form in GL(7) is the 14-
dimensional simple Lie group Go C SO(7). A 7-manifold M together with a three-form
¢ € Q3(M) such that at each point (T},M,p,) is isomorphic to the standard model
(R”, o) is called a Gy-manifold. The associative form ¢ induces a metric gp on M
via the pullback of the standard metric on R”. If now o is both closed and co-closed,
Le. dp = 0 and dfp = 0, then both ¢ and *,¢ are calibrations. Their calibrated
submanifolds are called associatives and coassociatives respectively. This is called the
torsion-free case. We then also have that the holonomy of (M, g,) is contained in Gs.

Example 2.7. Let (X5, J,w,g,Q) be a Calabi-Yau threefold. Consider M7 = X x S!
with the coassociative form ¢ = ds A w + Re (2, where s is the coordinate on S'. This
Go-structure is torsion-free, and a special Lagrangian L C X gives rise to an associative
manifold L x {p} for any p € S*, whereas a complex surfaces S* C X gives rise to a
coassociative submanifold S x {p}.

2.4 Spin(7) and Cayley Geometry

In this section we briefly review the results in Spin(7) and Cayley geometry that are most
important for our discussion, based on [Eng23a] and |[Eng23b]. A thorough exposition
of Spin(7) and Cayley geometry is given in the foundational papers [HL82| and |[McL9§].

The group Spin(7) is usually seen as the double cover of SO(7). In this paper we
define it as the stabilizer of the Cayley four form:

Oy = dz1234 — dT1256 — dT1278 — dT1357 + d21368 — dT1458 — AT 1467

— dwosss — dwager + dToasy — droses — dxaase — dwsars + dTsers (2.9)

under the action of GL(8,R) on forms in A*R®. A pair (M,®), where M is an 8-
dimensional oriented manifold and ® € Q*(M), is a Spin(7)-manifold if at each point
p € M there is an oriented isomorphism T, M ~ R® that takes ®, to ®y. Expressed
differently, Cayley forms on M are sections of a subbundle A(M) C A*T*M. Any
Cayley form @ induces a Riemannian metric g on M via pointwise pullback of the
standard metric on R®, as Spin(7) C SO(8). If d® = 0 we say that the Spin(7)-manifold
is torsion-free. In this case the holonomy Hol(ge) C Spin(7).



Example 2.8. Examples of Spin(7)-manifolds arise from other calibrated geometries,
but these examples never have full holonomy. We can think of Spin(7)-geometry as the
generalisation of other calibrated geometries of equal or lower dimension.

o Let (X8, J,w,g,Q) be a Calabi-Yau fourfold. Then the form ® = ReQ + %w Aw
is a closed Cayley form and gg = g. The holonomy of (X, g) will be included in
SU(4) C Spin(7).

e Let (M7, ) be a Go-manifold, not necessarily torsion-free. We can then look at
X = M x S with the form ® = dt A ¢ + xp. Then (X, ®) is a Spin(7)-manifold.
If o is torsion-free then ® will be torsion-free as well, and the holonomy will be a
subgroup of Go C Spin(7).

Let now N* C M be any immersed submanifold. The Cayley form ® then satisfies
the Cayley inequality:
(I)lN < dVOlN. (210)

Here dvoly is the volume form induced by the metric go. We say that a manifold
N is Cayley if ®|y = dvoly, and that it is a-Cayley for (o € (0,1)) if instead
®|ny > advoly (see also section 3 of [Eng23a]). If we know that a submanifold is a-
Cayley for a close to 1, then there is hope that a true Cayley submanifold can be found
in its vicinity, as we will see in Theorem for a special case.

Example 2.9. The examples of

o Let (X% J,w,g,9) be a Calabi-Yau fourfold, seen as a Spin(7)-manifold with
Cayley form ® = Re{) + %w A w. Then both special Lagrangians (calibrated by
Re () and complex surfaces (calibrated by %w Aw) are Cayleys.

o Let X = M x S! with the Cayley form ® = dt A ¢ + *p, where (M, ) is a
Go-manifold. For an associative A> C M (i.e. a manifold calibrated by ¢) the
product A x S' is a Cayley in X. Similarly, for C* C M a coassociative, the
product C x {p} is a Cayley for any p € S*.

Looking at (R8, ®() again, the Cayley four planes form a 12 dimensional subset of
the 16 dimensional Grassmannian of oriented four planes. Thus the Cayley condition
can be described by four independent equations, given explicitly by the vanishing of a
four form 7 derived from the Cayley form. It turns out that for « sufficiently close to 1
we define we can define a deformation operator associated to any a-Cayley:

F:C®(N,V) — C®(Ecy),

v — T(*Nexpi(T|N,))- (2.11)

Here V C v(N) is an open neighbourhood of the zero section in the normal bundle of
N, E.,y is a bundle dependent on N and exp,, : N < M denotes the exponential of the
vector field v € v(N). We denote the image of this map by N,. The precise definition
can be found in [Eng23al Section 3.1], where it is also shown that this operator is elliptic
at the zero section and detects Cayley submanifolds, meaning that F'(v) = 0 implies that
N, is indeed Cayley.

The linearisation of F' at the zero section is the linearised deformation opera-
tor I) or simply the Cayley operator. The operator F' admits the following Taylor
expansion around the zero section:

F(v) = F(0) + P[] + Q(v).

Here @ is a remainder term, which contains all the quadratic and higher order behaviour
of F near 0. The coefficients of ) depend on the data M, N and ® in a very precise
way.



Proposition 2.10. Let (M,®) be a Spin(7)-manifold, where ® is part of a smooth
family {®s}ses. Then there is an open subset U C A(M) be an open subset containing
the image of ®, a sufficiently close to 1 and smooth bundle maps as follows:

1 :M x Cay, (4, TM) x U — Hom(T*M @ TM,A*M),
co :M x Cay, (4, TM) x (T*M @ U) — Hom(T M, A>M).

For any immersed a-Cayley N C (M, ®s) with an associated linearised deformation
operator B)N,s, we have that:

Dy sv(p) = c1(p, T,N, ®4(p)) - Vu(p) + co(p, T,N, V®,(p)) - v(p).

Here V refers to the Levi-Civita connection for the fized Spin(7)-structure ®.

Proof. This is a consequence of [Eng23a, Prop. 3.4], which gives a coordinate expression
of ) in a carefully chosen frame {f;}1<j<s as:

Pl = me(BYi, fi x Viv+ i, Y5 Bifi x VEv + Vor(f1, fa, f3, f1))-

Here 3, 5;; depend algebraically on the choice of frame (which depends on T'N) and
®,(p), and V+ is the connection on the normal bundle induced by ®,. The product x
that appears also depends pointwise on ®,, and the derivative of the form 7 depends
pointwise on V@ and TN. We remark that the Christoffel symbols of V* also depends
on V® and that this is included in cg. O

In particular, if two almost Cayley submanifolds are sufficiently close to one another,
their deformation operators will differ in a controlled manner.

Corollary 2.11. Let N C (M,®) be an almost Cayley with linearised deformation
operator Dn. Let v € C®(v(N)) be a sufficiently small normal vector field, so that
N, again admits a deformation operator. Identify the normal bundles of N and N, via
orthogonal projection. We can then write:

lDN,, = lDN + b’u?
where ]NDU[w] =ai(v,N)-Vw+ao(v,N)-w, and:
|VFa;| < [VFFL).

Proof. This follows from the previous Proposition [2.10] by realising that the variation
in T,N is governed by the first derivative of v, and similarly for higher derivatives.
Finally we note that the ¢; from the previous proposition only depend on the ambient
Spin(7)-structure and not on the submanifold. O

Let N be an almost Cayley submanifold of (M, ®) almost Spin(7). Let {®s}ses C
&/ (M) be a smooth finite dimensional family of Spin(7) structures such that ® = &,
for some sg € S. We have a good local theory of the moduli space M(N,S) of compact
Cayley submanifolds isotopic to N for any of the Spin(7)-structures in S. Combining
|[Eng23a, Thm 4.9, Thm 4.10] we obtain the following extension of the work of McLean
[McL98| and Moore [Moo19]:

Proposition 2.12. The map F from (2.11)) is smooth as a map L}, — Ly, and elliptic
at the zero section. A neighbourhood of (N, ®) in M(N,S) is homeomorphic to F~1(0).
Furthermore, if Coker D = {0} we say that N is unobstructed, and M(N,S) is then

a smooth manifold of dimension 3(o(N)+ x(N)) — [N] - [N] + dim S near (N, ®).



2.5 Manifolds with ends

We now briefly recall the definitions of asymptotically conical and conically singular
manifolds. More details can be found in [Eng23al Section 2.3]. Recall that an asymp-
totically conical manifold of rate n < 1 (AC,) is a Riemannian manifold (M, g) such
that away from a compact subset K C M we can identify M \ K ~ (rg,00) x L and the
metric satisfies:

V(g = geon)| = O(r"17%) as r — oo, (2.12)

where geon = dr? +72h is a conical metric on (rg,00) X L. For a embedded submanifold
f: A= (R" g), where g asymptotically conical of rate n < 1 and asymptotic to flat
R"™, we say that it is an asymptotically conical submanifold of rate n < A < 1 if:

IVi(f(r,p) — u(r,p))| € O(T)\_i), as r — oo. (2.13)

Here ¢ : C' — R" is the embedding of the uniquely determined asymptotic cone of A.

Finally, we say that a continuously embedded topological space N C (M, ®) is coni-
cally singular with rates i = (1, .., ), where 1 < p; < 2 (CS;) asymptotic to cones
C1,Cq,-+-,Cy if it is a smoothly embedded manifold away from [ points {z1,..., 2},
and there are parametrisations ©; : (0, Ry) X L; — M of N near z; such that:

|Vi(®j(r,p) —1i(r,p))| € O(r*=%), asr — 0. (2.14)

Here ¢; is the embedding of the cone C; via a parametrisation x; of M that is compatible
with the Spin(7)-structure, i.e. Dxj®(z;) = ®o. In both the AC and CS case, if a
submanifold is Cayley, then it must be asymptotic to Cayley cones.

We now recall briefly the theory of Sobolev spaces as well as the Fredholm theory
on conical manifolds. First of all, let M be an n-dimensional manifolds with [ conical
ends and E a bundle of tensors on M. For a collection of weight § € R’ and a section
s € C*(FE) we define the Sobolev norm:

1
k P
lIsllpn5 = (Z /M|Vispw+i|ppndu> , (2.15)
=0

Here w is a weight function that interpolates between the conical ends. On the j-th
conical end it is given by ¢;. We denote the completion of C2°(FE) under this norm
by Lz 5 Note that the Banach space structure is independent of the choice of weight

function. If there is only one end, we denote the space by L% ;. The C’é—“ spaces are
defined as the completion with regards to the norm:

k
Isllos = S Wisp+i]. (2.16)

i=0
There is a Sobolev embedding theorem:

Theorem 2.13 ( |Loc87, Thm 4.8]). Suppose that the following hold:
i) k—k>n (1% - %) and either:
i) 1<p<p<ooandd>5 (AC) ord <8 (CS)
iW)l<p<p<ooandd>d (AC) oréd <é (CS)
Then there is a continuous embedding:

L 5(B) — L} +(E) (2.17)
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We call a linear differential operator D that is asymptotically compatible with the
conical structure a conical operator. This means that the coefficients of D tend
towards the coefficients of a rescaling invariant operator on the asymptotic cone. For a
precise definition we refer to [Eng23a, Section 2.3.3]. It is of degree v € R if D[C§°] C
Cg° . Such operators define continuous operators between conical Banach spaces, and
enjoy a good Fredholm theory.

Theorem 2.14. Let D be a conical operator of order r > 0 and degree v € R. Let
l1<p<ooandk>0. Then it defines a continuous map:

D:L?

k+r75(E) — L275—V(E)~

If D is elliptic, then this map is Fredholm for ¢ in the complement of a discrete subset
2 C R. This subset is determined by en eigenvalue problem on the asymptotic link.

Denote by is(P) for § € R\ Z the index of the operator D : Ly, s(E) — L} 5 (E).
We then have that: is,(P) —is,(P) = 3 5c(5,,60)n2 4(A). Here d() is determined solely
by the asymptotic link.

Example 2.15. By [Eng23a, Ex 2.25] we know that the critical weights of the quadratic
complex cone O = {22 +y? + 22 = 0,w = 0} C C* with link L ~ SU(2)/Zy, the weight
between (—2,2) are:

d(-1)=2, d(0)=8, d(1)=22, d(-1+5)=6. (2.18)

Now that we have a well-behaved theory of elliptic operators on manifolds with
conical ends, we can write down explicitly the moduli spaces of ACy and CSj as zeros
of non-linear partial differential operators. First, we consider the case of an AC) almost
Cayley submanifold A C (R®, ®). The non-linear deformation operator defined in
can be extended to maps between weighted spaces as follows:

Fac: Ly (V) xS —> L}y (Ecay)-

Here S is a family of Spin(7)-structures, with F(v,®) meaning that A, is Cayley with
regard to the Spin(7)-structure ®, which may be different from ®. This map is smooth,
and its linearisation at the zero section IP 5 is Fredholm away from a discrete critical
set 2 [Eng23a, Thm. 4.16]. For instance consider the AC_; Cayley A, = {z2+y?+2? =
e,w=0}C C*. From Examplewe see that between rates —1 < A < 0 the operator
Fredholm and of constant index, which turns out to be 2 (cf. [Eng23al, Rm. 4.18]).
Furthermore it is unobstructed. Hence the nonlinear moduli space of AC, Cayley
submanifolds isotopic to A, and having the same limiting cone C, = {22 + y* + 2% =
0,w = 0} is given by:

Mic(Ad) = Fib(0) ~ C\ {0},

where we identify A. — ¢. We also define the extended moduli space to be the usual
space where we also adjoin the singular cone as an element. So in this case we have:

Mio(Ad) ~ C\ {0} U{C,} ~ C.

On this moduli space we the scale of an element to be its rescaling factor with regards
. . . A
to a fixed cross section of the scaling action. On My (A¢) such a scale could be:

t(Ae) = |€‘

In this case the chosen cross-section of scale one elements is {A, : |¢| = 1}. All of this is
explored in more detail in [Eng23al Section 4.2].
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Next, there are similar moduli spaces of conically singular Cayley submanifolds.
First, let N C (M,®) be a CS; Cayley for the Spin(7)-structure ®, which is part of a
smooth family {®;}ses. Then we can define the moduli space of CS; Cayley manifolds
that are CS; perturbations of N, Mi~(N,S), to be the zero set of the non-linear
operator:

FCS,ﬁX - L (V) xS — Lz,ﬁfl(Ecay)-

p
k+1,1
In particular they all have the same singular points and limiting cones, since the con-
dition p; > 1 excludes translations of the singular points, of rate 0, and deformations
of the cone, which are of rate 1. We can reinsert them by hand by defining two new
operators:

FCS,points : Lerl,ﬁ(V) x 8 x ]:points — Lz’ﬁfl(Ecay% (219)
Fes cones : Lgﬂ,ﬂ(V) X S X Feones — Liﬂ_l(Ecay). (2.20)

Here Fpoints and Feones contain the possible perturbations of the singular points and
the cones (with fixed points) respectively. Hence, in the case of a unique singular point,
if Fes.cones(v, @, C') = 0, this means that there is a conically singular Cayley, CS,, to the
new cone C, but with the same singular point as N. If instead Fcs,cones (v, @, D, C) =0,
then the Cayley has a possibly different singular point p, and a singular cone C' C TsM.
We denote the corresponding moduli spaces by Mhq(N,S) = Mi’gomts(N, S) and
MYES(N,S). Similar to the asymptotically conical case, the operators Fcg, (4 define
smooth maps and have a good Fredholm theory [Eng23al, Thm. 4.32]. We conclude our
discussion of conical manifolds by proving a useful lemma. Since we now how I varies
under perturbation by a vector field by Corollary we can determine precisely what
the convergence rate of I) to the conical model is depending on the rate of the AC or
CS manifold.

Lemma 2.16. Let A C (RS, ®) be an almost Cayley submanifold which can be seen as
a perturbation of a Cayley cone C C R® by a normal vector field v € C*®(v(C)) with
Hv||C§+1 =1 for v € R. We identify the tensor bundles on A and C so that the Cayley

operator 1) of A and the Cayley operator of the cone ID.,, are both defined on C. For
any rate ¢ € R we then have the pointwise estimate:

|(lD - wcon)S‘CQZI S TW?I‘S‘C?JA'

2.6 Desingularisation of Cayley submanifolds

We now have all the necessary tools at our disposal to discuss a desingularisation theorem
that will allow us to study fibrations in a neighbourhood of their singular fibres. This
is a slight modification of |[Eng23b, Thm. 3.15], in that we separate the AC and CS
deformations at a different rate. Here we exclusively consider cones which have no
critical rates between the translations at 0 and the rotations at 1, which we call semi-
stable cones.

Theorem 2.17 (Gluing Theorem). Let (M, ®) be an almost Spin(7) manifold and N
a CSp-Cayley in (M, ®) with singular points {z;}i=o,...; and rates 1 < p; < 2, modelled
on the semi-stable cones C; = Ry x L; C R® . Assume that N is unobstructed in
MEG(N,{®}). For a fizred k < I, assume for each i < k that the L; are unobstructed
as associatives (i.e. that the C; are unobstructed cones), and that 2r, N (1, ;] = 0.
For 1 < i < k, suppose that A; is an unobstructed ACy-Cayley with A < 0, such that
D, N[A0) =0. Let {Ps}ses be a smooth family of deformations of ® = ®4,. Then

12



there are open neighbourhoods U; of C; € ﬂzc(Ai), an open neighbourhood so € U C S
and a continuous map:

k
[:Ux MEg(N A x [[Ui — | MEWNLS). (2.21)

Ic{1,...,k}

Here we denote by iy the subsequence, where we removed the i-th element fori € I from
. Moreover, Ny denotes the isotopy class of the manifold obtained after desingularising
the points z; for i € I by a connected sum with A;.

This map is a local diffeomorphism of stratified manifolds. Thus away from the cones

A
in Myc(A;) it is a local diffeomorphism onto the non-singular Cayley submanifolds. It
maps the point (s, N, Ay, ..., Ax) into MEG(N1,S), where I is the collection of indices
for which A; = C;. This corresponds to partial desingularisation.

The submanifold I'(®,, N, A) is constructed by first producing an almost Cayley
submanifold N4 which is sufficiently close to being Cayley so that an iteration scheme
allows to perturb it to a nearby exact Cayley. The submanifolds N4 is explicitly given
as a gluing of two kinds of pieces via a partition of unity, the first being a deformation
of N to a CSz-Cayley with respect to the Spin(7)-structure ®,, and the second being
the asymptotically conical desingularisations of the conical points. We recall the precise
error bounds on 7| ...

Proposition 2.18 (Prop. 3.6 [Eng23al). For a sufficiently small scale t of the A and
for s € S sufficiently close to the initial Spin(7)-structure, p > 4 and 1 < v < Ymax,
k € N, we have:

1Eyea(0,8)llze < Cp(tOmax=7)), (2.22)

Here Cr > 0 is a constant that only depends on the geometry of (M, ®) and not on A,
and 0 < v <1 is a constant appearing in the gluing construction.

Afterwards we perform the following iteration scheme for each of the resulting pre-
gluings N*4 simultaneously, one for each choice of N and A. We first choose what we
call pseudo-kernels for all N4, which are approximations to the kernel of I) that
we can control a priori. Indeed for this we fix compactly supported pseudo-kernels
KAG, kos C Lzﬂﬂ (v) for N and A respectively. For sufficiently small ¢ > 0 we can then

think of the supports of these kernels as being embedded in N $t4 and thus we can pull
back the normal vector fields onto N st4 " As the Cayley operator restricted to either
end of N*!4 is approaching the operator on the respective conical piece, this new space
of sections k; = kac ® kcs will still be a good approximation of the true kernel in the
following sense. If v L r; in some adapted L?-norm, then if additionally v € ker D y..ca
we automatically get v = 0. We can now describe the iteration scheme in detail. For

this consider a sequence {v; }ien C LZ+1,’y,tA(V) with vo = 0 and:
Dovis1 = —Fi(0) — Qu(v;), vi L Ky, i > 0. (2.23)

We need to invert the operator I, relative to some vector space of dimension ker Ip;,
such as the pseudo-kernel (this requires both NV and A to be unobstructed, in which case
I, is automatically surjective). To estimate the norm of v;1; from the norm of v; we
need the following to results, which also hold without the unobstructedness assumption.

Lemma 2.19 (Prop 3.12 in [Eng23b]). Let § € R be a non-critical rate for the cone of
N. Then there is a constant Cp > 0 such that we have for all sufficiently small t and

P : L? ..
u € Lk+1,6,tA with u 153 Kky:

< CD”]Z)tUHL”

k,6—1,6A4

e, (2.24)
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Lemma 2.20 (Prop 3.13 in [Eng23b]). Let § € R be given. Then there is a constant
Cq > 0 such that we have for all sufficiently small t and u,v € Lzﬂ 5tA(V) with u,v of
sufficiently small norm:

1Qi(u) = Qi(v)llLr

k+1,5,tA

< Collu —vf e (lullzr A loller ). (2.25)

k,6—1,tA k,6—1,t k,6—1,tA

If CpCqllFi(0)] e s sufficiently small, then the iteration scheme converges.
.

Noteworthy is that the estimate and are independent of the scale ¢ of the
asymptotically conical manifolds. From the iteration scheme we obtain vector fields
v, 5 € C(v(N**)) such that exp(v, ) is ®,-Cayley for any N and A. Moreover we
have the bound :

log allr < Cpt?Ome), (2.26)
Here C is a constant independent of the scale of A that varies continuously with N and
s. We can perform the same iteration scheme using unweighted Sobolev spaces for any
almost Cayley N C (M, ®) which admits a pseudo-kernel x satisfies the conditions :

o Hu||L£+1 < CDHlDtUHLQ whenever u L k
o [Qi(u) = Qu(v)llry,, < Collu—wvllzy(lullzy + [lvllLp)- (2.27)

e CpCq|F(0)[|r < € for some sufficiently small ¢(Cp, Cq) >0
In this more general case the iteration scheme takes the form:
Dvips = —F(0) — Q(v:), vi LXK, i >0. (2.28)
Finally, the bound on vy, = lim;_, o, v; Will be of the form:

[voolly,, < CrllF(0)]|Ly, (2.29)

where C7 > 0 is a fixed constant.

2.7 Fibrations

Let (M, ®) be a fixed Spin(7)-manifold, and assume that N is a compact, unobstructed
Cayley submanifold such that every element of the moduli space M(N,®) is unob-
structed. Then M(N, ®) is a smooth manifold, which in general will be non-compact.
Various kind of behaviours could in principle arise, but it is expected that generically
only conically singular degenerations occur. Under such genericity assumptions, we
expect M(N, ®) to decompose as:

M(N,®) = K U |i| F({A e MAC(4;): 0 < t(A) <1}, MOS(N), ®).

i=1

Here K is a compact set of non-singular Cayley submanifolds, and the rest is given as
desingularisations of conically singular Cayleys. Again we expect that generically both
the conically singular and the asymptotically conical manifolds are unobstructed. We
can include the conically singular Cayleys to form the completed moduli space :

M(N,®) = M(N,®) L |_L| MOS(N;, ®).
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The topology is induced from the topology on the completed moduli space of asymp-
totically conical manifolds. In other words if N = I'(Ay, Nk) with Ay limiting to the
cone Cy as k — oo and Nk — N, then N, — N as well in the completed moduli
space. This gives M(N, ®) a well-defined topology as the gluing map I' is continuous.
In fact this space is a stratified manifold where the full-dimensional open stratum is
exactly M(N, ®). The lower-dimensional strata are M“S(N;, ®), and by unobstructed-
ness they are of codimension dim M*%(A4;). From this discussion it is natural to define
the following concept of a Cayley fibration.

Definition 2.21. A Cayley fibration of a compact Spin(7) manifold (M,®) is a
homeomorphism ev : Univ(M(N, ®)) ~ M, for some smooth Cayley submanifold N.
Here Univ(M) is the universal family of a moduli space of submanifolds M. As a
topological space it is the union of all N € M with the topology induced from the
embeddings of the IV into the ambient manifold. Furthermore, ev is the evaluation map

that sends a point in a Cayley to itself, but seen as a point of M.

Ideally we would like that Cayley fibrations do not contain any singular fibres at all.
However this assumption is unrealistic and we likely need to admit some singularities.
It turns out however that these singular points make it difficult to prove differentiability
of the fibration under smooth perturbation. This is why we now introduce a weakened
version of the fibration property. Here, stability under change of the Spin(7)-structure
relies only on showing continuity of the fibration under perturbation. It uses the notion
of pseudo-cycles from [MS94] Section 7.1]. They allow us to define the degree of the
evaluation map ev : Univ(M(N, ®)) — M, even though the domain is not necessarily
a smooth manifold. The key is that pseudo-cycles are essentially images of smooth
manifolds which can be singular in codimension at most 2. This is sufficiently small so
that a the push-forward of the fundamental class can still be defined. More precisely, a
pseudo-cycle from a smooth manifold X of dimension n to a compact smooth manifold
M is a smooth map f : X — M such that the boundary of f(X) is of dimension at
most n — 2. More precisely, the we define this boundary as the set of all limit points
(in M) of sequences f(xy), such that x; does not have a convergent subsequence in X.
In our situation we will take X = Univ(M(N, ®)) and f = ev, so that the boundary
of f(X) consists of all the points in M which lie in a conically singular Cayley. We
say that two pseudo-cycles f : X — M and g : Y — M of dimension n are bordant,
if there is a further pseudo-cycle with boundary h : W — M of dimension n + 1
such that the boundary of W is exactly X UY, and h restricts to f and g on X
and Y respectively. Pseudo-cycles of a given dimension n, taken up to bordism, form
a group, which we denote B™(M). It is related to the homology of M by a group
morphism [-] : B"(M) — H™(M). In other words, each pseudo-cycle defines a homology
class. More specifically when n = dim M, we can define the degree of a pseudo-cycle
f:X — M as deg f = k where [f] = k- [M], [M] being the fundamental class of the
compact smooth manifold M. This corresponds to the usual definition of the degree
when X is a smooth manifold. We are now able to define weak Cayley fibrations.

Definition 2.22. A weak Cayley fibration of a compact Spin(7) manifold (M, ®)
is a well defined pseudo-cycle ev : Univ(M(N,®)) — M, for some smooth Cayley
submanifold N, where ev is required to have degree 1. Here ev is the evaluation map
that sends a point in a Cayley submanifold to the corresponding point in the ambient

M.

Note that requiring the evaluation map ev to be a pseudo-cycle puts some restrictions
on the possible local models near the singular fibres. Indeed, the singular Cayleys need
to be of codimension at most 2 in M(N, ®). Thus for the unobstructed case, this means
that dim MAC(A, ®y) > 2. This is for instance satisfied for the asymptotically conical
model A, = {22 4+ y?> + 2> = ¢,w = 0} in C*, which has M}q(A.) ~ C\ {0}.

15



3 Stability of fibrations

3.1 Weak fibrations

Let N C (M, ®) be an almost Cayley with a pseudo-kernel £ C C°°(v(N)) that satisfies
the convergence conditions (2.27)) of the iteration scheme (2.28]), meaning in particular
that

CoCall Fy(0)lzz,, < e

for a fixed € > 0. This will still be true for an L}-neighbourhood of submanifolds
around N, where the pseudo-kernel is x parallelly transported and suitably projected.
Consider now a smooth family of nearby almost Cayleys {N;}:c7 with pseudo-kernels
that satisfy the convergence conditions. We would like to investigate the dependence of
the resulting Cayleys on the starting almost Cayley. For this, note that we can recast
the deformation problem on the nearby submanifold N; as a deformation problem on N,
but where the smooth differential operator Fiy is perturbed smoothly F;. In a similar
fashion we have that perturbing a Spin(7)-structure ® in a family {®}scs gives rise to
a further perturbation of the differential operator to F ;, where we set that Fiy = Fj, +,.

Lemma 3.1. Let N be a compact, non singular almost Cayley submanifold of (M, ®),
with deformation operator F': U C LY (v(N)) — LY _|(E), where U is an open neigh-
bourhood of 0 € LY (v(N)). Assume that k is a pseudo-kernel such that (N, k) satisfies
the convergence criteria for the iteration scheme . Let Fsy : U — LY [ (E) be
a family of smooth perturbations fort € T,s € S as described above. Then there is a
unique element vy, € U such that vey L ke and Fy4(vsy) = 0, which depends smoothly
on s,t.

Proof. First of all, note that F,; : U — LY | (v(N)) is a smooth family of Banach
maps. Hence the convergence criteria will also be satisfied for (F;, ks.) with slightly
larger constants Cp, Cq, provided that (s,t) remain sufficiently close to (so,t9). Thus
the iteration converges to a unique solution vs; € Ki"t to Fsi(vst) = 0. As the con-
stants are only slightly increased in this neighbourhood, we also see by the bound
that [[vs[lzr < 2C[|Fn(0)]|zr, independent of s,t. We now use an implicit function
argument to show that vy, varies smoothly in s and ¢ when it exists. We first note
that we can assume k,; to be identical, by precomposing Fy; with a suitably chosen
automorphism of L (v(N)) that varies smoothly in s,¢. We still call the resulting maps
F+ and the constants Cp and Cg remain unchanged. We then look at the smooth map:

A:(RPNU)XxSXT — k- NU
(’U, S,t) — (D57t|HL)71(7FS,t(O) - Qs,t(v)) —-v.

We clearly have A(w, s,t) = 0 exactly when w = v, ;. To prove smoothness of vs; it is
thus sufficient to show that 0, A(vs 4, s, 1) : kT — kT is an isomorphism. One can show
explicitly that:

8UA(Us,t7 S, t) = (Ds,tlnL)_lans,t(Us,t) —id.
From the quadratic bound on @, ; we see that
100Qs,t(Vs,t)|lop < 2Cq||vs,tllx < 4CQ|IF(0)]Lr.

From the bound on D, we see that ||(Ds|.1) 10,Qs(v(s))|lop < 4CpCql|F(0)|[pr. In
particular, if we further reduce Cp so that 4CpCq|F(0)|z» < 1, we can assure that
Oy A(v(s), s) is an isomorphism. O
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The previous result shows that a collection of compact and non singular unobstructed
Cayley submanifolds vary smoothly under change of the ambient Spin(7) structure. We
now need to analyse how nearly singular Cayleys are perturbed. For this, consider an
unobstructed CS,, (1 < p < 2) Cayley N C (M, ®) with one singular point. Assume
that we have a matching AC, (A < 1) Cayley in R®, so that the nearby non-singular
Cayleys in M are given as I'(®, N, A). If {®;}ses is a smooth perturbation of the
Spin(7)-structure, we can then look at I'(®,, N, A). Let vy € C°(v(I'(®, N, A))) be the
normal vector field that describes the perturbation of I'(®, N, A) to I'(®,, N, A). We
claim that it can be decomposed into two contributions as follows:

Vs = Vgs,s T Vg. (3.1)

Here vcs s gives the deformation from N4 to N*4  the pre-glued almost Cayley
obtained from gluing Ng and A. This can be thought of a gluing of the perturbation
vector field that takes N to N, with the perturbation vector field that takes A to
translated and rotated A, which is determined by how the conical point moves between
N and Ng. The error term ¥y is then the sum of the perturbations from I'(®, N, 4) to
N#0:4 and from N*4 to I'(®,, N, A). Now by our gluing theorem we know that
H175||L§+1’5 < Ct* for some constants 6 > 1,a > 0,C > 0. In particular, since t* — 0
as t — 0, we know that the dominant term is vcg,s. We are now ready to prove the
stability result for weak Cayley fibrations.

Theorem 3.2 (Stability of weak fibrations). Let (M, ®) be a Spin(7)-manifold that
is weakly fibred by Univ(M(N,®)), and suppose that {®s}ses is a smooth family of
Spin(7)-structures with ® = ®,. Assume that all the Cayleys in M(N,®) are unob-
structed, and that the cones in the conically singular degenerations of N are semi-stable
and unobstructed. Then there is an open set so € U C S such that M 1is weakly fibred

by Univ(M(N, ®,)) for any s € U.

Proof. Note first that all the Cayleys in M(IV, ®) persist under a sufficiently small per-
turbation of the Spin(7)-structure. To see this, we apply the iteration scheme from
the proof of Theorem simultaneously to all the Cayleys in M(N,®) in the fol-
lowing way. First, we fix pseudo-kernels xcg (N ) for all the conically singular Cayleys
N € M(N,®)\ M(N,®). As we assumed all the CS manifolds to be unobstructed,
their moduli spaces are of strictly lower dimension than M(N,®) (as dim MAC(A4) > 1
by rescaling). These moduli spaces can be non-compact as well, but only in that fur-
ther conical singularities can appear. Thus only finitely many conical singularities can
appear, and both M(N,®) and M(N,®) \ M(N, ®) must be compact. In particular
we can bound the values of the constants Cp, Cq uniformly for all conically singular
Cayleys that appear. The same is true for the non-singular Cayleys that are a fixed
distance away from the singular points, as they form a compact set as well. Finally by
the estimates and we see that the remaining non singular Cayleys, which are
desingularisations of the conically singular ones have bounded Cp and C¢ as well. Here
we note that this is exactly because we adapt our Banach spaces to the scale of the glued
manifold. In conclusion the values of the constants C'p and Cg are uniformly bounded
for all Cayleys in the weak fibration. In particular, for sufficiently small perturbations
of the Spin(7)-structure that fix the singular points, we can ensure that 2Cp and 2Cq
are still valid constants, and that the initial error C'r is arbitrarily small as well. Hence
for small perturbations of the ambient manifold all Cayleys persist simultaneously, and
furthermore we get a family of vector fields vy € Map(Univ(M(N, ®)),TM) for s € S.
These vector fields need not be continuous a priori, as they are defined separately on
each Cayley as the limit vector field v,, obtained in the iteration scheme. However by
Lemma/[3.I]above we immediately see that they fit together to form a smooth vector field

on the open subset of Univ(M (N, ®)) given by the union of all non-singular Cayleys.
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Similarly we see that on a singular stratum of Univ(M (N, ®)) with fixed kinds of conical
singularities the vector fields also fit together to form a single smooth vector field along
that stratum. What is not a priori known is the regularity of the global vector field along
the normal direction of a singular stratum, i.e. what happens as a non-singular Cayley
degenerates towards a singular Cayley. We can now use the bounds on the desingular-
isations in Equation to show exactly that. Consider for this a conically singular
Cayley N C M, so that the nearby fibres of the fibration at time s > 0 are given by
its desingularisations. Assume that under the change of Spin(7)-structure we map N to
N,. We will then choose the identification ¢ : Univ(M(N, ®)) ~ Univ(M(N, ®,)) as
topological spaces so that I'(®, N, A) is sent to I'(®,, Ns, A). We can now analyse the
behaviour of the vector fields vs € Map(Univ(M (N, ®)), TM) near the singular fibres.
As we have seen from , the vector field vp(g v 1) that describes the perturbation of

I'(®, N, A) decomposes as follows:
Up(a,N,A) = VCS,s + Us. (3.2)

Here vcg, s is a glued vector field, obtained by combining the vector fields vy, s that take
N to N and A to a rotated and translated A. In particular, this component approaches
vn,s as t — 0. The other component,v,, satisfies |7, ”Lﬁﬂ , < Ot from our gluing

theory, and hence also |is|co < t*p°. Thus eve, is a continuous map, even as one
approaches the singular Cayleys, and the vector fields vy € Map(Univ(M(N, ®)), TM)
are in fact continuous, and vary continuously with s.

We showed that ¢ is a smooth map on the non-singular stratum, and maps the
singular strata homeomorphically to singular strata with the same singularities. Since
we also showed that evg, are continuous maps, we see that eve, [Univ(a(n,e)) remain
pseudo-cycles, since the boundaries of eve, remain of codimension at least 2. If we
now consider the manifold W = Univ(M(N, {®, },¢[o,s))) and the evaluation map ev :
W — M, we see that it forms a bordism pseudo-cycle between evg, and eve,. So in

particular, if the degree of evg, was 1, it will remain 1 for evs,. O

3.2 Strong fibrations

We showed in the previous section that weak fibrations are stable under perturbation of
the Spin(7) structure. This relied on the fact that the perturbation vector fields (which
describe how a given Cayley perturbs under change of the Spin(7) structure to a nearby
Cayley for the new structure) remain continuous under the collapse of nearly singular
Cayleys to their conically singular limits. In other words, the nearly singular Cayleys
deform in a similar fashion than the singular Cayleys. This means that by perturbing the
Spin(7) structure, the entire completed moduli space (including the conically singular
Cayleys) varies continuously, even at the singular fibre. Proving the stability of strong
fibrations means improving this result by showing that these vector fields, which are
continuously differentiable, have bounded C' norm as the neck size shrinks to zero
and one approaches a singular limit (as we will see later, the regions away from the
singularities as well as the conically singular Cayleys themselves are easy to handle,
essentially because their moduli space are compact). As a toy example, we consider a
fibration of R? by lines, which we see as the projection map:

f: R? —R
(r,t) —t

Here we think of ¢ as the distance from the singular fibre f~1(0), and of r as the radial
distance from the singular point (0,0) € R% By the weak stability result above, we
know that any perturbation of this fibration gives a homotopy of the initial identity
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Figure 1: Folding over for arbitrarily small time. The fold has width O(s'/(1=)),

map, which we call h : (—¢,€) x R* — R. Note that here the new fibres are not the
pre-images h; !(t) for t € R, but the images h(s,t,-) for some fixed s,t € R. Let’s say
that the singular fibre and point remain fixed, so that h(s,r,0) = 0 for all s € (—e¢,¢).
We proved above that for ¢ € R sufficiently close to 0, the value of h(s,r,t) remains
close to h(0,r,t) in that |h(s,r,t) — h(0,r,t)] < s|t|*|r]” (0 < a@ <1 < 7). We realise
quickly then that this does not imply that h(s,-,-) is C! on all of R? for s # 0, even
if we assume that it is differentiable everywhere at time s = 0 and differentiable away
from the singular fibre for all time. Indeed, we consider:

h(s,r,t) =1t — s|t|“|r|".

Then clearly 0:h — oo as t — 0 for some fixed r # 0. Thus the fibres in this fibration
start to move very quickly relative to one another, even though they do not perturb
very much for any finite time. And indeed the fibration property is not preserved, as
for s # 0 the weak fibration hs; admits fibres that intersect. Just consider the initial
fibres t = pand t = e for 0 < € < < s/0=®_ One can see that there is Ty,e such
that hg(n,7y.c) = hs(e, 7). Thus we need to analyse the equivalent of d;h for the
Cayley fibration problem, which are the infinitesimal deformation vector fields.
For a given Cayley fibration f : M® — B*, they are the normal vector fields to a Cayley
N = f~1(b) which are lifts of tangent vector v € T, B in the base. Seen differently,
they are the first order variation of a family of Cayleys parametrised by curves in B.
Finally, they can also be seen as solutions to the linearised Cayley problem Pw = 0 for
w € C*®(v(n)), and this is the perspective we will use. To show boundedness of the
infinitesimal deformation vector fields, we solve the linearised Cayley equation JPw = 0
on the desingularisations N fg A via gluing. In the following we assume:

e N C (M, ®) is an unobstructed CS,, Cayley (1 < p < 2) with a unique singular
point, with semi-stable cone C' C R” .
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e A C R® be an unobstructed ACy Cayley (A < 0) with asymptotic cone C.

e There is a critical rate ¢ = max{%¢ N (—o0,0)} such that D¢ is an isomorphism
at rates just below (.

Under these assumptions, the deformation vector fields of N fg A split into two classes:

e The deformations of rate ¢, which come from varying A, i.e. wac = N te Ay
for a family {A¢}ic(—c,). These correspond to moving orthogonal to the singular
locus in B.

e The deformations of rate 0, which come from varying N, i.e. wcs = 0;N; #o A for

a family {N;}ie(—c.). These correspond to moving parallel to the singular locus
in B.

We will now show in turn that these infinitesimal deformation fields remain bounded
in suitable weighted Sobolev spaces.

Deformations in the normal directions

First we look at the deformations of nearly singular Cayley submanifolds that are coming
from variations in A, i.e. deformations of rate ¢ with ¢ < 0. Note that as the neck size
t — 0, we can find vector fields wac ¢ as above with min |wac,| — 1 but max |wac,| =
O(t°). 1In this sense they are very different from vector fields coming from parallel
movement, which are of constant magnitude as we approach the singular limit.

Suppose that {®,}scs is a smooth family of Spin(7) structure on R® which are all
AC, (7 < 1) to the flat ®. For a fixed 59 € S, let A C (R®,®,,) be an unobstructed
AC) a-Cayley submanifold (n < A < 1) asymptotic to the cone C = R x L. Suppose
that « is sufficiently close to 1, so that A admits a linearised deformation operator 9 5.
For a given weight ¢ € R, denote by IiC(A) the solutions w € CZ°(v(A)) to Ppcw =0,
i.e. which have decay rate at most <. More precisely, fix an identification of the end of
A with (Rp,00) x L. We can then define, when it exists:

Ocw = 713{.10 r M (W () (3.3)

Here M, denotes the map from the unit sphere in R® to the sphere of radius r, also in R%.
Hence dcw € C*°(v(L C S7)) is extracting the component r¢o of exactly rate r¢. The
vector field w is called (-non-zero if d;w # 0. Similarly we call it (-non-vanishing if
O¢w is nowhere vanishing. We define IgAC (A) to be the subspace ker D5 C Cee(v(4)).

Note that on the end we can write D¢ = % —r~'B(r), with B(r) — B, the limiting

operator on the link. If w € IgC(A), then Osw is well-defined and an eigensection of
the limiting operator B, with eigenvalue (. By Lemma [2.16] the asymptotic behaviour
of B(r) can be given more precisely as:

1B(r) = Bullop = O(*71). (3-4)

Here the operator norm is taken with regards to an arbitrary Sobolev norm on the cross
section. From this we deduce the asymptotic expansion of infinitesimal deformation
vector fields.

Proposition 3.3. Let w € IgC(A) with D ac unobstructed at sufficiently large rates
¢ —e<( fore>0. Then there is ¢, R > 0 such that for r > R and p € L we have:

w(r,p) = (Dcw)(p)r¢ + dw,

where dw € CZ _(v).
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Proof. Recall that the AC, condition gives us an identification of the end A\ K with
L x (rg,00), where K C A is compact. Then define w = w — a(r)or® for o = d;w and
a cut-off function « : [rg,00) — R such that a = 1 for large r and a(rg) = 0. We then
compute, using the fact that e = <= —r~1(Bu + 6B(r)) with [|6B(r)|lop = O(r*1):
0= Dacw = Pac(a(r)ort + dw)
=S (rdyao — 0B(r)[ao]) + Dacdw.

In particular this implies that for r large we have:
Dacow = 0B(r)ort~ € CZip-n (@),

so that from unobstructedness at the rate ( + A — 1 < ¢ < ¢ we see that there is
w e Ly C~(1/) with D acw = P acéw (not necessarily unique). In particular this means

that @ = 6w + u, where Ppycu = 0. However there are no non-zero infinitesimal
deformation vector fields with rate in (¢, ¢] which satisfy d-u = 0, hence dw itself must
have decay in O(r¢=¢) for sufficiently small ¢ > 0. From elliptic regularity for the
operator IP ¢ at rate ( — e we can now deduce that dw € ce (v). O

We can now prove that both the existence and (-nowhere-vanishing of infinitesimal
deformation vector fields are stable under AC) perturbations with A < 0.

Proposition 3.4. Let {A;}ier be a smooth family of ACy perturbations of A = Ay, .
Assume that all the elements ofIgC (A, @) are (-nowhere-vanishing and that the operator
D is an isomorphism at rate { — € for some small € > 0. Then there is an open
neighbourhood of (so,to) € S X T and R > 0 such that all the elements ofIXé(At, D)
are still (-nowhere-vanishing.

Proof. Take a solution w € IXé(A, ®), which we can therefore write as
w = (Jew)ra + .

Here o : A — R is some cut-off function that is zero for r < R; and one for r < Ry. We
have that w € L% (e for some small ¢ > 0 by Proposition We can now write the
linearised Cayley equations for (A¢, ) as:

(5 - B+ Biatr)) ) w =0, (35)

Here Beone is the limiting operator on the link, and Bm(r) is the error term introduced
by (A:, @s). By Proposition it satisfies || By s(7)||lop € O(r*~1), where A < 1 is the
asymptotic rate of A. In particular, if we make the ansatz w; s = (cw)réa + Wy s as
above, this reduces Equation (3.5)) to:

lDt’sﬁJ = rora(dcw) + Bt,s(r)[oﬁgw].

Now, since « will eventually be equal to 1 for sufficiently large radii, this means that the
right hand side in the above expression will decay like B ¢(r)[0cw], i.e. in O(r¢+(1=A)
by what we just said. In particular, finding @ amounts to solving the linearised equation
in LY, +17<_6(1/), which can be done uniquely by assumption. O

Let N C (M,®) be an unobstructed CS,, Cayley (1 < p < 2) and A C (R®, &)
an unobstructed AC, Cayley (A < 0) which satisfy the assumptions of the gluing the-
orem In particular they admit the same asymptotic cone C' C R® and the same
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critical rates 2 C R. We thus get a family N*4 of compact almost Cayley submani-
folds of M for ¢ > 0 small, obtained by gluing a copy of A rescaled by a factor ¢ onto
the conical singularity on N. By Proposition this approximate Cayley satisfies
[|7] aeall Ly, ST, where Ymax > 1 is determined by the additional gluing param-
eter 0 < v < 1 and the rates w and A. Furthermore, there are perturbations N f tA of
N*4 which are truly Cayley and that satisfy N # tA = exp(v;) for normal vector fields
vy € C®(v(N*)) with l[oellzy , < 2t7==77. Since we know that N*is Ly -close
to the cone in the intermediate region, we can deduce from Proposition that the
linearised deformation operator satisfies:

D= % — Y (B + 6Bi(r). (3.6)

Here ||0B¢(r)|op = O(r"=x"7) by the gluing estimates

We will now perform an additional gluing construction for the infinitesimal defor-
mation vector fields defined on the glued manifolds IV § tA. Let wcg € Iés (N) be an
infinitesimal deformation of N of rate ¢ € ¢, where ( = max{(—oo0,\) N Z}. This is a
solution to Peglwes] = 0 so that dcwes = o is non-zero, except if weg = 0. Similarly
let wac € IgC(A) be an infinitesimal deformation of A of rate ¢ as well that shares the
same limit eigensection 0. We then claim that a suitably glued vector field w; on N4
will be a good approximation of a true solution to the equation ) y:aw = 0. For this,
we recall that N*4 can be divided into three pieces as follows:

tA tA tA tA
Nt = NA | NIA | NIA,

Here N4, the upper region, is just {p € N : p(p) > tro}, a truncated version of N.
Then we have the lower region, N/, which is {p € tA : |p| < tRy} embedded into M via
a Spin(7)-parametrisation x : R® — M. Finally the middle region N:* is interpolating
the two pieces between the radii trg and Ry. The gluing parameter 0 < v < 1 determines
where the interpolation happens, in between the radii %t” and t¥. We can however also

think about this decomposition in a different way, namely:
tA tA tA

Here N3 = {p € N : p(p) > t} extends the upper region from before down to radius
t¥ and still agrees with N, but Nf{é now includes everything up until radius ", where
0 < v’ <V < v <1 are two further parameters. The gluing of the infinitesimal
deformation vector fields will be performed between " and . If we now consider
t_lx_l(Nf(é) C (RS, ®g), we see that it is a non-compact almost Cayley, that agrees
with A for radii below %t”_l, but extends to radius ¢ ~1. In fact, the CS,, condition
implies that this non-compact Cayley can be extended to a an ACy Cayley extending
all the way to infinity, such that the resulting family A, ¢ R® converges to A in Ce.
We can do the same for the family of Spin(7)-structures ¢t~ - x~1(®|5, (), and they
will form an AC,, family for n < A . See also Lemma 3.7 in [Eng23a] for a more precise
description of how to do this. First, since A is unobstructed, the Proposition shows
that we can find a smooth family of perturbations w;ac € C¢° (v(Az)) of wac with
Oce ac = Ocwac, so that W, ac = wac in Cé‘“' ast — 0. Hence we also get infinitesimal
deformation vector fields over Nf(é which we will also denote by wac,:. Now choose a
smooth cut-off function fe+ : R — [0, 1], such that:

fcut|(7oo,1/”] = 0> fCut‘[l//,JrCX)) =1.
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Using feus we define a partition of unity on N*4 as follows:

four (BB it p & WAL x (roti, Ro))

e(p) = 0, if pe N4, (3.7)

u

1, if p e N4,

Here U4 is a parametrisation that identifies L x (rot, Rg) with the gluing region of N*4.
We can now define w; as the interpolation:

wy = pwes + (1 — go)thAC’t.

This normal vector field is a good approximation to an infinitesimal deformation on N*4
in that it is almost a solution to the linearised Cayley equation:

Proposition 3.5. We have for A, N, w; and { as above that there is some €, > 0
such that:

[ Dwll St well

P .
k,(t+e—1,t k+1,¢,t

Here we note that L7 410t 8 the highest weight space such that the family w; has
sub-polynomial volume growth. Indeed, we have:

o), (<g,
Jwdle =4 ©Qogt), C=c,
T Lowd), (s

To see this, we note that the intermediate conical regional, which has mass proportional
to logt,is the dominant term. Proposition shows that the decay of Pw, is faster
than the expected O(r¢~!) decay. In fact, it shows that the decay rate is ¢ + ¢, for some
small € > 0. For the proof we use the following auxiliary result comparing the Cayley
operator on N'A to the conical operator on the gluing region of w;. We denote this
region by Gy = (t,t"") x L C N4,

Lemma 3.6. We have for A, N, wy and (,~ as above that there is some €, > 0 such
that if s € C=(v(N*4)) is a normal vector field then:

‘('lp - lpcon)‘s'Gt‘L”

k,C+e—1,t < ta‘S‘Gt |Lp

E41,¢t

Proof. We note that for (r,p) € (t*',t") x L we have that the perturbation vector field
v taking the cone to N*4 satisfies:

|VEy|  prmex—F,

Here ymax is the approximation rate of the gluing (as in Proposition [2.18). We have
Ymax — 1 > 0, and so by Corollary we see that for € = 1(ymax — 1) and a =
%(fymax — 1" we get:

1 _
T7<76+1|(ZD - mcon)S|Gt| = T_C_z(’ymax 1)+1|(D - mcon)sth|

1
< F O g

1o
<rm P lme U g1 | < 18]G, on

This is the case kK = 0, and the higher order cases are entirely analogous. O
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Next we need to take a second look at the asymptotic expansion of Lemma for
wac and adapt it to a suitable estimate on N*4.

Lemma 3.7. For wac,: and wcs as above, we can write them on the gluing region G
as follows:

WAC,t = TcachC + 0Wact, wWes = rcﬁgwcs + dwcs.

Denote by dwac, the vector fields induced by dwact. Then there is € > 0 such that
dwac,t € CZ . (with Cf_ -norms bounded uniformly in t) and dwes € CZ3,. On NtA
we have furthermore for some € < e:

_ ’ _ ’ !
ldwac,: Gt||Lz,(+e’,t < pe(1-v")—v'e HthLz,at’
’ _ ’
Ht%wcs\GtHLz)He,,t <y -

Proof. From Lemma it is clear that we can find € > 0 and dwac+ such that:
'lDAC,t = Tcag’Lz}Ac + &I)AC,t»

The uniform boundedness (in ¢) of the Ck_E norms of wac,; follow from the fact that
the constructions in the proof of Lemma m is continuous with respect to the operator
I). Since we are working with a family {At}ie(0,e) where Ag = A, at least for sufficiently
small ¢ we will have boundedness. The result in the conically singular case is completely
analogous to the AC case, so that dwcg € ng_e can be constructed. Note that in
the CS case, stronger decay means higher rate, whereas in the AC-case stronger decay
means lower rate. Now we move onto the bounds on N*4. In the following we set
vol(Gy) = [, v~ *dvol.

[t 0wacell r

< ¢ .
D e S vol(Gy)t rngztx\(;wAc’ﬂC?ﬂ/)t

S vol(G)te max [0wac ¢ (t) o

~ et

’

< vol(Gy)t® (g)cje reTe

<vol(G)r )= g U

Here we used the fact that vol(Gy) = O([lwl|pr . .)- Note that the exponent of ¢ is

positive for sufficiently small ¢/. Finally, the calculation for the conically singular case
is more direct:

<
loweslizy ., , S vol(Ge) max|dwes|er

< vol(Gy)ré e <= ||y || 1o

~ k¢t

O

Proof of Prop. [3.5 Note first that Dw; is only non-zero in the gluing annulus G, since
w; is interpolating between two exact solutions in this regions. From the expression:

w; = pwes + (1 — ) tSwi ac

and using the fact that ) = )., + 81 with 6I) a small perturbation (see Lemma [2.16)
we can compute the following:

Dwy = (Deon + 6D)wy
= mcon(‘PwCS + (1 - SD)tht7AC) + 5mwt
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Already, we see from Proposition that for € > 0 sufficiently small there is a a > 0
such that:

16w

b <t

k1,041t
Furthermore, if we use the asymptotic expansions from Lemma [3.7] and the fact that
Ocwes = O¢Wac,: we see that:

]pcon(@wcs + (1 - @)tcwt,AC) = wcon(rg(anCS)w + 6wCS + (1 - @)tcawt,AC)
= wcon(wéwcs + (1 - cp)tc&wt,AC)y

since d;wes is by definition a (-eigensection, and thus r¢(9;wes) an infinitesimal Cayley
deformation of the cone. Now, since both dwgg and tcéwt,Ac have Li_“_s, , norms

bounded by ¢ ||wy|| L., for some o/, €’ > 0, we see that we get the desired expression:

. ’
[Dw| e S O g

k,C+min{e,e/}—1,¢ " k41,0t

So now we found a solution up to order r¢ to the linearised Cayley equation. We

now solve the equation in Lllé,( teto for which we recall that the inverse of the Cayley

operators I n:ta (modulo kernel) have operator norms uniformly bounded in ¢ as in
Lemma More precisely there are subspaces k; C C°(v(N*4)) such that for any
u € Lz,g+e,t(V(NtA)) with u L k; (for a suitably chosen inner product) we have:

S Pulley

k—1,(4e—1,t

lullze ., (3.8)
This relies on the fact that ¢ 4 € is not a critical rate, and that both I),¢ and Pcg
are unobstructed at rate ¢ + . We proved this in [Eng23b| as Proposition 3.12. In the
same paper we also show that when both operators on the pieces are surjective, then so
is I) on N*4 (Prop. 3.14 in [Eng23b|). In particular, this means that there is a unique

u; L k¢ such that:

ﬂut = ﬂ)wt,

and furthermore:

S 1Pl

k—1,04e—1,t

= || Pwillry

k—1,(4e—1,t

S tlwelrg -

luelle .,

Thus in particular we get a normal vector field w; — us, which is an infinitesimal
deformation vector field on N*4 and which we understand up to second order (orders
¢ and ¢ + ¢). We now need to make the leap to a deformation vector field on the true
Cayley N f tA.

Proposition 3.8. Let N C (M, ®) be an unobstructed CS,, Cayley (1 < p < 2) with
a unique singular point, and assume that its cone C C R® is semi-stable. Let A C
R® be an unobstructed ACy Cayley (A < 0) with matching cone and sufficiently small
scale. Assume that the operator IDpc is an isomorphism just below the critical rate
¢ =max{Z¢ N (-0, A\)} and that all deformations of A are of rate exactly (. We then
have that for any two matching infinitesimal deformation vector field wos € Iés (N) and

25



wac € IiC(A) there are gluings wes e wac € Z(N § tA) such that (after identifying
v(N'™) ~ (N 4 tA)) we have:

wes ft wac = wy + dwy. (3.9)

— O(|logt]) and |51

Here |lwy|pr P ores

. < t¥we e o with a > 0. In particular

this implies that |sw,| < |w| ast — 0.

Proof. We first note that by the gluing estimates [2.1§ and Lemma we have that:

| Dyea =Dy g eallop S o

for some v > 1. In particular for sufficiently small ¢ we also get:

[(Prealos)™ = Dy g eales) Hlop ST

Thus the same procedure as above will allow us to prove that we can perturb our
infinitesimal deformation vector field wy — u; on N*4 to an infinitesimal deformation
vector field wes § wac on N § A, with a just a further C¢ -perturbation, whose norm
we can bound in exactly the same way. This concludes the proof. O

Deformations in the parallel directions

We will now discuss the deformations of nearly singular Cayley submanifolds that can
be interpreted as running parallel to the singular locus in the base of the fibration.
Whereas in the previous section we looked at deformations of rate { < 0 coming from
the AC piece, we now look at the deformations of the next higher rate 0, which can
be understood as coming from translations of the conically singular points in the CS
piece. The key difference however compared to the previous section is that the Cayley
operator IDcg on N is never unobstructed at rates above 0. This is because we assume
unobstructedness of Deg at rates slightly below 0 where ind Dg < 4 by the fibration
property. However the multiplicity of the critical rate 0 € & is at least 8 whenever
the Cayley cone is not a plane (in which case it is 4). Thus for all the conical models
we are interested in we see by Theorem that inds Peg < 0 for any § > 0. In this
situation, the following problem appears: if £ € Li’ s_1(F), then there is always a unique
w e Li+115(u(NtA)) such that Pw = ¢ with w L2 ker I§, independent of §. Now for
rates ( < 0 < 0 we have the important estimate:

< CllEllzy

k,5—1

[[wll Ly (3.10)

k+1,5
with C' > 0 independent of . However this is not true any more if ¢ falls outside this
range. Indeed if § > 0 then IPcg admits non-trivial obstructions, i.e. there are elements
&b € LY 5 (E) which are not in the image of ID¢g. Since these obstructions disappear

once 6 crosses 0, this means that I)ogwep = Eop, for some wep, € C(’,“H(V(N)). Thus from
the perspective of wep, the rate of decay of Degwop is higher than expected (—1 + &
instead of —1). This is the reason why the estimate cannot hold as is. Indeed, we
see for § just slightly positive that the kernel of I) o is (d(¢) + d(0))-dimensional, while
Dcg has trivial kernel. In particular from Theorem we see that the bound
does hold, but only if we have w L 3% k, where r; is (d(¢) + d(0))-dimensional. Since
d(¢) +d(0) > 5 that means that asymptotically there are some elements in L} s, ,(E)
on the glued manifold which simply do not admit a small pre-image under Ip yea. Hence
if we want to proceed as in the previous section we need to avoid JPw, having too large
a component in this “bad sector”.
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Example 3.9. Consider the model fibration:

fo:C* —C?

(z,y, 2, w) — (2% + y* + 2%, w).

It is modelled on the quadratic cone C, = {2? + y* 4+ 22 = 0,w = 0}, for which we
know [Eng23a, Ex. 2.26] that d(—1) = 2,d(0) = 8,d(1) = 22 and there are no other
critical rates in the range [—1, 1]. If this local model were part of a fibration of a compact
Spin(7)-manifold, then we would have for ¢ > 0 small:

ind,elpcs = indffmAC = 2.

Thus in particular indy, Pcg = 2 + d(0) = 2 + 8 = 10. This means that Pw; needs to
lie in a codimension 10 — dimker [) y:a = 6 subspace of LY .| (E) in order to perturb
wy to a true solution with a small perturbation (i.e. using the bound [3.10).

We now go back to the deformation theory of N as an unobstructed CS, Cayley
with moving points and cones. Using the notation of by solving the deformation
problem we get a smooth submanifold P C Fpoints Of possible vertex locations and
cone deformations of neighbouring CS, Cayleys. We remark that the higher order
deformation of the cone in a given CS Cayley is already determined by the translation
applied to the point. Hence if N has singular point p and cone C' C R®, then Tip,cn P
can be identified with the possible translation directions of the conically singular point.
This will be a subspace ©n C T, M of dimension dim M¢{,q(N). Now we can decompose
the kernel of I ¢ at rate € > 0 as follows:

ker Dy = TS0 (A) @ (On @ OF). (3.11)

Here Ifxc(A) are the deformations of rate ( < 0 that we discussed in the previous
section, O are the unobstructed directions of the conically singular problem, and Oy
is its orthogonal complement within the space of translations of the cone. We can
choose compactly supported approximations ug of elements u € @JN such that u L Oy
pointwise. This then gives rise to a splitting of the pseudo kernel x; as follows:

Kt = K¢t D Kot © Kob,t-

Note that all sections in the family of pseudo-kernels are entirely supported on Nﬁfy
We can now consider, as in the previous section, two infinitesimal deformation vector
fields wac € Z9a(A), wes € Tog(N) with matching boundary conditions o = dywac =
dowcs. We then pre-glue them together as before to obtain w, € C*°(v) with:
1Pwellpy St Nwellez, s
where € > 0 is a small constant. We now perturb slightly, so that w; L kgp . For
this we note that ko, + consists of compactly supported normal vector fields which are
pointwise orthogonal to the unobstructed perturbation directions in the CS deformation

problem (such as wcs). Hence [|mp2 [wt]||L’;+1 ., —0ast— 0. Thus we end up with a

perturbation w; such that we still have ||1Du~1tHL£ .

Wy L Kopt. We are now in a position to run the argument from the previous section
again using the bound to obtain:

< - L
< t"‘\|u1,g||L£+1 _, and additionally

Proposition 3.10. Let N C (M,®) be an unobstructed CS, Cayley (1 < p < 2)
with a unique singular point, and assume that its cone C' C R® is semi-stable. Let
A C R® be an unobstructed ACy Cayley (A < 0) with matching cone and sufficiently
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small scale. We then have that for any two matching infinitesimal deformation vector
field wes € T8s(N) and wac € I8¢ (A) there are gluings wes #; wac € Z(N # tA) such
that (after identifying v(N*4) ~ v(N  tA)) we have:

wes §r wac = wi + owy. (3.12)

<ty -

Here |ur]|yz ., = O(logt]) and |5y

it

Stability of strong fibrations

Now we have shown that if the nearly singular fibres of a Cayley fibration admit defor-
mations of exactly two different rates, namely the normal deformations at rate { < 0
and the parallel deformations at rate 0, then under the change of Spin(7) structure the
infinitesimal deformation vector fields are perturbed by adding additional terms which
are in Ly, ., (v) and L}, _,(v) respectively, and are always bounded uniformly in
t. We can now use this to show that the strong fibration property is stable under
perturbation, given some additional assumptions.

Let us assume that we have a strong Cayley fibration f : (M, ®) — B as in definition
2.21|with discriminant A C B of dimension [ = 1,2. Already this means that all compact
and conically singular Cayley fibres of f are unobstructed in their respective moduli
spaces. The singular cones of the conically singular Cayleys share their set of weights
2 C R, and we let ( = max{Z N (—o0,0)}. We then require additionally that for each
conically singular Cayley N C M the Cayley operator I)y has index 4 just below the
critical weight  and is unobstructed. We call such NV simple, and it can be seen that N
is simple exactly when A is simple, so our discussion of the normal perturbations apply.

Consider now an atlas {(Uy, a)}aca of of the base B, where ¢, : U, — B1(0) C R?
is a diffeomorphism. If U, NA # 0, then we further assume that this chart is compatible
with the gluing map I' in the sense that we identify B1(0) ~ Ucs,o X Uac,a, Where
Ucs,a C MEG(N) and Uac,a C /WXC(A) with the condition that f~'(¢ (N, A)) =
F(N, fl) On top of this we consider the framings {e; o }i=1,2,3,4 of TB|y, such ¢; o = 0;.
For each b € B\ § we thus get four infinitesimal deformation vector fields w1 q, . . ., W4,q,
which are just the lifts of e; o(b) via f. For b € A, we can again find a local frame, such
that Tp(Ucs,o) = span{ey o(b), ..., e1.4(b)} and Ty (Uac,a)b = span{ej+1,4(b), ..., e1,q(b)}.
Note that in this case, €1.4,...,€1,0 € C (V) and €414, --,€4,0 € Céx’(u). Note that

at or near a singular point wy q, ..., w; o are what we above called the parallel infinitesi-
mal deformation vector fields and w41 «, - - ., W4,o are the orthogonal deformation vector
fields.

For a given b € U, we will now consider the following function in C*°(f~1(b)):
dety p = det(wy, ..., wi, P~ Wig1, ..., p~ “wy). (3.13)

We now make a final assumption on the initial fibration, namely that det, ; is bounded
from below and above by constants C' and C~! respectively, for all « € I and b € B. This
means that the infinitesimal vector fields never vanish for any Cayley in the fibration,
and that the deformations of the cone of rate ( and 0 have no zeros as well. We call
such a fibration non-degenerate. Consider now a variation of the Spin(7)-structure
{®s}se(—e,e) with ®g = ®. The key insight here is the following:

Lemma 3.11. Ifdet, ;(s) > 0 for all a,b and 0 < s < Smax then the universal families

Univ(M(N, ®;)) form strong fibrations of M.

Proof. As we have dim A < 2, we may apply the weak fibration theorem to conclude
that small perturbations of (M, ®) are still weakly fibreing. Thus if N C M is any
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Cayley then

evy : Univ(M(N,®,)) — M

are homotopic maps for s € [0, Smax) of degree one in the sense of pseudo-cycles. Each
of these maps is stratified smooth, thus in particular a local diffeomorphism on the open
stratum as detq p(s) > 0 for every time s < Smax. Furthermore the maps evy remain
orientation preserving for the same reason. But an orientation preserving local diffeo-
morphism of degree one must necessarily be a global diffeomorphism, as the algebraic
count (which in this case is simply the naive count) of pre-images of a point equals the
degree. O

We then have that far away from the singular fibres, the w; perturb smoothly in
v +1(v). In particular, by compactness of M, we can insure that detq , > %C > 0 up
until some Smax,0 > 0, for all fibres (that are a given distance away from the singular-
ities) simultaneously. Near the singular fibres, we see from the gluing results and
that wy,...,w; perturb by continuously varying additional terms dw; s,...,0w; s €
Lg,e,t(l/) and wyy1, ..., ws additional terms dwjyqs,...,0ws s € LQCJFEJ(V). Now since
Li, Shet 7 Cgt are continuous embeddings with bounded embedding constants, we see
that det(ws,...,w;, p~wii1,...,p Sws) varies continuously in C°, uniformly in ¢. In
other words,

l|deta,b(s) — deta,p(0)||co < Caetlsl,

where Cget > 0 is independent of the neck size t. In particular, for a given chart we can
find Smax,e > 0 such that detq ,(s) > %C > 0 for any s < Smax,o. Hence, since we can
cover B with finitely many charts, this means that for small times 0 < s < Spax the we
maintain the fibration property of the non-singular fibres. From this we can also deduce
that the singular fibres do not intersect the non-singular fibres. Indeed, assume that
for some 0 < s < Smax some singular fibre N intersected a non-singular fibre N. Then
by what we just proved, the fibres near IV are locally still fibering, thus in particular
for ¢ > 0 sufficiently small, N f# tA will intersect another non-singular fibre, which is of
course impossible, as the non-singular fibres are still fibering for time s. Finally, as the
singular fibres form a compact, smooth manifold, we can show that their infinitesimal
deformation vector fields deform continuously in C° as well, and hence singular fibres
will remain intersection-free as well. We thus proved:

Theorem 3.12 (Stability of strong fibrations). Let (M, ®) be an almost Spin(7)-manifold
which is strongly fibred by conically singular Cayleys which are simple, such that all the
Cayleys in the fibration are unobstructed. Assume that the fibration is non-degenerate.
Let @4 be a smooth deformation of the Spin(7)-structure. Then there is an € > 0 such
that for allt € [0,€) the manifold (M, ®;) can still be strongly fibred.

4 Gluing construction of a Kovalev-Lefschetz fibra-
tion

In the following we will give examples of strong fibrations by Cayleys of a family of non-
torsion free Spin(7) manifolds given as products of coassociative fibrations as presented
in Kovalev [Kov05| with S'. These are fibrations f : M7 x S' — §3 x S* obtained by
gluing together two complex fibrations on a so called twisted connected sum (M, o),
where T' > Tinin and @7 is a Ga-structure that admits a cylindrical neck of size O(2T).
The manifold X® = M x S' does not admit a global holomorphic structure, but away
from an interpolating region in the middle of the neck we can think of f as being a
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complex fibration with the neighbourhoods of the singular points locally modelled on
the fibration fo : (7,y,2,w) — (22 + y? + 2%, w) from the previous section, see also
Example 3.9

To apply our Theorem [3.12) we need that all fibres in the fibration f are unobstructed
in their respective moduli spaces. Furthermore we need to check simpleness of the
fibres and that the fibration is non-degenerate. We will turn our attention first to the
unobstructedness.

4.1 The complex quadric

For a moment let us focus on the local model fy near a singular point, given by the
following holomorphic fibration:

fo:C* —C?

(z,y,2,w0) — (2% +y* + 2%, w).

So we have f;(0,1) ~ C, is a quadric cone and the nearby nonsingular fibres are the
asymptotically conical Cayleys A. = f~1(¢,0). We note that the holomorphic normal
bundle v19(A,) is trivial. To see this, consider the following two nowhere vanishing
sections of v10(A,):

Sl,AC(xa Y, Z,’LU) = awa
Oy + Oy + 0,
(z,y,2,0)]2"

Note that sy ac is an infinitesimal deformation corresponding to a translation and thus
of rate 0, whereas sp oc is of rate —1 and corresponds to a variation in the parameter
€. In other words, the normal bundle of A, is trivial exactly because of the existence of
the fibration fy. Next, we want to prove a Liouville theorem for A..

52,AC(£7y7Z’w) = (41)

Proposition 4.1 (Liouville theorem). Any bounded holomorphic function on A, is
constant.

Proof. We can embed:
A.Cc A, c CP*,

where A, is the completion {22 + 32 + 22 = eu?,w = 0} C CP* (here CP* has ho-
mogeneous coordinates [z : y : z : w : u]). Since A, is compact and nonsingular, any
bounded holomorphic function on A, is automatically constant. Now, using a removable
singularities theorem in higher dimensions (such as [Voi02, Thm. 1.23]) and noting that
A.\ A. C CP* is a non-singular subvariety, we can extend any bounded holomorphic
function on A, to a holomorphic function on A, which concludes the proof. O

We can now use this to prove unobstructedness of A, as a Cayley.

Proposition 4.2. The AC, Cayley A. C (R®, ) for e € C\ 0 is unobstructed and has
no infinitesimal deformations at rate —2 < A < —1.

Proof. Following [Mool9, Prop. 3.5] we can write the Cayley operator on a complex
AC,, surface in a (R®, ) as:

Dac =0+ : CT (" (A) @ A2 A0 v 0(AL)) — O (A Ac @ 10 (AL)).
Thus if (u,v) € CP(V1O0(A.) & A%2A, @ v1O0(A,)) satisfies Ju + 0*v = 0 then the pair

(u,v) corresponds to an infinitesimal Cayley deformation vector field. If in addition we
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have du = 0 and 9*v = 0, then (u,v) is in fact an infinitesimal complex deformation
[Moo19, Cor. 4.7]. To start, we will prove that for A < —1 any infinitesimal Cayley
deformation is necessarily an infinitesimal complex deformation. For this note that
if Ou + 0*v = 0, then we automatically have 0*0u = —0*0*v = 0. Thus, since
ou € L2(A%' A, ® v10(A,)) by our choice of rate A, we find that:

0= / (0% Ou, u) dvol = / (Ou, Ou) dvol = ||Oul|-.
Ae Ac
In particular Ou = 0, which entails 0*v = 0, and thus any infinitesimal Cayley defor-
mation is in fact also infinitesimal complex. Now, since there are no bounded and non-
constant holomorphic functions on A, by Proposition[f.1] there are no other infinitesimal
complex deformations of rate less than or equal to —1 besides constant multiples of ss.
Thus the kernel of the Cayley operator must be trivial at this rate:

kerA]DAC =0.

Finally, we prove the surjectivity of the Cayley operator at rate X. This is equivalent to
injectivity of its formal adjoint:

wZC = (5*76) : Cﬁ—A(AOJAE ® VLO(AE)) — CSOE)—A(VLO(Ae) @ AO’QAE ® Vl’o(AE))~

But we have C>,_, (A%* A, @v'0(A,)) = C,_, (A%' A,®C?) since the normal bundle is
trivial. So if v = 0 and d*v = 0, then in fact v is a harmonic 1-form with values in C?,
as A, is Kahler. Now v is square-integrable (by our assumption on the rate), and thus
we can invoke [Loc87, Thm. 0.14], which says that in this situation square-integrable
harmonic one-forms are in one-to-one correspondence with elements of H(A.) = 0.
Thus we get v = 0, and the Cayley operator is surjective. O

4.2 Complex fibrations of Calabi—Yau fourfolds

Proposition 4.3. Let f : M* — B2 be a complex fibration, where M is a smooth
Calabi—Yau fourfold and B is a smooth, complex two-dimensional base. If a fibre F is
diffeomorphic to a non-singular K3 surface then it is unobstructed as a Cayley subman-
ifold and has a four-dimensional moduli space.

Proof. First, we have from Proposition that the index of a fibre F' as above is given
by:

ind P = (c(F) + x(F)) — [F] - [F] = $(-16 + 24) — 0 = 4.

Here the self-intersection number [F] - [F] vanishes by the fibration property. The fibre
F admits at least 4 Cayley deformations by perturbing to nearby fibres, which is equal
to the index of the elliptic problem. Hence, showing unobstructedness is equivalent to
showing that there are exactly 4 infinitesimal Cayley deformations. Now by [Mool7,
Lemma 4.7], we have that infinitesimal Cayley deformations are necessarily infinitesimal
complex deformations. However, because F' is part of a complex fibration locally, the
holomorphic normal bundle v(F) = O(F) @ O(F) is trivial and has H°(v(F)) ~ C? by
compactness of F'. This concludes the proof, as holomorphic normal vector fields are
exactly the infinitesimal Cayley deformations. O

Proposition 4.4. Let f : M* — B? be a complex fibration, where M is a smooth
Calabi-Yau fourfold and B is a smooth, complex two-dimensional base. Suppose that
the fibration is modelled near a singular point on the complex quadric fibration

fo:C* —C?

(z,y,2,0) — (2% +y* + 2%, w).
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Assume furthermore that each singular fibre contains at most two singular points and
that the non-singular fibres are diffeomorphic to non-singular K3-surfaces. Finally the
singular locus A C B should take the form of a transverse intersection of smooth sub-
manifolds. In that case each Cayley in the fibration is unobstructed in its moduli space.
Here we allow for moving points and cones in the CS moduli space.

Proof. We denote a non-singular fibre of the fibration by F, a singular fibre with a
unique singular point by Fy and a singular fibre with two singularities by Fss. The
expectation is that non-singular fibres are generic, fibres with one singularity appear in
codimension 2 and fibres with two singularities appear in codimension 4. We will now
show more precisely that the indices of the deformation problems are given by:

indﬂp = 4, indl-‘relDCS,FS = 2, and ind1+€lﬁcs’pﬂ =0.

Here € > 0 is small and the operators B)CS’ r, and IZ)CS’ r, are including the deformations
of the points and cones. We first note that the equality ind/); = 4 is the contents of
Proposition Next, the critical rates of the quadratic cone Cy in the range (—2,2)
are known from Example and have multiplicities:

d(-1)=2, d(0)=8, d(1)=22, d(-1+5)=6.

Thus using Theorem we see that the index of the problem with varying cones and
points at rate 1 + € is in fact equal to the index of the operator with fixed points and
cones, but at rate —1 4 e¢. Hence, by gluing one or two matching AC-manifold A, onto
the conically singular point with we obtain non-singular F' ~ F; § A, ~ Fs § A § A..
Thus we have (using ind_;1; P sc = 2 from Proposition ):

. . fix . .
indiy Do p, =ind_14Peog p, =indPp —ind_1 4 Pac =4-2=2

and

. . fix
indyyPes r,, = ind_14.Des p,.

=ind mF - ind_1+6$AC - ind_H_ElDAC
=4-2-2=0.

From this it is also clear we we should not expect unobstructed fibres with three or
more singularities, as they would have strictly negative virtual dimension. We have now
proven the index claims. In order to prove unobstructedness in the singular case (the
compact case has been taken care of in Proposition it is thus sufficient to prove
that the space of infinitesimal Cayley deformations is exactly real two-dimensional or
zero-dimensional respectively. First, consider the a fibre with a single conical singularity
F, = f~1(b) \ {p}, with the conically singular point p removed. Let 01,92 € T, B be two
tangent vectors, where we assume 0; € T A and 0y € T A. As the differential D f only
vanishes at the conically singular points, we see that the holomorphic sections of v(Fy)
given by:

s1=Df*[04],
S = Df*[82]a

are nowhere vanishing, and thus span v(Fs) = O(Fs) @ O(Fs). We note that s; has rate
O(1) when approaching the vertex p, as it comes from deforming the conically singular
manifold to a nearby conically singular one (i.e. moving within A C B). However as
imDf(p) = T,A, we see that |so| must diverge as we approach the cone. Indeed from
the local model fo we see that s; must be asymptotic to s3 ac from equation , and
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thus of rate O(r~!). Now we are in a position to repeat the proof of Proposition We
first note that Fy also has a Liouville theorem. Suppose that h : F, — C is a bounded
holomorphic function. Then blowing up F; at the conically singular point, we obtain a
non-singular 7 : F, — N which is a biholomorphism away from a single exceptional and
non-singular curve @ = 7~ !(p). We can then apply a removable singularities theorem
in higher dimension [Voi02, Thm 1.23] to conclude that h extends to a holomorphic
function on F,. Thus h must be constant in the first place. Hence the only complex
deformations of rate 0 or above are the deformations coming from moving F within the
fibration. Now can use the same integration by parts argument that we used for the AC
case to show that there are no further deformations which are Cayley but not complex.

For the singular fibres with two singularities we again see that v(Fss) = O(Fss) @
O(Fss). However now Fss = f~1(p), where p € A is a transverse intersection point.
Thus deforming p € A within A results in one singularity persisting, with the other one
being resolved. Thus our discussion from above shows that all normal sections of Fig
necessarily blow up with rate O(r~!) near one of the singular points. In particular the
conically singular fibres with two singularities are rigid and therefore unobstructed. [

4.3 Coassociative fibrations on twisted connected sums

In this section we briefly describe the twisted connected sum construction, first de-
scribed by Kovalev [Kov03] following an idea by Donaldson, and later extended by
Corti-Haskins-Nordstrom-Pacini [CHNP15]. It gives rise to torsion-free G manifolds
via perturbation of an explicit small torsion glued G manifold. From their construction,
these pre-glued manifolds M admit natural fibrations by coassociatives. Our stability
theorem allows us to perturb the induced Cayley fibration on M x S, which ul-
timately allows us to prove the existence of coassociative fibrations of G manifolds as
well.

Cylindrical Calabi—Yau 3-folds

Let (5,1, wo0, goos Qo) be a K3 surface with a chosen hyperkéhler structure. Assume
that (X, J,w, g,9) is a non-compact Calabi—Yau threefold. We say that X is asymp-
totically cylindrical of rate A < 0 or (ACyl,), limiting to the hyperkéhler surface S
if there is a compact subset K C X and a diffeomorphism f : X \ K — Ry x S' x S
with the following properties for all k£ > 0.

[V*(g = (9o + dt* +ds?))| = O(eM),
VF(w — (weo + dt Ads)) = do, where |[VFa| = O(eM),
VFE(Q — (dt + ids) A Qo) = dB, where |[V*E] = O(eM).

Here R+ x S! has coordinates (t,s) and |- |,V are defined with respect to the prod-
uct metric on Ryg x S! x §. Asymptotically cylindrical Calabi-Yau threefolds can be
constructed from compact Fano three folds using the following theorem.

Theorem 4.5 (Thm. 2.6 in [CHNP13|). Let Z be a compact Kihler threefold with a
morphism f : Z — CP', with a smooth connected reduced fibre S that is an anticanonical
divisor, and let V = Z\ S. If (S, J,ws, gs,s) is a hyperkdhler structure on the complex
surface (S, J) such that [ws] € HYY(S) is the restriction of the Kdhler class on Z, then
there is a CY3 structure (V, J,w,g,Q) on V which is asymptotically cylindrical to the
CY3 cylinder R x S x S induced by the hyperkihler structure on (S, J,ws, gs,Qs).

Now we will discuss briefly how to obtain such f,Z and S as in the theorem above.
In fact Corti, Haskins, Nordstrom and Pacini impose extra conditions on maps f : Z —
CP" which make them more suitable for the twisted connected sum construction.
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Definition 4.6 (Building block). A non-singular complex algebraic threefold Z together
with a projective morphism f : Z — CP! is called a building block if the following
conditions are satisfied:

1. The anti-canonical class —K, € H?(Z,7Z) is primitive, i.e. not an integer multiple
of another class in H%(Z, 7).

2. The pre-image S = f~!(00) is a non-singular K3 surface and S ~ —K 7 as divisors.

3. If k: H*(Z,Z) — H?(S,7Z) is the map induced by the embedding S < Z, then
imk — H?(S,Z) is primitive, i.e. H2(S,Z)/imk is torsion-free as an abelian
group.

4. The groups H?(Z,Z) and H*(Z,Z) are torsion-free.

There are multiple ways to construct building blocks. The first was introduced by
Kovalev in [Kov03| and starts with a Fano threefold as in Definition This was later
extended in [CHNP15| by Corti, Haskins, Pacini, Nordstrém to what they call semi-
Fano threefolds, which can be thought of as desingularisations of certain mildly singular
Fano varieties. They outnumber Fano threefolds by several orders of magnitude. Finally
there is a different type of building block coming from K3 surfaces with non-symplectic
involutions [KL11] which yields different examples still.

In all these examples we obtain a building block f : Z — CP' where the generic
fibre of f is a smooth K3 surface. Singular fibres appear in complex codimension 1,
but in general we cannot say much about the kinds of singularities that appear. Hence
we will go through the first construction of building blocks (starting from (semi-)Fano
threefolds) and give an example where we can determine the singularities explicitly.

Let now X be a Fano threefold, such as for instance a smooth quartic in CP*. Then a
generic anticanonical divisor in X (which is effective by the Fano property) is a smooth
K3 surface by a classical result of Sokurov [Sok80]. We then make the assumption
that the linear system | — Kx| contains two non-singular members Sy, So, such that
C = Sy N Sy is a transverse intersection, and thus a non-singular curve. In this case
the pencil described by Sy and S, exhausts X and has base locus exactly C. If we
now blow up X at C to obtain a new manifold Z, the pencil generated by the proper
transforms Sy and S, of Sy and Ss respectively will be base point free. Thus we
obtain a holomorphic map f : Z — CP! with generically smooth K3 fibres such that
F7H(0) = Sp and f~*(00) = Sec.

Proposition 4.7 (Proposition 3.17 in [CHNP15|). The map f : Z — CP! determines
a building block.

Example 4.8. Consider the following quartic polynomial on CP* with homogeneous
coordinates [xg : @1 : T : T3 : T4l

P =} 42} 4+ a5 + 23 + 2 + 23 (x0 + 10z, + 100z3).

Consider the smooth complex submanifold X = {P = 0} c CP*. Then, using the
adjunction formula, we can see that the canonical bundle wg of @ is given by:

wx = (wept ® Ocpa(Q))Ix= (Ocpi(=5) @ Ocpa(4))|x= Ocpa(—1)|x.

In particular the anticanonical bundle w% = O(1)|x is ample, and the anticanonical
divisors are exactly the hyperplane sections of X. So we can take for instance:

So ={z3 =0} NX ~ {23 + 21 + 25 + 2§ =0} C CP?
Seo ={4 =0} N X =~ {25 + 2] + 25 + 23 + 23 (20 + 1021 + 10022)} C CP3.
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Both are smooth K3 surfaces. They intersect transversely in a curve C' ~ {xg+2}+25 =
0} C CP2. A general element of the pencil generated by Sy and S, is the intersection
of X with the plane {ax3 + bry} = 0 C CP*. The base point free pencil induced in Z
can be described outside the exceptional divisor as the map:

f:Z\E— CP!

[Xo : 21 : @9t T3 @y] — X3 1 24].

There will be no singularities of members of this new pencil on the exceptional divisor as
there are no singularities for the hyperplane sections down on X. Thus we can restrict
our search for singularities to the complement of the exceptional divisor, i.e. we can work
in the original quartic X. A point = [xg : 21 : @2 : 23 : 4] on X \ C will be singular for
a hyperplane section exactly when DP(x) € span{dzs,dzs}. Thus the singular points
can be described as the subvariety S C CP* defined by the set of equations:

P =0, g+ -+ 2t + 23 (wo + 1021 + 10022) = 0,
OoP =0, - 43 + 23 =0,

0P =0, 423 + 1023 = 0,

0P =0 423 4+ 10023 = 0.

By Bézout’s theorem, the algebraic count of solutions to this system of equations (mean-
ing that we count points with their scheme theoretic multiplicity) is the product of the
degrees of the equations, hence 33 - 4. In this specific case, the full number of solutions
is attained, hence all of them have multiplicity one. To see this, note first that any
non-zero solution must have x3 # 0. So we are free to set 3 = 1, and solve the final
three equations 7 = ¢;x3 (¢; € C\ 0 ) first. We are left with 3 distinct possibilities for
the tuple (zg,x1,x2). Now for each such choice we can solve the first equation for x4 in
exactly four different ways, as it reduces to an equation of the form x} = c(xo,z1,2)
where ¢ # 0.

Notice also that no two solutions lie in the same hyperplane section, as they all have
different values of [x3 : z4]. Indeed once x3 is chosen, this determines zg, 1,22 up to a
choice of a third root of unity. Now zg + 1027 + 10025 can never take identical values
for g, x1,xo differing only by a multiple of a root of unity. This explains the slightly
odd choice of g+ 10x; + 100z instead of something more symmetric like zg + x1 + =2
for instance. In the latter case permuting xg, x1, r2 while keeping x3, x4 the same maps
the singular set onto itself, and thus multiple singularities appear on one fibre.

Now as mentioned above, all points of S have multiplicity 1. That means that if
[Zo : 21 : @2 : @3 : x4] € S we have that dimOg, = 1, where Og, denotes the local
ring of S at p. Now fix a singular point p € S, which is obtained by intersecting X with
a hyperplane II in CP?. By choosing a coordinate chart for an affine plane in II and
after a further translation we can assume that our singular fibre looks like f~1(0) for a
polynomial map f : C* — C which additionally satisfies f(0) = 0 (Ogs corresponds to
p € S) and Df(0) = 0 (thus every term in f is at least of second order). In this picture
we see that:

Clzo, z1, 2]

(Oof,01f,02f)

We now claim that if the dimension of this local ring is 1, then we can choose coordinates
such that f = 23+ % + 23+ O(2?). In particular it suffices to show that if the quadratic
terms of f do not form a non-degenerate quadratic form, then dim Og, > 1. Suppose
that this is the case, so that after a linear change of coordinates we can assume that z2
does not appear as a term in f. Then we clearly have dyf = cx3 + O(x3, 21, x2), and

OSm =
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similarly 01 f and Jsf do no contain a linear term proportional to xg. Thus 1 and xzq
are non-zero and linearly independent elements of Og ;, and thus dim Og, > 1.

So in particular we have proven that all the singularities that appear in this example
of a building block are isomorphic to the quadratic cone singularity z2 + y? + 22 = 0 in
C3, as all the singularities have multiplicity one. This can alternatively also be checked
explicitly by looking at the defining equations of S in more detail.

The property of only having As-type singularities, all in separate fibres, is Zariski
open, i.e. it is true for X in an open subset of its deformation type and for Sy, S in an
open subset of the corresponding linear anticanonical system. Since this moduli space
is irreducible as a complex variety, it is generically true for Fano threefolds arising from
quartics in CP*. Thus we showed the same is true for a dense Zariski open subset of
FNA where A= —Kx € N = H?(Sp).

Twisted connected sum construction of Go-manifolds

Now we have established the basic properties of building blocks, which by Theorem
can be used to construct ACyl Calabi—Yau threefolds. Starting from a building block
fz : Z — CP! with chosen K3 fibre K = f,'(c0) (seen as a complex manifold), we
can choose a hyperkédhler structure (Weo, goo, 2oo) compatible with (K, I), under the
condition that [we] € HV1(K) is the restriction of a Kéhler class on the ambient Z.
This is an open condition, but may be non-trivial.

By taking the product with S' we get an asymptotically cylindrical G5 manifold
M = X x S' with associative form ¢, defined by ¢ = dt A w + Re € as in Example
As Z\ S and X are biholomorphic, we see that X is also fibred by generically smooth
K3 surfaces via the same map fx = fz : X — CP!\ {oo}. This induces a corresponding
fibration by coassociative submanifolds on f : M — S x CP! \ oc.

The fibration on the cylindrical end of M is diffeomorphic to the projection map
m:Rogx ST xS x K+ Rog x St x S1. By the ACyl,-condition (with A < 0) the
metric on the link converges exponentially to gg1 X gg1 X goo. The key idea of the twisted
connected sum construction is to take two cylindrical G manifolds M, M_ with isomet-
ric asymptotic hyperkahler K3’s K, K_ and glue them together by a diffeomorphism
for T > 0:

G:(T,T+1)xS*'xS'x K, — (T,T+1) x S* x S x K_ (4.2)
(t70a79b7p) — (2T+1_tvob70a7t(p))7 (43)
where v: K — K_ is a suitably chosen isometry. We exchange the two circles with the
gluing diffeomorphism so that the fundamental group of the glued manifold becomes
finite, and thus the holonomy will be exactly G2 by a result of Joyce [Joy00, Prop.
10.2.2]. In terms of the hyperkihler structure on (Ki,wl, w? w3, Iy, g+) the asymp-
totic associative form can be written as:
Poo,+ = dOq Nwexky +ReQexky
=df, A (dt A dby + wl) + Re(dfy — idt) A (Wi +iw})
=df, Adt Adfy +db, Awl +db, Awd +dtAwl.
In particular to ensure that ¢ + match up on the overlap, we need:

w« 1 _ 2 * 2 _ 2 * 3 _ _ 3
vwl =wy, twl =wi, twl =-wy,

which is equivalent to asking that t is a hyperkéahler rotation between K as in equation
(2.7). Let the parametrisations of the ends of My as cylinders be denoted by ¢ :
Ry x 8! x S' x Ky < M. For T > 1 we consider the following truncated manifolds:

Mr =M\ @i([T+1,00) x §* x §' x Ky).
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Over the cylindrical end Rvg x L ~ Ry x S' x S x K4 we have both the G5 structure
¢+ induced from M4 as well as the product Ga-structure ¢ +. Define one an for all a
smooth cut-off function fe,: : R x [0,1] such that f|_o 0= 0 and f[; oc)= 1. We can
now define a (non torsion free) Ga-structure interpolating between the two on My 1 by
declaring it equal to ¢4 away from the cylindrical end, and on the end by the formula:

WT,i(tvp) = feut(t = T)px + (1 = feut(t — T))‘Poo,i-

For T'>> 1 we will have |o+ — oo + | (7,74 1)xL = O(e*) small. Hence @ 4 (t, p) will be a
small perturbation of ¢ +, and thus again a Ga-form. Notice that 7 4+ is exactly equal
t0 Yoo, + on (T'+1,T +2) x L and torsion-free everywhere except over the interpolation
region (T, T +1) x L, where |0p| € O(e*”). Thus, after choosing a hyperkihler rotation
matching up My we can glue My 4 over the regions (T'+1,T+2) x L C My 4 using the
gluing map G from (4.2)) to obtain a Go-manifold (Mr, 7). This can be perturbed to
a torsion-free Go manifold.

Theorem 4.9 (3.12 in |[CHNP15]). Let (X4, Ji,wi,g+,Q4) be two asymptotically
cylindrical Calabi-Yau 3-folds whose asymptotic ends are of the form Rsg x S x K.
for a pair of hyperkdhler K3 surfaces K4, and suppose there exists a hyperkdhler rota-
tion v : Ky — K_. Define closed Go—structures or . on the twisted connected sum M,
as above. For sufficiently large T' there is a torsion-free perturbation of pr . within its
cohomology class.

It can be shown that this perturbation will become arbitrarily small as T increases.
The most difficult aspect of the gluing construction is certainly finding pieces with
compatible Calabi—Yau cylindrical ends. This we call the matching problem. The
asymptotically cylindrical Calabi—Yau threefolds we consider come from building blocks,
which in turn come from (semi-)Fano threefolds with a choice of anticanonical K3 di-
visors. We now give an outline of the matching procedure from [CHNP15]. Consider
the deformation types of two Fano manifolds Y1 which are polarised by the lattices
N;i C A and N_ C A respectively. Assume that Ny has signature (1,71+). Recall the
forgetful morphisms sV : FN= — KN+ which takes pairs (Y, S) of Fano threefolds in
the deformation type of Y. and anticanonical K3 divisors S C Yi to the polarised K3
moduli space S € KV*. We know from Proposition that this morphism is dominant
on each irreducible component of F¥*. This gives us our first restriction on K3 surfaces
which can be used in the matching, as they must lie in open dense subsets Uy C Dy,
which are determined by sV+ and a reference marking. The next step is to consider
the hyperkéhler structure. To make the discussion simpler, we assume that the lattices
N have trivial intersection and are orthogonal to one another. This way we can avoid
introducing the construction of an orthogonal pushout of two lattices and also have
more concise notation. Define T = (N, @ N_)+. Consider the following subset of the
hyperkahler K3 domain:

D= DN ((N; ®R)* x (N_@R)* x (T @ R)).

Here LT denotes the positive cone of a lattice L. The submanifold D is real 20-
dimensional. Now as the period domain of N-polarised K3 surfaces can be identified
with positive two-planes in Ni ®R as in Equation , there are two natural projection
maps 7+ : D — Dy, given by:

74 (wy,w_,wp) = span({ws, wp) € Dy, .

Recall from Equation (2.7) that the hyperkéhler rotation of (wi,w_,wp) € D
is exactly (w_,wy,—wqg). Hence 7m_ is just the mapping to the complex structure of
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the hyperkéhler rotated K3. So in particular candidates for asymptotic hyperkahler K3
surfaces must be contained in the subset 7' (Uy)N7 ="' (U_). It turns out that the image
of m4 in Dy, is areal (20—r4)-dimensional submanifold in a real 2(20—r4 )-dimensional
space. So it is not clear a priori that im7y and Uy even intersect. However one can
show that im 74 is an embedded totally real submanifold. Since it is also of maximal
dimension it must intersect any open Zariski dense subset, such as U. In face, one can
show that the complement of 7' (UL) is a finite collection of real analytic subsets of
positive codimension. Finally, we also need to take into account not only the complex
geometry of the two K3 surfaces, but their Kdhler geometry as well. Indeed if the
hyperkédhler structure is given by the triple (w4,w_,wp), then the complex geometry
is determined by (w_,wg) (via w1 as above), while the Kéhler class will be w4, and
similarly for the hyperkéhler rotation. So if Amp, are the ample cones of the polarised
K3 surfaces we need that the set:

A= {(wy,w_,wo) : wx € Amp_ }

is non-empty. In good cases this can be shown to be a (Euclidean) open subset of D.
Thus, since 7' (Uy) N w="(U_) is open dense, there must be a hyperkihler structure
satisfying all the conditions, and thus the matching is possible. We note at this point
that imposing a finite number of open dense conditions on either complex K3 surface
does not impact the matching procedure.

Example 4.10. Consider the twisted connected sums of two building blocks in the
deformation type of example In this case the matching is possible by the work
of Corti, Haskins, Nordstrom and Pacini [CHNP15, Prop. 6.18] (the matching is what
they call perpendicular, and thus the condition on the Kéhler classes are automatically
satisfied) and we can see from Table 5 in [CHNP15| that the resulting Go-manifold will
have b> = 0 and b = 155. The example is investigated in more detail as Example
Number one in section 7 of [CHNP15|.

Coassociative fibrations on connected sums

We now turn our attention to the fibrations that come automatically with the twisted
connected sum construction of GGo manifolds.

Proposition 4.11 (Prop. 2.18 in [Kov05|). The fibrations fy : My — S* x CP!\ o
join together to form a fibration fr : M, — S°.

Proof. Gluing Mr 4+ identifies the K3 fibres of the two fibrations by construction. On
the level of the base space, this reduces to a gluing of two solid tori S* x D? (where D?
is the two dimensional disk with boundary) along their boundaries via the map

St x 8t — St x St (a,b) — (b,a).

This gluing is diffeomorphic to S, and the decomposition into Tori is in fact a Heegard
splitting of S3. Consider now a fixed K3 surface on the overlap f;l(t,Qa,Hb). It is
coassociative with respect to ¢4 by construction and we easily see that it also is coasso-
ciative with respect to ¢ +. Thus is remains coassociative for any linear combination
cptr + (1 — €)oo+ with 0 < e < 1. O

Let us now apply the twisted connected sum construction to building blocks with
the additional property that the fibres of the map f : Z — CP! are either non-singular
K3 surfaces or have conical singularities modelled on the cone C; = {22 +y* + 2% = 0}.
A possible building block arises from a quartic in CP* as explained in Example
Ensuring the matching up of two building blocks (Z, f1) is an involved procedure, as
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fou (t-T)

Figure 2: Decomposition of the twisted connected sum into 2n + 3 pieces.

we already mentioned above. But since the additional condition we impose is Zariski
open dense on the moduli space KV, the matching goes through as without change.
Thus we can find two matching building blocks so that the glued fibrations fr also have
the same kind of complex conical singularities. On the tubular intermediate region all
the fibres will be smooth K3s.

The upshot is that we are given a smooth twisted connected sum manifold M7 and
for any 7' > 1 sufficiently large a Ga-structure o7 such that |[Vor|/r < e . These
come with coassociative fibrations by (possibly singular) K3 surfaces, which over either
end are products of complex fibrations of Calabi-Yau threefolds with a circle S'. In the
gluing region there is no complex structure for which this is true, however this region
of finite volume, and converges to a cylindrical G manifold. If we take the product
with St once more we obtain a Spin(7)-manifold (X = M x S!, &7 = dt A ¢ + %),
which admits a torsion-free deformation @7, also of product type, from Theorem [4.9
The deformation required to achieve torsion freeness becomes smaller as T  increases,
in the sense that ||®p — || rr = O(e*). Now geometrically either end of X can by
construction be considered a Calabi—Yau fourfold with a fibration by complex surfaces,
and the gluing region is approaching a cylindrical Spin(7)-manifold of finite volume.
In particular we can use Propositions and to see that away from the gluing
region the fibres, both compact and singular, are unobstructed as Cayleys. Regarding
the gluing region we note that unobstructedness is an open condition in the choice of
Spin(7)-structure. Thus while we cannot apply Proposition directly, we see that it
applies to the limiting cylindrical Spin(7) structure. Hence the fibres in the gluing region
will be unobstructed for all 7' > 1. Now we are in a position to prove the stability of the
fibration as we pass from the Spin(7) structure ®r to the torsion-free Spin(7)-structure
®r. For this, we imagine cutting up (M,,®,) (for n € N), a manifold of diameter
approximately 2n into 2n + 3 pieces. These pieces are first of all the two compact pieces
Q+ C X.. Next we have for either side the n pieces C 1 = @1 ((k— 3, k+13) x L) x S*
for 0 < k < n. Finally we have the glued piece I = 1" ((n+3,n+23) x L) x S*. Notice
that both Q4+ as well as the C}, 4 for 0 < k < n — 1 when seen as G'3-manifolds remain
constant as n increases. The two pieces C,, ; are where the interpolation between the
ACyl, structure ¢4 and the exactly cylindrical G structure ¢, + happens. Finally
I is exactly cylindrical, independent of n. Now, since we checked unobstructedness of
all the fibres in the fibration we may apply Theorem to each piece separately, as
long as we can ensure non-degeneracy of the fibration. This is clearly satisfied for any

39



piece without a singular fibre. The finitely many pieces with singular fibres can be
considered as Calabi—Yau fourfolds with fibrations by complex surfaces and Morse-type
singularities. From this we can conclude non-degeneracy, since we know the local model
near the singular point.

Thus for each piece there is a maximal syax € (0, 1] such that for each 0 < s < Spax
the fibration property of the fibres in just that piece is preserved for ®,, ; = ®, + s(i)n —
®,,). Now, looking at one of the pieces after they reached their steady state, we see that
as m increases, Smax for that piece increases and reaches 1 eventually. This is because
[|®,, — @, < e with A < 0. Eventually ®,, will line in the open ball about ®,, where
Smax = 1. Like this we see that for any choice of finitely many pieces, we can ensure the
stability of the fibration on the union of these pieces for any sufficiently large T

On the other hand we have (Cy +,¢|c, ) — (I,¢|r) in C*. In fact if we consider
the path of Spin(7) structures v(T) = (=T + %)*®i|[T_%7T+%]XL (where (=T + 1)* is

the pullback by translation) on [0, 2] x L, then the ACyl condition on My gives us that
[V(T) = Pool[zr < e T, for A < 0. Stability of the fibration is true in a quantitative
sense, meaning that there is a ball B(®o,€) around P, where the moduli space of
Cayleys for the given Spin(7)-structure is still fibreing. Thus there will be a ball of

radius € — e%T around y(7T') so that the same is true. But now, since the distance
@7 — 7| r < e < 1—e* for T sufficiently large, the torsion-free Spin(7)-structure
will stay within ball of fibering Spin(7) structures around (C, +, ¢k +). In this way we
can thus prove stability of the fibration for all pieces with index above a minimal ny;y,-
The previous argument then takes care of the finitely many remaining pieces. Thus we
have proven the following:

Theorem 4.12 (Existence of strong Kovalev-Lefschetz fibrations on Spin(7) manifolds).
There are compact, torsion-free Spin(7)-manifolds of holonomy Ga which admit fibra-
tions by Cayley manifolds.

From this we can deduce that the stability result also holds for the initial Go-
manifold, using the following auxiliary result.

Lemma 4.13. Let (M, g,7) be a manifold together with a calibration 7. Assume that
T = P + p, where Y is another calibration and p is a closed form. Let N C M be
T-calibrated submanifold such that fN p=0. Then N is 1y-calibrated.

Proof. We have that by assumption dvoly = 7|y. Now note that:

/dVOlN:/T|N:/w|N+p|N:/’lﬂ|N</dVOIN.
N N N N N

If there is a point with ¢|x(p) < dvoly(p), then we must have [, 1|y < [y dvoly, a
contradiction. Thus |y = dvoly and N is -calibrated. O

Now we set 7 = ®, 1) = ¢ and p = ds A ¢ in the previous proposition, where s € S*
is a coordinate on the circle in X = M x S*. As a K3 fibre N of the initial fibration are
contained in M x {s} for a single point s € S, we clearly have fN ds A p =0. As the
perturbed Cayleys are continuous deformations of the initial (possibly conically singular)
Cayleys and the new Ga-structure ¢ is cohomologous to ¢, we still have | NdsA@ =0
by Stokes” Theorem. Hence the Cayleys for ® are also calibrated by *, meaning that
their tangent planes are contained in M x {s} and they are in fact coassociative. Thus
we have shown:

Corollary 4.14 (Existence of coassociative fibrations). There are compact, torsion-free
Go-manifolds of full holonomy which admit fibrations by coassociative submanifolds.
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Example 4.15. Consider the Gs-manifold obtained by gluing two copies of the quartic
building block from Example as in Example This G2-manifold has Betti
numbers by = 0 and b = 155. Furthermore, as the the conical singularities are stable
and no fibre has more than one singular point, the resulting coassociative fibration will
have 2 - 3% -4 = 216 connected components of singular coassociatives.

Remark 4.16. We expect that similarly well-behaved fibrations can be constructed on
many more semi-Fano threefolds, thanks to a discussion with Mark Haskins. This is
because the anticanonical system is usually quite large (e.g. it has complex dimension 4
in the case of the quartic in CP*), and thus it should be possible to avoid bad singularities
by choosing a suitably generic pencil and invoking a Bertini-type theorem. Morally
speaking this should be true, as having Morse type singularities in separate fibres is a
codimension 2 condition.
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